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Aopozi dpysi!

Y mpoMy HaBYAaJHLHOMY POIIi 3aBEPINYETHCA BUBUEHHSA NJaHIMeTpil —
reomeTpii Ha myomuHi. Pagmmo 1e mepes moyaTKOM 3aHATH IPUTAAATU OCHO-
BHiI IIOHATTA II TeopeMu, IO iX BH BUBUAJU B (—8 KJacax. Yci BoHu Bimomi
3 yaciB [laBuboi I'perii i HajexaTh m0 ejeMeHTapHOI (EBKJIiOBOi) reomerpii.
AJe B nmeB’ATOMY KJiaci BU IIO3HAMOMHUTECS 3 T€OMETPUUYHUMM METOJaMH, AKi
Oyso BuHAaMgeHo 3HauHo misHimre, B XIV-XX cT.: KOOpAUHATHUM, BEKTOPHUM
i MeTomOM reoMeTPUUYHUX HepeTBOpPeHb. BoHU HaOy/IM IMIMPOKOI'O0 3aCTOCYBaHHS
B TeXHimi I mpupogHMUYMX HayKaxX, Hacamiepen y Qisuii, TomMy, BUBUYAIOUUN
ix, BU Kpallle 3po3yMieTe medaKi (isuuni 3akoHu. Ysaraji reometpiro 9 xjacy
MOKHa 06e3 TepebiJbIeHHA HasBaTU zeomempicio memodia.

3a [IO0IOMOTroI0 IHOTO MiAPYUYHMKA BU HABUUTECA PO3B’A3yBaTHU OyIb-AKi,
a He TiTbKU TPAMOKYTHi, TPUKYTHUKU; TOTJINOWTE CBOI 3HAHHA y Tajysi Jio-
rikuy; Oi3HAETeCh IPO KUTTS 1 3H00YTKM BigoMUX yUeHHUX MHUHYJOro. Maiike
B KOKHOMY maparpadi BaM 3aIpOIOHOBAHO JJOBECTU MaTeMaTHUYHE TBEPKEHHS
a0o0 HaBecTH IPUKJIAM, IIPOBECTH AHAJIOTiI0, TOOTO CAMOCTIMHO PYIIUTH OO HO-
BUX 3HAHB.

Omxke, ckapbu reomMeTpii UeKalOTh HA BIYMJIUBUX i CIIOCTEPEIKJIUBUX IITY-
KauiB, AKi 3MOXKYTh He TiJIbKW BigHAWTH, ajie @ OI[IHUTU CIPABMKHIO Kpacy
1 BUTOHUYEHICTh IeOMETPUYHUX B3HaHb. MU OyiKe CIOAiBAaEMOCH, IO TAKUMMU
BUHAXiTHUKaAMU CTaHETe caMe BH.

Baxkaemo Bam ycmixis!

AK Kopucmysamucs niapquuKonn

Iligpyuynuk Mae I’aTh PO3AiNiB, KOKHUN i3 AKMX CKJIAJAEThCA 3 IIaparpa-
¢iB, a maparpagu — 3 IYHKTIB. ¥ TEKCTi MiCTUThCA AK TEOPETUUHUIN MaTepial,
TaK i IpUKJAIN PO3B’sI3yBaHHA 3amad. HallBakJauBIiIIi MOHATTA i pakTu Bumi-
JIEHO HANiBKUPHUM HIPUPTOM.

BmpaBu i sagaui, AKi mogaHO B HiAPyYHUKY, HOAIJIAIOTHLCA HA OeKiJIbKa
rpyn. YcHi énpasu JOIOMOXKYThH BaM 3pPO3YMiTH, HACKiJIbKU yCIIiNIHO BU 3aCBOI-
Ju TeopeTmuHUit Marepiaja. I{i BmpaBu He 060B’I3KOBO BUKOHYBATH TMOAYMKU —
IJIs X PO3B’sI3yBaHHSA BU MOYKETe BUKOPUCTATUA PHUCYHKM!, IMPOBECTU HEOOXimHi
MipkyBaHHA B uepHerii. Ilicia HMX MOKHa IIePeXOJUTH OO zpaditHux enpas,
K1 BUKOHYIOTHCSA B 30IIUTI a60 Ha Komm'iorepi. [lasi #ayTh nucemosi 3adaui.



CnouaTky IlepeBipTe CBOI 3HaHHSA, BUKOHYIOUU 3aBIaHHA piénsa A. Binbm criuan-
HUMU € 3aja4i piena B. SIkmio Bu nobpe omanyBaJsy MaTepiaJ i 6askaeTe BUABUTYU
cBOl TBopui 37i6HOCTI, Ha Bac YeKaloTh 3a7advi piéna B. 3Haukmu k’ i &‘ Oijtsa
HOMEpPIiB BIIPaB 03HAYAIOTH, ITI0 ITIi BIIPABU Ha PO3CYJ BUUTEJISA MOKYTH OYyTU BU-
KOpHCTaHi BiAmoBigHO Aad poboTu B mapax i rpynax. ITicis Kosxuoro maparpada
y pybpuri IloemopenHna 3a3HaueHO, AKi camMe MOHATTS U (akTH Ciif mpuramaTtu
IJIA YCHINTHOTO BUBYEHHSA HOBOTO MaTepiay, a TAaKOXK BKa3aHO BiAmOBimHI mapa-
rpadu y migpyuHukax maiasa 7 i 8 kiaciB®, Ta HaBemeHO 3amadi, AKi MiArOTYOTH
BaC OO0 COPUUHATTA HACTYIIHOI TeMu. BiJbIIicTh 3aau mifpyYHUKa CYIIPOBOIIKY-
IOTBbCS BiAMOBimAAMY, AKi HaBeleHi HAITPUKIHIII TigpydHUKA.

s camocTiiiHol pob6oTH BaoMa NpPU3HAUEHi 3ajadi, HOMEpU SAKUX II0-
3HaueHo 3HaukoM 4 ‘. HanmpukinIili KOKXHOTO PO3HiJly HOJTAaHO KOHTPOJb-
Hi 3amuTaHHA ¥ TUOOBLI 3ajaui OJIS KOHTPOJBHUX pPOOIT, 3aBAAKU SAKUM BU
3MOJKeTe CHUCTeMaTu3yBaTW CBOI 3HAHHA Ta YAOCKOHAJUTH BMiHHA i HaBUU-
Ku. Ha caiiri interactive.ranok.com.ua Bu 3MOXKeTe IeperIIHYTH Bigeo-
MaTepiajim OO0 KOMKHOIO pPO3AiJy, a TaKOK CcaMOCTiiiHO mepeBiputu pi-
BeHb BaIlOi IiATOTOBKU, NPOMINIOBINN OHJAWH-TecTyBaHHA. IIpo Mokiu-
BiCTh CKOpHCTATHCS MAaTepiajJaMu canTy BaM HarajgyBaTuMe 3HAYOK ‘L .
HomaTKoBi 3amaui 10 Po3IiiB JOIIOMOMKYTh BaM y3araJibHUTH BUBUEHe, a 3a1advi
TiIBUITIEHOI CKJIATHOCTI BiIKPUIOTH HOBi I'paHi reoMeTpii Ta Kpacy HecTaHIAPT-
HOT'O MUCJIEHHSA. 3BEPHITH yBary Tako:Kk Ha Marepianu pybopuru «l'omyemocsa
0o JIIA», 30KpemMa 3adaui 0na noémopeHHa Kypcy zeomempii 7—-9 knacis,

HOJAHi ITiCJIZ OCTaHHBLOTO PO3AiJly, — BOHHU OOIIOMOKYTh BaM Kpallle IIiAT0oTYy-
BaTUCS O IIiJCYMKOBOI aTecTalrii.
Iiocymrxu HaAUPUKIHII KOXKHOIO PO3JAiNTYy — CBOEPITHUII reOMeTpUYHUN

KoMIIac, 3a JOIOMOIOI0 AKOTO BU 3MOJKETe ODi€EHTYBaTUCA y BHUBYEHOMY Mare-
piami. BigomocTi pybpuku «Jnsa mux, xmo xode 3anamu 6Ginvuie», 10 MAIOTH
IO3HAYKY W=, CIPUATHMYTh IOINIMOJEHHIO 3HAHb 3 OKpeMux TeMm. PyOpuxn
«Iemopuuna 0osidka» i «Mamemamuuni onimniadu» MO3HANOMJIATH 3 IliKa-
BUMU (paKTaMM IIPO PO3BUTOK reOMeTpPii Ta MaTeMaTWYHOT'O OJiMIiagHOTO PyXYy,
3 TisJIbHICTIO BiJoMUX YKPaIHCBKUX Ta 3apyOL’KHUX YUEHUX.

* €pmosa, A. Il I'eomerpis : migpyd. mus 7 KJ. 3arajgbHOOCBIT. HaBY. 3akJj. [Tekcr] /
A.TII. €pmoBa, B. B. T'ono6opoasko, O. ®. Kpu:kanoBebkuit. — X. : Bug-Bo «PaHOK». —
2015. — 224 c. : in.; €pmosa, A.II. T'eomerpia : Iligpyu. gms 8 KJj. 3araJbHOOCBIT.
HaBu. 3akJ. [Texcr] / A.II €pmoBa, B. B. T'omo6opoapko, O. @. Kpu:xaHOBCHLKUI,
C. B. €pmios. — X. : Bug-Bo «Panok», 2016. — 256 c. : im.
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Tpu20HOMEMpPUYHi (PyHKUii Kymis
Bi0 0° 0o 180°

. Teopema KOCUHYCIB ma HACAIOKU 3 Hei

. Teopema cuHyciB ma HAcnioku 3 Hei

P03B'513yBAHHS MPUKYMHUKIB

30CMOCYBAHHS MPU0HOMEMPUHHUX
(PyHKUiU 00 3HAXOOKEHHS NIOW,




TpukyTHUK € mnepiron Girypoio, AKa He MOKe
po3KJacTucA B HpoOCTiIri ¢girypu... i Tomy € mep-
muM (QyHIaMEHTOM OyIb-IKOi peui, AKa Mae
MeXy U (opmy.

Ioacopdano Bpyno, imaniiicokuil yueHuil

Y BocbMOMY KJaci BU HABUMJIKUCS PO3B’A3yBaTU MPSIMOKYTHI TPU-
KYTHUKM, TOOTO 3HAXOAUTH IXHi HeBimomi esemenTu 3a Bimomumu. Teo-
PETUYHUM MiATPYHTAM IJIA PO3B’SISyBaHHA IPAMOKYTHHUX TPUKYTHUKIB
O0ysnm Teopema Iliharopa If BIACTMBOCTI mpuzoHomempuiuHux GYHKYIL
TOCTPOTO KyTa MPAMOKYTHOTO TPUKYTHUKA — CHUHYCA, KOCUHYCA, TAHTeH-
ca II KOTaHreHca. 3a JOIIOMOI'OI0 TEOPeM i CHiBBiAHOIIEHDb, AKI posIisgma-
TUMYTHCS B IIbOMY PO3[iJi, MOYKHA PO3B’A3aTH HE TiJMbKU IIPAMOKYTHUI,
aje i ysaraji Oyob-aKWil TPUKYTHUK.

3acTocyBaHHA TPUTOHOMETPUYHUX (PYHKIIIN [O3BOJAE OTPUMATU
HOBi (opMyJiM IJisi 3HAXOMKEHHS OKPEMUX €eJEeMEHTIB Ta IIJIONI] MHO-
TOKYTHUKIB 1 3HAYHO POIMIINPIOE MOYKJIMBOCTI BUKOPUCTAHHA aJreopu
B IIpolleci po3B’sA3yBaHHS IeOMETPUUYHUX 3ajad.




§1 Tpu20HOMEMPUYHi PYHKUT

Kymis Bi0 0° do 180°

1.1. O3HAYEHHS MPU20HOMEMPUHHUX
(pyHKYiU HA Koni

Harapaewmo, 1110 B IpAMOKYTHOMY TPUKYTHUKY
3 KaTreTaMu a i b, rimoTeHy3010 ¢ Ta TOCTPUM KYTOM O,
(puc. 1) 3a pawmimre JaHUM O3HAUYEHHAM

. a b a b
sinao=—, cosa=—, tgo=—, ctga=—.
c c b a

IlamMo oO3HaUeHHSA TPUTOHOMETPUUHUX QPYHK-
i aas Oyab-sakoro Kyrta Bim 0° mo 180°. IIisa mboro
B IPAMOKYTHill cHUCTeMi KOOpAWHAT, 3 AKOIO BU J0-
Ope sHaliomi, moOyayemMo Koo paziyca 1 3 IeHTpom
y mouaTky KoopauHaT (puc. 2). Take K00 Ha3uBaOTh
mpuzonomempuunum. Bix momarHoi miBoci oci Ox
BiKJIameMO y HaAmpAMi OPOTHU XOAY TOAMHHUKOBOL
cTpiskm roctpuit KyT o. Hexaut M (x; y) — Tou-
Ka, y SKifl cTOpOHA I[hOr0 KyTa MepeTHWHAaE IaHe
KoJio (puc. 2, a). IlpoBememo mnepneHIuKyaap MN
o oci Ox. YTBOPUBCS IPAMOKYTHUHA TPpUKYTHUK OMN
3 TOCTPUM KYTOM O, rimoremysoro OM =1 i xarera-
MU, JOBXKUHU SKUX JOPiBHIOIOTH KOOPAUHATAM TOY-
K M: ON =x, MN =y. I3 tpukytauka OMN maemo:

. MN vy ON «x
singl=——=-—=Y, COSOL=——=—=X,

oM 1 oM 1

Yy ON x

MN
tgo=——=2, ctgo=——=—.
ON «x MN y

OT:Ke, B TPUTOHOMETPUYHOMY KOJIi CHHYC i KO-
CHUHYC TOCTPOTr'0 KyTa AOPiBHIOIOTH BiOBiZHO opau-
HaTi I abciuci Touku, y AKifi CTOpOHA HAHOTO KyTa
TepeTrHAaE KOJI0, a TAHTEHC i KOTaHTeHC IThOT0 KyTa
IOPiBHIOIOTH BiMHOINIEHHAM OPAMHATU 0 abCIUCHU
¥ abciycu OO0 OPAMHATH BiAMOBimHO:

. X
sino =y, cosa=x, tgoc:i, ctgo=—.
x Yy

b

Puc. 1. o o3HaueHHA
TPUTOHOMETPUUHUX
(YHKIIilI TOCTPOTO
KyTa MPAMOKYTHOTO
TPUKYTHUKA

Puc. 2. [lo osHaueHHA
TPUTOHOMETPUUHUX (PYHK-
it kyTris Big 0° mo 180°
[AuB. Tarox c. 8]



Po3pin |. Po3B'A3yBaHHA TPUKYTHUKIB

O3Ha

3a3HaumMMo, II[0 3HAUEHHS TPUTOHOMETPUUYHUX (PYHKIIN 3ajerKaThb
Jullle Big rpagycHol Mipu Kyta. Bukopucraemo oTpuMaHi piBHOCTI mJisa
O3HAUEHHSA TPUTOHOMETPUYHUX (PYHKIIiN Oyab-axoro kyta Big 0° mo 180°.

YeHHA

Onsa 6y.a.b SKOro KyTa a 3 npomixky 0°<

a<180° sina =y, cos a = X,

tga =L (a =90, cfga=_ (o # 0% a # 180°), Ae X, y — KOOpAMHATU
X 4

BiANOBIAHOI TOukM M TpuroHometpuuHoro kona (puc. 2).

M(xs y) T} D)
Yy
Nh X% X
(-1;0) x 10 (1; 0)
6
Y
M ,(0;1)
Mg(—l;O)/A \M1(1;0)

B

Puc. 2. [3akinuenns]

Otixe, arimo KyT o Ttynumi (90° <o <180°,
puc. 2, 0), To opauHata Touku M pomaTHa (TOOTO
sina > 0), a abciuca Big’emHa (To6To cosa < 0). Oue-
BU/IHO, IO BiTHOIIEHHS KOOPAMHAT y I[bOMY BUIIAKY
TaKo:K Big’emui, To6TO tga <0, ctga <0. ¥Yzaraui,
KOCUHYCU, maHzencu L KOmaHzeHcu mynux Kymie
€ gid’emrnumu wucaamu. 1 HaBIAKU, AKUW,0 KOCU-
HYc, manzenc abo komanzenc kyma o (o <180°)
6i0’emHi, mo kym o mynui.

BusmaummMo 3HaUYeHHSA TPUTOHOMETPUUHUX
dyuknin kytis 0°, 90° 180° (pmc. 2, 8). AxmIo
a=0° ro Touka M, mae roopaunaru (1;0). 3Bincu
sin0°=0, cos0°= 1 tg 0°=0. OckinbKu OiJIeHHA Ha
HYyJb He BusHaueHe, To ctg 0° He icuye.

drmo a=90° to Touka M, mMae KOOpAUHA-
tu (0; 1). 3Bigcu sin90°=1, cos 90° 0, ctg90°=0.
OckinbKU OiJIeHHsS Ha HYJIb He BusHauewne, To tg90°
He icHye.

I, mapemri, sakmo o=180° To Touka M, Mae
koopauuatu (—1; 0). 3Bigcu sin 180° =0, cos 180°
tg 180°=0. OckisbKU AijIeHHA Ha HYJIb HE BHU3HAUe-
He, To ctg 180° me icuye.

3ayBaKUMO TaKOK, IO abciiucu Touox M miis
KyTiB Bigm 0° mo 180° smiHIOIOTBCA B Mexkax Bim —1
mo 1, tooTto —1<cosa <1, a opoguHATH — B MeyKax
Bim 0 mo 1, To6To O0<sina<1.



§ 1. TpuroHomeTpuyHi yHKuii kyTiB Big 0° go 180°

1.2. TpU20HOMEMpPUYHi MOMOXHOCMI

Harapmaewmo, 1110 A7151 6YIb-IKOTO TOCTPOTO KyTa O
MPAMOKYTHOTO TPUKYTHUKA OyJ0 MOBEIEHO OCHOB-
HY TPUTOHOMETPHUUYHY TOTOXKHicTb sina + cos?a = 1.
IToxaskemo, ITI0 IIe CIIiBBiAHOIIIEHHS CHPABIKYETHCS
I Oyab-axoro kyrta Big 0° mo 180°.

CopaBzi, AKIO KyT o Tynuii (IuB. puc. 2, 6), TO
3 IpAMOKyTHOTO TpuKyTHUKA OMN (£ N =90°, ON =|x|,
MN =y, OM=1) sa teopemoro Ilijparopa maemo
MN?+0ON?=0M?2, 106r0 x2+y?>=1, i, 3 ypaxyBaHHIM
O3HAuUeHb CHMHyca 1 KocuHyca, sina+cos’a=1. ¥V Bu-
magky, Koaum KyT o mopiBHIOE 0°, 90° ado 180°, 1o
TOTOKHICTDH JIETKO IIepeBipuTH 6es3mocepelHbOI0 IIij-
CTaHOBKOIO 3HAUEHb CUHYCA 11 KOCMHYCA BiIOBiTHOTO
KyTa (3pobiTh I1e caMOCTiITHO).

Or:xe, Ans OyAb-KOro KyTa o 3 MPOMiXKY
0°<a<180°

sin?q + cos?a = 1.

3 OCHOBHOI TPUTOHOMETPUYHOI TOTOYKHOCTI
3 ypaxyBaHHAM 3HaKiB TPUTOHOMETPUUYHUX (PYHKIIN
nasa Kyrtie Big 0° mo 180° BumimBae, 1o

sino.=+v1-cos®’a, coso=+1-sin’o.

3HaK coso O0MpAaIOThH 3aJIEeXKHO Biff TOTO, YU
€ KyT O TOCTPpUM (BHAK «+») abo TynuM (SHAK «—»).

Besnocepenabo 3 03HAUEHH TPUTOHOMETPUYHUX
(GYyHKI[IT BUMJIMBAIOTH TaKi TOTOMKHOCTI:

tgo=""" (4£90°), ctgo="m" (0°<q<180°),
cos o smo

tga-ctga=1 (a=0° a=90° ao=180°).

Y BocbMOMY KJIaci AJi TOCTPOro KyTa o Oy-
Jo moBeneHO (OpMyJsM OOIOBHEHHA, SAKi BUpasKa-
oTh QyHKIIT KyTa (90° — o) ueped QyHKIIT KyTa o

sin(90° —a)=cosa, cos(90°—-a)=sina,
tg(90° — o) =ctga, ctg(90°—o)=tga.
HoBememo dopmysan, IO OO3BOJAIOTHL 3Be-

CTH POBTJIAJ TPUTOHOMETPUUHUX QYHKIINA Ky-
TiB (180° — o) Mo posrmany GYHKIiHT KyTa o.



Po3pin |. Po3B'A3yBaHHA TPUKYTHUKIB

Teopema (cpopmynu 38edeHHs 051 Kymis 180° - o)

Ana 6yab-sakoro kyTa o 3 npomixky 0°<a <180°
sin(180° - o) = sina, cos(180° - ) = -cosa.

y
M, (x5 y,) M(x; y)
180 —a
ol ol
N, O N| x

Puc. 3. o moBemeHHs
(bopmy 3BeIeHHA IJIA
KyTis Big 0° 1o 180°

JloBedeHHs

O Hexaii Bix momarHol miBoci oci Ox Bigkiaanme-
HO KyTu o i 180° — 0/, IPUUYOMY CTOPOHUM ITMX KYTiB
[epeTUHAIOTh TPUTOHOMETPUYHE KOJIO B TouKax M i M,
BigmoBigHO (puc. 3). Po3risHeMo BUTIAZ0K, KOJIU KYT O
rocTpuii (AJaA Tynux KYTiB JOBeJeHHS aHaJIOTiuHe).
IMposenemo 3 Touoxk M i M, nepnenaurynapu MN
i M|\N, no oci Ox. Ockinbku KyT N,OM, nomnosHIoe
KyT 180°-a mo posropuyroro, To £N ,OM, =180°—
—(180° - )=, a mpaMoKkyTHi TpurkytHuku OMN
i OM N, piBHi 3a rinmoTeHy300 i rocTpUM KyTOM.
Is piBHocri kareris MN i M N, Bumniausae, IO
Touku M i M, MaloTh OAHAKOBI OpAUHATH, TOOTO

sin(180° - o) =y, =y =sina.

Kpim Toro, 3 pisrocTti kateris ON i ON, Bumniu-

Bae, 1o abcnucu Touok M i M| mporumiexHi, ToOTO
cos(180° — o) = x, = —x =—cos a.

Hnaa BumaakiB, Koaum KyT o mopiBaHioe 0°, 90°
i 180° mepesipTe mpaBUALHICTH (QOPMYJ 3BEeHeHHS
camocritizo. B

Hacniook

tg(180° — o) =-tga (0°<a<180° o= 90°),
ctg (180° — o) =—ctga (0° <a < 180°).

3aaaua

O6YUCNiTL 3HAUYEeHHS TPUTOHOMETPUYHUX (PYHKLIA KyTa 150°

sin150° = sin (180° - 30°) = sin 30° = % €05 150° = cos (180° - 30°) = - c0s 30° = ———

Po3g'azaHHsa

3

’

19 150° = tg (180°-30°) = —tg 30° = 3 , ctg150° = ctg (180° - 30°) = —ctg 30° = —/3.

Bianosiab: sin150° = % cos150° = - 19 150° = -

10

3

41 g ctg150° = —/3.



§ 1. TpuroHomeTpuyHi dyHkuii kyTiB Big 0° mo 180°

Hagpezemo sHaueHHS TPUTOHOMETPUUYHNX (PYHKIIN AesIKUX KYTiB y BU-
TIIAmi Tabaui.

a 0° 30° 45° 60° 90° 120° | 135° | 150° | 180°
sine | 0 | L | Y2 | N3]y | M3 |2 1]
2 2 2 2 2 2
cOoS Ol 1 £ ﬂ l 0 _l _£ _£ -1
2 2 2 2 2 2
tga | 0 g 1 | V3| — | 8| 1 —é 0
ctga | — J3 1 % 0 —% -1 | 3| —

3anumaHHsa i 3a0aydi

“ YcHi BnpaBsu

1. Cropona kyTa o, BifKJageHOro Bif mojzarTHOI miBoci oci Ox y Hampsa-
Mi IPOTM TOAMHHUKOBOI CTPiJIKU, HMepeTHHAE TPUTOHOMETPUUYHE KOJIO
B TouIli M.
a) HasBiTe roopguuatu Touku M, aximo o = 90°.
6) BusmauTe BeqmumHy KyTa o, AKIIO0 M 5 7]
2. Buszaure, un € KyT o (0° < a. < 180°) rocTpuM, npAMUM ab0 TYIUM, SKIIO:
a) cosoa=0;
6) sina - cosa < 0;
B) tga > 0.
kj 3. Yu moxxe KocuHyC Tymoro kyrta mopisxioBaru 0,01; —0,8; —3? Uu Moxke
KOCHHYC TYIOro KyTa AOPiBHIOBATH CHUHYCY TOr'O camoro Kyta?
4. [lano rocrpuii Kyt P, nmpuuomy sinP=n, cosP=m. 3HaHLITE CUHYC
i kocunyc kyTa (180° - ).
5. Yu e npaBUILHUM TBepIKeHHS:
a) CMHYCH CYMiKHUX KYTiB € IPOTHUJEKHUMHU UYNCJIAMU;
0) TaHTEHCU CYMiKHUX KYTiB € IIPOTUJICKHUMU UUCTIaAMU?

1
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‘L MNpadiuHi BNpaswm

<

6. VY npaMOKyTHill cucTeMi KOOpAMHAT HAa TPUTOHOMETPUYHOMY KOJi IIO-
3HauTe TOUuKy M, saka Bigmosimae Kyty 120°.
a) IIpoBenits i3 Toukm M mepHEHAUKYJIAPU OO ocelli KoopamHaT. Bu-
3HAUTEe KOOPAMHATU OCHOB IIUX IEPIEHAMKYJIAPIB.
6) IlosHauTe Ha TPUTOHOMETPUYHOMY KOJi TOUKYy M,, IO BiAmosinae
TOCTPOMY KYTYy, CUHYC SIKOrO mopiBHIoe cuuycy 120°. Buwmipsiite 1eit
rOCTPHUI KYyT i OOI'PYHTYIiTEe OTPUMaHUN pPe3yJbTar.
7. VYV npaMOKyTHi# cucTeMi KOODAMHAT HA TPUIOHOMETPHUYHOMY KOJI IIO-
3HauTe TOUKy M, aka Bigmosimae Kyty 150°.
a) Busnaute KoopauHatu X i y Toukum M. fAxa 3 KoopauHAaT GijbIira?
0) OOuuciitTe 3HaueHHA Bupasy x2+ y?. OOrpyHTyiTe OTpUMAHUI pe-
3yJIbTAT.

w Mucbmosi BnpaBu

<

<

12

PiBeHb A
8. 3a gonomoroio Gopmys 3BefileHHA A KyTiB (180° — o) o6uuciTs curyc,
KocuHyc i TaHremc KyrtiB 120° i 135°.
9. 3a momomororo (hopMyJ 3BeleHHS i TPUTOHOMETPUUYHUX TaOanuIb (Kab-
KyJIATOpa) O0UUCIIITD:
a) sin160°; 6) cos 115°% B) tg 95°.
10. Busmaure Bci 3HaueHHs o Bixm 0° mo 180° mJIA AKUX CIPABAKYETHCA
pPiBHiCTE:
)
a) smoc=T; 6) coso =-0,5; B) tga =-1.

11. 3a momomororo (hopMyJ 3BefieHHA i TaOIUIli 3HAUEHb TPUTOHOMETPUYHUX
dyuknii (zus. HoBigkoBi marepianu Ha c. 237—-238) 3HAUIITH:

a) sina i tga, axmo o= 170°%

0) rocTpuii i Tynuii KyTH, CHUHYCU AKHX IopiBHIOIOTL 0,643.
12. BmaiigiTs:

a) sina, akmo coso =-0,8;

0) coso, AKIIO sinoczi, 90° < o < 180°;
J5

B) tga, axiio coso=-1.
13. 3Bmaiizgite cosa i tga, axmpo sina=0,6 i KyT o Tymmii.



§ 1. TpuroHomeTpuyHi dyHkuii kyTiB Big 0° mo 180°

14. Ilopismaiire:
a) cos65° i cos115%
0) tg48° i tg148°;
B) sin35° i sin 145°.

15. osexits TOTOMXKHICTD:

a) —tg(180°—a)-cosa=sina ; 6) cos’o+sinosin(180°—-o)=1.
16. osexits TOTOMKHICTS:
2) —sino - . sin(1800—0()=1.
cos(180°—oc) sino

6) 1-cos’o.=sinosin(180°-a.);

PiBeHb b
17. 3Bmaiizite TaHTeHC i KOTAHTEHC KyTa O, SAKIIO:
5 .
a) cosaz—E; B) sina=—cosa.

5) sin(x:%, 90° < o < 180°%

18. BmaiigiTs:
a) tgo, axmo cosa=-0,28;

. 12 . .
6) ctgo, AKIIO s1noc=§ i KyT o Tynunii.

19 (onopHa). losexnirs, mo:

a) 1+tglo=—- (0°<a<180° o 90°;
co

S o

6) 1+ctg’o= (0° < 0. < 180°).

sin® o

20. Cmpocrits Bupas:
a) 1-sin(180°-a)cos(180°-0)tg(180°-a);
6) 1-tg(180°-o)tgo .

21. Copocrits Bupas:

a) tgactgo+cosacos(180°-a);

6) (sino— cosoc)2 -2tg(180°-o)cos’ ot

13



Po3pin |. Po3B'A3yBaHHA TPUKYTHUKIB

& 28.

. Bimomo, 1o tgo=-0,75. 3Haigite sino i cosa.

. 3HaUmITH sino i cosa, AKIIO ctgo=-2,4.

. lloBeniTs, 110 cuHyCcH OyAb-AIKWUX ABOX KYTiB mIapaJiejiorpaMa PiBHi.
. HoBeniTs, 1110 cymMa KOCHMHYCIB yciX KyTiB Tparmellii HOpiBHIOE HYJIIO.
. ITobynyiiTe KyT o, AKIIIO:

. 4 . . 3
a) s1n(x=g i KyT o rocTpuii; 0) cosoc=—g.
. 1
IToGynmyiiTe KyT o, SKIIIO tgocz—g.

PieHb B
3uaimiTh sina i cosa, akio tga +ctgo=-2,5.

Ckinbku po3B’sA3KiB Mae s3amaua?

< 20.
30.

SHan;iTh tg o, aximo cos?a —sin?a = 0,5. CKinbKy po3B’sisKiB mae 3amaua?
Posramryiire kytu 50°, 120°, 170° y mopaaky 3pocTaHHS 3HAUYEHDb IXHiX

TPUTOHOMETPUYHUX (PYHKITIHA:

< 31.

'@

32.

a) KOCUHYCIB; 0) cuHYyCiB; B) TaHTEHCIiB.
Bigomo, mo o i B — Tymi xytu, npuyomy cosa > cos . IlopiBusaiire:
a) sina i sinf; 0) tga i tgh; B) ctga i ctgp.

MoBTOpeHHA nepeA BUBYEHHAM § 2

TeopeTnyHnn martepian

e pO3B’A3yBaHHS NMPAMOKYTHUX (38 Kjac, § 19_21)
TPUKYTHUKIB;

. O 8 kimac, § 13 )
e reopema Ilidaropa.

3apaui
Y OpsAMOKYTHOMY TPUKYTHHKY 3 roctpuM KyTom 30° rimorenysa Qopis-

HIOE 6 cM. SHANIITH KaTeTu TPUKYTHUKA.

33.

Bucora pomba, mpoBegeHa 3 BePIIHUHU TYIIOr0 KyTa, AiJUTH CTOPOHY

pomba Ha BiApisku 3aBHoBxKHK 8 cM i 9 cM. SHaigiTEL oy pomba. CKinb-
KU PO3B’A3KiB Mae 3agaua?

14



§ 2 | Teopema KOCUHYCIB MA HACMIOKU 3 Hei

2.1. TeopeMa KOCUHYCiB

ITig yac posB’sA3yBaHHs 3a/a4 YaCTO BUHUKAE He-
00XiTHICTHL OOUMCIUTU HEBIIOMY CTOPOHY TPUKYTHUKA
3a IBOMAa BiJOMMMM! CTOPOHAMM 1 KYTOM Mi’K HUMM.
Teopema Iliparopa mosBossge 3pobUTHU IIe Y BUOAIKY,
Ko maHuii KyT npamuii. Hacrymma TeopeMa € ysa-
rajbHeHHAM Teopemu Iliparopa i m03BoJIAE BHAXOOUTHU
HEeBiJOMYy CTOPOHY B JOBiJILHOMY TPUKYTHUKY.

Teopema (KOCUHYCiB)

Keaapat 6yab-9KOi CTOPOHU TPUKYTHUKA AOPiIBHIOE

CYMi KBaApaTiB ABOX iHWWX CTOPiH 6e3 NoABOEHOrO

AO6YTKY LUX CTOPIH Ha KOCUHYC KyTa MiX HUMMU:
¢® = a® + b? - 2abcosC,

Ae a, b, ¢ — cTOpOHU TPUKYTHUKA, KYT C — KyT MiX

cTopoHamu a i b.

JoBedeHHs

O Hexa#t y tpurkytauxky ABC BC=a, AC=0,
AB =c. PosriisHeMo OZHOYACHO OBAa BUOALKU, KOJIU
Kyt A i C obumBa roctpi (puc. 4, a) Ta Koau Kyt A
Tynuii, a Kyt C rocrpuii (puc. 4, 6). IIpoBememo Bu-
cory BD. I3 nmpamokyTHOro TpukyTHUKa BDC Maemo:

BD=asinC, CD=acosC.

Toxi AD=|b—acosC|. I3 IpAMOKYTHOrO TPUKYT-
Huka ABD 3a Tteopemoro Ilijaropa:

AB?=BD?+AD?, c2=(asinC)?>+(b—-acosC)?,

c?=a?sin?C + b2 - 2abcosC + a®cos?C,

c?2=a*@sin?C + cos?C) + b2 - 2abcosC,

c?=a?+b?2—2abcosC.

¥ Bumaaky, Koau KyT C npamuii, maemo cosC =
=c0s90°=0. Toxi TBepmKeHHA TeopeMu HaOyBae BU-
rany c2=a?+b?, To6To 306iracThbCs 3 TBEPAKEHHAM
B:ke moBeneHoi Teopemu Iliaropa.

HoBemenusa njd BUOAAKY, Koau KyT C Tynui
(puc. 4, 6), IpoBeniTh camocTiiio. M

B
a
c
A D v C
a
B
a
C
D A b C
6
B
C
a
A b C D

Puc. 4. [lo noBeneHHs
TeopeMu KOCUHYCiB

15
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3aaaua
3HaAiITb CTOPOHW Napanenorpama, SKLWO UOro AiaroHa-
ni 3aepoexku 10 cm i 16 cm nepeTuHaroTbes Nia KyTom 60°.

Posg'azaHHa

Hexait piaroHani napanenorpama ABCD nepeTuHaroThb-
ca B Touli O, AC=16 cm, BD=10 cm, ZAOB=60° (puc.b).
Ockinbku aiaroHani napanenorpama TOYKOHO MepeTuHy
ainatbca Haenin, 1o AO=0C=8 cm, BO=0D=5 cm. 3a
TeOpeMOo+o KOCUHYCIB i3 TpuKyTHUKa AOB maemo:

AB?=A0?+ OB?*-2A0- OBcos L AOB,

AB2=82152-2.8.5c0s60°.

Ockinbku cos 60° = % To AB?=49, AB=7 (cm).

Ockinbkn £ AOD=120° ak cymixHuli 3 kyTom AOB,
TO 3 TpPUKYTHUKA AOD 3a TeOpeMOro KOCUHYCIB MAEMO:

AD?=A0?+0D?-2A0 - ODcos£ AOD,

AD?=8%2+52-2-8-5cos120°.

Ockinbku co0s120° = —cos 60° = —%, T0 AD?=129,
AD=4129 (cm).

Bianosiab: 7 cm i 129 cm.

2.2. Hacnioku 3 meopemu KOCUHYCiB

3aBIAKY CBOIM HacJiJKaM TeopeMa KOCUHYCiB
Ia€ MOKJIUBICTh He TiJIbKU 3HAXOAWUTU HEBiOMY CTO-
POHY TPUKYTHHUKA, aJjie i1 BUSHAUYATA KYTU TPUKYTHU-
Ka 3a BijlomuMu cTtopoHamu (guB. puc. 4).

Hacniook 1

a’+b’-c*

GE=
Y TpUKyTHUKY ABC co by

Hacnidok 2

SKWO B TPUKYTHUKY 3i CTOpOHAMu a, b, ¢ cnpas-
AXYETbCA HepiBHICTb a®+ b?>¢?, TO KyT, NpoTu-
JIeXHUM CTOPOHI ¢, FOCTpUM; aKWo a?+ b?<c?, 1o
KYT, NPOTUNEXHUU CTOPOHI ¢, Tynuii.



§ 2. TeopeMa KOCMHYCIB Ta Hacnigku 3 Hei

IiticHo, aKIo y hopMyJIi, HaBeleHill y Hacaif-
Ky 1, a?+b%>¢?, To cos C >0, omxe, Kyt C rocrpuii,
axmo a?+b?<c?, To cosC<0, orsxe, Kyr C Tynuii.

Harapgaemo, 1110 y BUIIaAKy, Koau a’ + b? = c¢?, 3a
TeopeMolo, obepHeHo g0 Teopemu Iliparopa, Ky,
OPOTUJIEXKHUI CTOPOHI ¢, IPAMUMA.

TakuM UYMHOM, 3a [SOINOMOTOK TeOpeMu
KOCHHYCIiB MOHA OJHO3HAYHO BCTAHOBUTH, YU
€ TPUKYTHUK 13 3aJaHUMI CTOPOHAMU I'OCTPOKYTHUM,
OIPAMOKYTHUM a00 TYIIOKYTHIIM.

Hacainkom i3 TeopeMu KOCHHYCIiB MOIKHAa
BBAXKATH TAKOMX TaKy BJACTUBICTH IIapaJiejio-
rpaMma.

OnopHa 3aaauva
(npo cnieeiaHOWeHHs AiaroHanei i CTopiH napanenorpama)

Cyma KBagpartie AiaroHanel napanenorpama AOpiBHHOE
cymi KkBaapatis ycix Horo ctopiH: d*+d,f=2(a® +b?),
Ae d, i d, — piaroHani napanenorpama, a i b — cyciaHi
CTOPOHU naparnenorpama.

Hoeeaithb.

Posg'asaHHa

Hexalt y napanenorpami ABCD AB=CD=a, AD=BC=b,
BD=d,, AC=d,, ZBAD=1y (puc. 6). Ockinbku cyma cyciaHix
KyTie napanenorpama aopisHroe 180°, To L ABC=180° —v.
Bupasumo keaapatu AiaroHanel napanenorpama 3a Ao-
NMOMOrOHO TEOpPeMUn KOCUHYCIB.

I3 TpuKyTHUKA ABD maemo:

BD?=AB?+ AD*-2AB- ADcosy, d?=a?+b?-2abcosy.

I3 TpuKyTHUKa ABC maemo:

AC?=AB?+ BC*-2AB- BCcos(180° - ),

a6o, Bpaxosyroumn, Wo cos(180°—y)=-cosy,

d,2=a?+b?+2abcosy.

Hoaaroum npasi 1 NiBi 4aCTUHU OTPUMAHUX piBHOCTEM,
onepxumo: d’+d,*=2(a’ +b?), wo i Tpeba 6yno AosecTU.

Puc. 6

17
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3anumaHHa i 3a0adi

" YcHi BnpaBu

L’ 34. YV TpuKyTHUKY 3i cTOpOHAMH a, b, ¢ BU3HAUTE, YU € KYT, IPOTHIKHII
CTOPOHi @, TOCTPUM, IPAMUM ab0 TYIUM, SKIIO:
a) a?>b%+c? 0) a?<b?+c? B) a®?=0b%+c2.
kﬂ 35. Yu mMokyTh ABa KyTH TPUKYTHHKA MATH Bif’eMHI KocumHycn?
36. Haspires HaiiGinemmuit KyT TpukyTHHKa ABC, axmo AB?> BC?+AC?.

‘L lpadiuHi Bnpasu

37. HakpecniTs TPUKYTHHUK 3i CTOpOHAMMU
3 cmi b cm ta kyrom misk HuMu 120° 3a
TEOpPeMOI0 KOCHHYCIiB OOUHCJIITH MSOBXMKUHY
HaMOiJIBIIOI CTOPOHW TPUKYTHUKA. IlepeBipre
OTPUMAHUI pPe3yJIbTaT BUMipIOBAHHAM.

0 38. HaxpecriTh pi3HOCTOPOHHIiI TPUKYTHUK i BUMipdAiiTe HOr0 CTOPOHM.
a) O6unciiTh 3HaueHHsa Bupasy a?+b’?-c?, me a, b, ¢ — IOBXUHU
CTOPiH TPUKYTHHUKA, MIPUUOMY a < b <c.
0) 3a pesdysabTaToM OOUYMCJIEHHS BU3HAUTE, YW € HAWOIJBINUN KyT TPU-
KYTHUKAa TOCTPUM, OIpAMUM abo TynuM. IlepeBipTe oTpuMaHUil pe3yib-
TaT BUMipIOBaAHHSIM.

a [lMwucbmosi Bnpasu

PiBeHb A
39. 3naiifiTh HEBiIOMY CTOPOHY TPUKYTHUKA, AKIIO ABi HOTO CTOPOHHU i KyT
Mi’K HUMU JOPiBHIOIOTH BiAITOBigHO:

a) 3v3 cm, 11 e i 30° B) 5 cm, 16 cm i 120°.

6) 8 cm, 15 cm i 60°;
40. 3naiifiTh NepuMeTp TPUKYTHUKA, AKIIO HOr0 CTOPOHU 3aBAOBKKH 7 CM
i 15 cm yTBOpIOIOTH KyT 60°.
41. CTopoHU TPUKYTHHKA HODiBHIOIOTH 3+/2, 1 i 5. BusHaure rpamycHy
Mipy HaNOiJIBIIIOTO KyTa TPUKYTHHUKA.

42. Jlosenits, mo piBHOOEAPeHMIl TPUKYTHUK 3 OCHOBOIO 7 cM i GiuHOIO
CTOPOHOI0 4 CM € TYIIOKYTHUM.

<
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<

&&

%

43. ]IBi cTopoHM TPHUKYTHHKA JOpiBHIOIOTL 4 i 8. fIke HaiimeHnmie 1ise
3HAUEHHA MMOBUMHHA MaTHU OOBXKWHA TPEThOI CTOPOHU, ITO0 KyT MisK ABOMA
JaHUMH CTOpPOHAMu OyB Tymum?

44. [IBi cTOpOHU TPUKYTHUKA IOPiBHIOIOTH 42 emil CM, a CHHYyC KyTa

. . 2 o . .
Mi¥X HUMH JOPiBHIOE 5 3HaUITh TPETIO CTOPOHY TPUKYTHUKA. CKiIbKUI

pos3B’aA3KiB Mae 3amaua?

45. ¥V tpuxryrauxy ABC AB=6 cm, BC=5 cM, a KOCUHYC 30BHiIIIHLOTO
KyTa npu BepiuHi B nopiBuioe —0,2. 3Haigits cropony AC.

PiseHb b
46. Y napajesorpaMi 3HaHIITh JOBYKUHU:
a) CTOpPiH, AKIIO AiaroHAJI 3aBIOBIKKU 6+/2 cmi 14 em ePEeTUHAIOTHCA
mig xyrtom 45°
0) miaroHajei, AKIIO CTOPOHW OOpiBHIOKOTE 10 cm i 16 cm, a oxumu
i3 KyTiB mapaJjiejiorpamMa BABiui OiJIbIITMEA 3a iHIINI.
47. 3maiigits miaromani pomba 3 mepuMeTpoM 4a i TOCTPUM KyTOM O..
Posp’s:kiTh 3amauy gBOMA CIocobaMu.
48. Tiaronasisb mapaJjesorpaMa JOpiBHIOE 6 M i yTBOPIOE 3i CTOPOHOIO 3aB-
IOBXKEKMN 8 cm KyT 60°. 3HaiifiTh HEBiJOMY CTOPOHY I HeBiZOMYy AiaroHaJib
mapaJjiejorpama.
49. He o6uuciamoouyu KyTiB TPUKYTHHKA, BH3HAuTe oro BHA (3a Besu-
YNHOIO KYTiB), SKIIO CTOPOHU TPUKYTHUKA JOPiBHIOIOTL:
a) 2,314 0) 7, 24 i 25; B) 6, 10 i 11.
50. CropoHu TPUKyTHUKA AOPiBHIOIOTL 5 M, 6 M i 7 M. SBHAHLITH KOCHHYCH
KYTiB TPUKYTHUKA i BU3HAUTE HOro BHU] (3a BEJIMUYMHOIO KYTiB).
51. ¥V mapanenorpami sHaigiTs:
a) mepuMeTp, AKINO AiaroHasi mopiBHiooTh 11 cm i 17 cm, a omuHa
3i cropim — 13 cwm;
0) miaroHaJi, SKIMO iXHi MOBKUHHN BiZHOCATHCA K 4 :7, a CTOPOHU
IOpiBHIOIOTE 7 cM i 9 cMm.
52. 3maiigitTs cTropoH:M mapajenorpama, SKIO HOTo IepuMeTp A0PiB-
Hioe 34 cm, a giaromaui 11 em i 13 cm.

PiBeHb B
53. ¥V rpukyrauxy ABC ZA=90° AC=4 cm, BC=8 cm. Ha xareri AC
30BHi [TaHOTO TPUKYTHHUKA ITOOYAOBAaHO PiBHOCTOPOHHiN TpuKyTHUK ACD.
3HaligiTh MOBKUHY Biapiska BD.

19
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54. YV napanemorpami ABCD ZA=60°, AB=2, BC=4. Touku M i N —
cepequau ctopin BC i CD BigmosigHo. 3HaiifiTh KocuHyc KyTta MAN.

55. Croponu TpukyTHHKA 3aBIoB:KKH 10 cM i 42 cM yTBOprOIOTH KyT 120°.
SHAWIITL JOBXKUHY MemiaHM, IMPOBENEHOI 3 BEepPIIMHU AAHOT'O KyTa.

56 (onopHa). Y rpukyTHHUKY 3i cTOpoHaMHu a, b, ¢ MeiaHa, IPOBEIEHA /10
1 .
CTOPOHHU ¢, 0GUMCTIOEThCA 3a (GOPMYIIOI0 m, :EJZ(az +b%)—c?. JloBemiTs.

57. fxmio ansa MeniaH TPUKYTHHKA m,, m, i m, COPaBIKyeThCA PiBHICTH
m?+m?=5mp?, To mefl TPUKYTHUK € NPAMOKYTHMM i3 TimoTeHy30I10 .
HoBexiTs. Uu cmpaBAKyeThbCcA OoOepHEHE TBEPIKEHH?

58. ¥ rpamenii ABCD AD|CB, AD=8cm, CD=43 cm. Koo, saxe
nopoxonuTh uepe3 Toukum A, B i C, meperunae Bimpisox AD B Toumi K,
npuuomy ZAKB=60° 3natinite BK.

Q NoBTOpeHHA nepep BUBYEHHAM § 3

20

TeopeTnyHnn martepian

OIIOPILii;
*  Tpomopn (C 6 xac )
e pO3B’A3yBaHHS MPAMOKYTHUX
TPUKY THUKIB; S8 wnac, § 19-21)
e  KOJIO, OIMCaHe HABKOJIO
TPURYTHUKA. (C 7 KJjac, II. 23.1)
3apaui

59. V rpuxkyraury ABC LA =60°% £C=45° BD=4 cM — BHCOTa TPUKYT-
HUKa. 3HAUmiTh moB:KuHU cTopin AB i BC.

60. Ha xouri nmosnaueno touku A, B, C i D Tak, mo Kyt ABC yTpuui MeH-
muii, Hisk KyT ADC. 3HaUAiTh TPAgyCHI MipW ITMX KYTiB.



§ 3 | Teopema cuHycis ma HAcnioku 3 Hei

3.1. Teopema CuHyciB

Poarnsmemo 111e 0HY TeopeMy, 3a JOIIOMOTOIO
AKOI MOMKHA 3HAXOAUTU HEBiIOMi CTOPOHU U KyTH

TPUKYTHUKA.

Teopema (CuHyciB)

CTOPOHU TPUKYTHUKA NPOMOPLIUHI CUHYCAaM MNpo-
TUNEXHUX KyTiB!

a b c

sihA  sinB  sinC’
Ae a, b, ¢ — CTOpPOHU TPUKYTHUKA, NPOTUNEXHi
KyTam A, B, C BianosiaHo.

JloBedeHHs

O Hexa#t y TpurkytHury ABC BC=a, AC=b,
AB =c. IIpoenemo Bucoty CD.

Axmro Kyt A rocrpuit (puc. 7, a), To 3 IPAMO-
KyTHOrO TpuKyTHUKA ACD Maemo CD =bsinA; AKIIO
KyT A tynuii (puc. 7, 6), To CD=>bsin(180°-A)=
=bsinA. Ananoriuno 3 TpukytHuka BCD maemo
CD =asin B. IIpupiBHsIeMO OTpUMAaHi BUpa3NU:

a b

sin A sin B

bsinA =asin B, abo

. .. b c
AHaJIoriuHo JOBOOUTHLCA PiBHICTH =

sinB sinC
YV BUMAAKy, KOJU KyT A MPAMUIL, TBEPAKEHHS Teo-
peMu BUILIMBAE 3 O3HAUEHHS CUHYCIB KYTiB TPUKYT-

Huka ABC (o0rpyuryiiTe 1e camocTiiino). H

3aaaua
HiaroHanb napanenorpama fopisHroe d i yTBOpro€
3i cTopoHamu napanenorpama KyTu o i B. 3HAWAITL
CTOpPOHW naparsiesiorpama.

Puc. 7. o noBemeHHS

TEeOpeMU CUHYCiB
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Puc. 9.

22

[AusB. Takox c. 23]

Posg'asaHHa
Hexali y napanenorpami ABCD AC=d, 2 BAC=a, 2 CAD=
=B (puc. 8). 3Halmemo CTOpOHW napanenorpama. Ky-
™ CAD i ACB — BHyTpilWHi pi3HOCTOPOHHI npu napa-
nenbHux npamux AD i BC Tta ciyHii AC, Tomy L ACB=B.
Toni B TpuKyTHUKY ABC ~B=180°-(a.+f). 3actocy-
BABLUW TEOpemy CUHYCIB A7 LbOTO TPUKYTHUKA, OAEPXUMO:

AC _ AB _ BC 60
sin(180°—(a +p)) sinp sina’ °
d _ AB _ BC
sin(o.+p) sinp  sina
3sincu AB - dsinp BC- dsina '
sin (o +P) sin (o +B)
] . dsinf dsino
Bianosiap:

sin(o+p) " sin(o+p)

3.2. 38'30K Mi>XX hponopyilHUMUu
BiIOHOWEHHAMU meopeMu CUHYCiB
i diamempom onucaHoz0 Kona

OnopHa 3aaava
(nosHe (POpPMYnNOBAHHA TeOpeMU CUHYCIB)
BifHOWeHHS CTOPOHU TPUKYTHUKAG A0 CUHYCA MpOTU-
JleXHOro KyTa AOpiBHFOE AiameTpy Koma, ONUCAHOrO HaB-
KONO TPUKYTHUKG:

a b _ ¢ _
sinA  sinB  sinC 1
Ae a, b, ¢ — CTOPOHU TPUKYTHUKQ, MPOTUNEXHI Ky-

Tam A, B, C BianosiaHo, R — pagiyc onucaHoro kona.

Hoseaitsb.
Po3g'azaHHa

Hexali HaBkono TpukyTHUKa ABC (BC=a) onucaHo ko-
no paaiyca R. Bpaxosyrouu nponopuitiHi cniBeiaAHOWEHHS
TeopemMu CUHYCIB, AOCTATHLO A0BECTU, WO ﬁzZR, abo
a=2RsinA.



§ 3. Teopema CMHYCIB Ta HadligKL 3 Hel

1) Hexathi £A=90° (puc.9,a). Toai BNUcaHU KyT A &
CNUpaeTbcs Ha niBkono, 1706170 a=BC=2R=2R-1= A

— 2Rsin90° = 2Rsin A. C
2) Hexalt £A<90° (puc.9,6). TTposeaemo aiametp BA, B
i po3rnsHemo TPUKYTHUK A BC. 2
Y ubomy TPUKYTHUKY £ BCA,=90° aK KyT, WO cnupaeTb-
ca Ha niekono, 10610 BC=BA sinA,. Ockinbku BnncaHi
KyTu A i A, cnuparoTbCa Ha Ty camy ayry, 1o LA=
=ZA,. Toai BC=BAsinA=2RsinA, a6o a=2RsinA.
3) Hexali £A>90° (puc.9, 8). Tlposeaemo aiametp BA,.
Toni ZA+2A =180° s3Biakm sinA =sin(180° - A)=
=sinA. Otxe, BC=BA sinA, a6o a=2RsinA, wo u Tpe-

6a 6yno posecTu.
3aaaua &

3HaWAiTh pagiyc Kona, onMcaHoOro HABKOMO piBHOGIY-

Puc. 9. [3akinuennus]

HOT Tpanelii 3 ocHosamu 1 i 3 Ta 6i4HOrO cTOpOHONO 2.
Posg'azaHHs
Hexait y Tpaneuii ABCD AD|BC, AD=3, BC=1,
AB=CD=2 (puc.10). TTpoBenemo 3 BeplUUH TynNUX KyTiB
Tpaneuii sucotn BB, i CC,. Toai AB =B/C,=CD=1 (mo-
BeAiTb Le CAMOCTIMHO).

AB
3 ABB, cosA=—-
NPAMOKYTHOIrO TPUKYTHUKA , €o B B a

cosA=%, 3BiaKM ZA=60°, sinA=€. I3 TPUKYTHU-
kKa ABD 3a Teopemoro KOCUHYCiB MAEMO:

BD?=AB?+ AD*-2AB- ADcos A, o o
B =2°+3-2:2.3.2, BD*=7, BD=\7. A B, G D

Kono, onucaHe HaBkono Tpaneuii, € TaKOx onuca- Puc. 10
HUM HABKOMO TPUKYTHUKa ABD. 3a WovHO AoseaeHUM
BD _op orke, R=—2D_ p_ N7 _ 2L
sinA 2sinA J3 3

J21

Bianosiab: =
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3anumaHHa i 3a0aydi

YcHi BnpaBsu

61. 3a gomomoroi TeopeMu CHHYCiB BiJHOBITH BifHOIIEHHS CHHYCIiB KyTiB
TpukyTHUKa ABC y mpasiit vactuni piBuocti BC: AC:AB=....

k\ 62. Hasgirs HaibiIbITy Ta HaliMeHITy CTOPOHM TPUKYTHHKa ABC, AKIIO
sin B>sinA >sinC.

k’ 63. ¥V tpurytHUKYy ABC sinA=sinC. Yu moxe ofuH i3 KyTiB A i C 6yTn
rynuMm? Yu Mae maHUN TPUKYTHUK PiBHiI CTOPOHU?
64. Y tpuxkyrauxky ABC AB = 6, BC = 3. Yu moxe 6yTu, mo sinA = 1?

‘L lNpadiuHi Bnpasu

65. Haxpecrits piBHOGeAPEeHNII TPUKYTHUK i3 KyToM mpu ocHobi 30°. Bu-
MipsTe NOBKWHU CTOPiH TPUKYTHUKA Ta OOYMCIITH X BiJHOIIEHHS IO CU-
HyciB nmporuieskHuX KyTiB. [lopiBHAITE OTpMMaHi pe3yabTaTH.

C 66. HaxpecriTe Koso pafiyca 2 cM i BOMIIITH y HHOTO TPUKYTHUK i3 Ky-
ToMm 30°. BumipsiiTe cTOpPOHY, IIPOTUIEKHY OO IILOTO KYTa, i IMOPiBHANTe ii
IOBXKUHY 3 paaiycoM KoJja. IlodcHiTh, oTpuMaHuil pesyabTar.

a [lucbmosi BnpaBu

PiBeHb A
67. Y tpuxkytHuKy ABC 3Haiizits BigHOmenHsa ctopim AB:AC i BC:AC,
akmo LA=120° ~B=30°.
68. V tpuxkyrauKy ABC 3Ha#IITH:
a) cropory BC, sxmo AB=2V2 cm, /B=105°% ZC=30%
0) KyT A, AKIIO AB=4./2 cMm, BC=4 cvm, £LC=45°
4 69. V tpuryrauxy ABC sHaiimiTh:
a) cropony AC, AKIIO AB=6+2 cm, Z/B=30° /C=45%
0) KyT B, AKIIIO AB=+3 cM, ACZ\/ECM, ZC=60°
k\ 70. V rpukyrauxky MNK cropona MN ynsiui menma, Hixk NK, sinK :i.
3uaiigite KyT M. CkinbKu po3B’sA3KiB Mae 3amaua?
£ 71. Y rpuxyrauxy MNK sinN :sinK =1 : 3. 3raiigirs cropory MN, sKImo
MK =3 wm.
72. 3a gomoMoromo TeopeMM CHHYCIB 3HAMIIThL BiJHOIIEHHS OCHOBM PiBHO-
0eIpeHOTO MPAMOKYTHOTO TPUKYTHUKA 0 OiYHOI CTOPOHMU.
4 73. 3a nomomoroio TeopeMm CHHYCIB ZOBENITH, 0 B IPAMOKYTHOMY TDH-
KYTHUKY KaTeT, IPOTuJeXKHuil KyTy 30° mOpiBHIOE MOJOBWHI T'iMOTEHY3U.
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§ 3. Teopema CMHYCIB Ta HacligKM 3 Hel

>

%

<

PiseHb b
74. V npsmoxkyTtHOMy TpukyTHUKY ABC 3 rimorTemysono AC 3HaHmiTH
Gicexrpucy BD, axmpo £C=30°, CD=82 cm.
75. 3maiinitTs croporu TpukytHUKA ABC, axmo LA =45°, /C=30° a Bu-
cora AD nmopiBHIOE 6 M.
76. Y tpuryraury ABC /C=90° £/B=175° CD — 6icekrpuca. 3Haii-
IitTe AD, AKII0 AC=23.
77. OpHa 3i cTOpiH TPpMKYTHHKA AOPIBHIOE @, a KYTW, NPHUJIETIi mo Imiei
CTOPOHU, JOPiBHIOIOTH o i f. 3HAUAITHL HOBKMHU OiCEKTPUC ITUX KYTiB.
78. Jliaromanb mapaJjesorpaMa yTBODIOE 3 IOro CTOPOHAMHU KyTH o i P.
3HaAITh 1[I0 JiaroHajb, SIKIII0 CTOPOHA, MPUJerja 0 KyTa o, JOPiBHIOE a.
79. Pajiyc xona, omKMCaHOrO HABKOJO PiBHOGEADPEHOTO TPHUKYTHHUKA 3 Ky-
Tom 120°, mopiBHIOE 8J3 cm. 3HAUIITH CTOPOHU TPUKYTHUKA.
80. Pagiyc xoua, ommcaHOTo HaBKOJO TPHKYTHUKA, JopiBHIoE 4 cM. 3Haii-
OiTh KyTHU TPUKYTHUKA, SAKINO OBI HOr0 CTOPOHU MOOPiBHIOIOTH 4 CM
i 43 cm. Crinbkm po3B’saA3KiB Mae s3amaua?

PiBeHb B

81. 3HaiigiTe MOBKUHN IBOX CTODPIH TPUKYTHHUKA, AKi JIEXKaTb IPOTU KY-
TiB 60° i 45° AKIIO PiSHUIA IIUX MOBXKUH CKJAIAE M.

82. 3HaiigiTh CTOPOHW TPUKYTHUKA, IePUMETD SAKOrO AOPiBHIOE P, a aBa
KyTH o i P.

83. IlosexiTs, 110 KOJIO, OmHMCAaHe HABKOJO TPUKYTHUKA, i KOJO, gKe IIPO-
XOIUTH UYEPEe3 OPTOIEHTP i ABiI BEPIIMHU I[HOT0 TPUKYTHUKA, MAIOTh PiBHI
pazmiycwm.

84. OcuoBu piBHOGenpenoi Tpamenii mopiBHIOIOTE 9 cM i 21 cMm, a BHCO-
Ta 8 cM. 3HaiAiTL pagiyc KoJja, OIMMCAHOI'0 HABKOJO Tpamelrii.

@ NoBTOpEeHHA nepep BMBYEHHAM § 4

TeopeTuyHNn maTepian

, . (S 8 kJiac, § 19—21)
e DOBB’A3YBAHHS MPAMOKYTHUX TPUKYTHUKIB;

. o
O3HAUeHHS TPUTOHOMETPUUYHUX (PYHKILii. (C 9 xiac, . 1.1)

3apaui
85. 3Bmaiigite KyTH poMmba, HiaroHaJi AKOTO AOPiBHIOTH 4 i 44/3.
86. ¥V tpurkyraury ABC £ C =90° CD — Bucora. IlopiBusaiiTe Bigpisku AD
i DB, skiio sinA <sinB.
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A b C

Puc. 11. o s3amgau
HA PO3B’s3yBaHHSI
TPUKYTHUKIB

26

P03B’A3yBAHHA MPUKYMHUKIB

4.1. OCHOBHi 3a0a4i Ha pPo3B'A3yBAHHSA
MPUKYMHUKIB
3a [0IIOMOroi0 TeopeM KOCHHYCIiB i cuHyciB
MOXKHA PO3B’A3aTHU JOBiJIbHUII TPUKYTHUK 3a TPhOMAa
OCHOBHUMU eJIeMEHTaMM, AKII0 Xoua 0 OAMH i3 HUX
€ CTOPOHOIO TPUKYTHUKA. PO3IJIAHEMO YOTHPU OCHOB-
Hi 3ajaui Ha po3B’sI3yBaHHS TPUKYTHUKIB.

3apaya 1 (poss'a3yBaHHA TPUKYTHUKQ
3a CTOPOHOO Ta ABOMA KYTAMW)
OaHo: a, £B, £C (puc. 11). 3HakiTu: b, ¢, ZA.
Posg'asaHHa
1) 3a Teopemoto Mpo cymy KyTiB TpUKYTHUKQ
ZA=180°-(£B+£C).
2) 3a TeopeMo+o CUHYCiB

a b ¢
sinA  sinB sinC'
asinB C:asinc‘

sinA ’ sinA

3BigKkM b=

3anaua 2 (po3sa3yBaHHA TPUKYTHUKQ
3a ABOMA CTOpPOHAMMU U KYTOM MiX HUMU)
OaHo: a, b, £C. 3HauTtu: ¢, LA, £B.
Posg'a3aHHa

1) 3a TeopeMoro KOCUHYCiB c=\/az+b2—20b cosC.
b? +cf —af
2bc
3a AONOMOroro KaNbKynatopa abo Tabnuub 3Haxo-
AUMO KYT A.

2) 3a HacniaKom 3 TeopemMu KOCUHYCIB cos A=

3) 3a Teopemoto Mpo CyMy KyTiB TPUKYTHUKA
£B=180°-(£A+£C).
3apaua 3 (po3s'a3yBaHHA TPUKYTHUKA 3G TPbOMA CTOPOHAMM)
OaHo: a, b, c. 3HaniTu: LA, 4B, ZC.
Posg'asaHHa
b +c? -d°

1) 3a Hacniokom 3 TeopemMu KOCUHYCIB cos A = i
C



§ 4. Po3B'3yBaHHA TPMKYTHVKIB

3a nonomoroto KanbKynstopa abo Tabnuub 3HAXOAUMO KyT A.
2 2 2
. a +c -b
2) AHanoriyHo cosB=———,
2ac

3a ponomororo KasnbKynatopa abo Tabnuub 3HAXo0AMMO KyT B.
3) 3a Teopemoro Mpo Cymy KyTiB TPUKyTHUKa £C=180°- (L A+ £B).

3ayBaKuMo, IO AJIA 3HAXOMKEeHHS KYTiB y 3amadax 2 i 3 mMo:xHaA
CKOPUCTATHUCS TAKOYK TEOPEMOIO CMHYCiB. AJle TIpU ILOMY CJIi[l TaM sITaTH,
10 OyAb-AKOMY 3HAUEHHIO SinA, MeHIIIOMY BiJl ofMHMUILI, BiAIOBiZaTHMyThH
IBa KyTu — rocrpuii i Tynuii. I[[[06 YHUKHYTH TOMUJIKU, PEKOMEHIY€-
MO TIO3HAUWTHU Uepe3 a HaWMEHIy 3i CTOpiH. ¥ TakoMy BUIAIKY KyT A,
MIPOTUJIEKHUI CTOPOHI a, 000B’sI3KOBO Mae OyTu roctpum. OOTrpyHTy#TE
Ile CaMOCTiliHO.

3anaua 4 (po3sa3yBaHHA TPUKYTHUKG 3a ABOMA
CTOPOHAMU U KYTOM, NPOTUNEXKHUM OAHIU i3 HUX)
LaHo: a, b, LA. 3HavTu: ¢, £B, ZC.

Po3s'asaHHs
B
03 _a _ b inB = bsin A
] ) 3a Teopemoto cuHyciB T g 38iAKM Sin ==
a
3a ponomororo Kanbkynstopa abo Tabnuub 3HAXOAUMO
KyT B, BpaxoByrouu, WO NpoTU 6iNnblUOT CTOPOHU TPUKYTHUKA
b C nexuTb 6inbwmii KyT (9KWoO a>b, TO KyT B rocTpuii).
2) 3a TeopeMOrO MpO CYMy KyTiB TPUKYTHUKA
[Puc. 11] o
£C=180°-(LA+4£B).
. a [ . asinC
3) 3a TeopemMoro CUHYCiB —— =——, 3BiIKW C=———.
sinA  sinC sin A

3amauy 4 Mo:KHA pO3B’A3aTy i B iHImMUHE cmocib, CKJaBIM KBa-
IpaTHe PiBHAHHA BiJHOCHO 3MiHHOI ¢ Ha mificTaBi TeopeMu KOCHHYCiB:
a?=b%+c%—2bccosA. 1le piBHAHHA MOKe MaTH OLWH ab0 IBa KOPEHi um
He MaTu; Komuoro. Tomy 3amaua 4 3ajeKHO Bim 3HAUYeHb a, b i LA mMoxe
MaTu OOMH a00 ABa PO3B’SIBKU UM HEe MAaTU KOIHOTO.

3BepHEeMO yBary, 1o 3agadi 1-3 3aB:KAu MalOTh He OiJIBIIT HidK OOUH
posB’sizok. IlomymaiiTe, K Ile IIOB’sI3aHe 3 O3HAKAMHU PiBHOCTI TPUKYT-
HUKiB.

JomMoBUMOCS MiJ yac pPo3B’sA3yBaHHA TPUKYTHUKIB OKPYIJIATH IOB-
JKUHU CTOPiH JI0 COTUX, a I'PaAyCHi Mipu KyTiB — 0 OOAUHUILL.

27



Po3pin |. Po3B'A3yBaHHA TPUKYTHUKIB

4.2. 3acmocyBaHHﬂ p038'9l3yBaHHﬂ
mpuK}/WIHMKiB Yy 3d0a4ax
IIoiiHo posrigHyTi 3amaui Ha PO3B’sIZyBaHHS

TPUKYTHUKIB YacTO € OKpeMuUMH (parMeHTaMu

CKJIAMHIIINX T€OMETPUYHUX 3aJad. ¥ IIUX BUOATKAX

BapTO JOTPUMYBATHCh TAKOTO ILIAHY.

1. BusnauuTu ejeMeHT gaHoi (irypu (Biapisox abo
KyT), KU HeoOXigHO 3HANTH.

2. BupinuTu Ha PUCYHKY OOIOMiKHUUN TPUKYTHUK,
AKUN MICTUTHh NIYKaHWHN eJIeMEeHT i Mo)Ke OyTu
Po3B’si3aHUil 3a HAIBHUMMU JAHUMM 3aIadi.
SAKIo Ha pUCYHKY TAKOr'0 TPUKYTHUKA HEMAae, 10-
ro MOKHA OTPUMATH, HPOBiBIIM TOAATKOBI 100Y-
moBu. IHOAI mJIs TIOIIyKY HeoOXimHoro Bigpiska abo
KyTa Tpeda II0CIiJ0BHO PO3B’A3aTH AeKiJIbKa J0I0-
MiKHUX TPUKYTHHUKIB 31 CIiJIBHUMU €JIEMEHTaMMU.

3. Posp’sas3aBiiy AOIOMiMKHUHA TPUKYTHUK (ab0 Tpu-
KYTHUKN), 3HAWUTU ITyKAHUN eJIeMeHT i BUKO-
pucratu HOro AJiA TMONAJBIIIOTO PO3B’A3yBaHHS

TIOYaTKOBOI 3aadi.

& B b C 3aaaua

3a AaHUMUK puc. 12, a 3HAAITL cepefHHO MiHiFO Tpa-
B
neuii ABCD.
a
1o Posg'asaHHs

A D Hexali y Tpaneuit ABCD AD||BC, AB=a, BC=b, ZB=,
a 2D=a (puc. 12, a). 3Haliaemo cepedHO NiHiFO Tpaneuit.

TTposeaemo uepes BepwuHy € npsmy, napanenbHy
cTOpOoHi AB. Hexali BOHa nepeTuHae ocHoBy AD B Touui E
(puc.12,6). Toai ABCE — napanenorpam, CE=AB=a,
AE=BC=b, L AEC=/B=p. 3siacu B TpUKYTHUKY ECD
ZCED=180°-p aKk cymixHuii i3 KyTom B napaneno-
rpama. I3 TpukyTHUka ECD 3a Teopemoro CUHycis

Ec ___ED , 10610 —9_ .50 | .
sinD  sin LECD sino  sin(B-o)
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§ 4. Po3B'3yBaHHA TPMKYTHVKIB

3siacu Ebzw' Toai y AaHiin Tpaneuii &
siho
AD=b+%. OckKinbku cepepHs niHia Tpaneuii
ino

LOpiBHFOE nNiBCYMi Ti OCHOB, TO BOHG MAE AOBXUHY

1 asin(B-o in(B—

—[b+b+¢} T06TO b+—"s‘”§ﬁ OC).

2 sina 2sina
asin(B-o)

Bianosiab: b+ -
2sino

3ayBasKuMO, ITI0 I[I0 3a7a9y MOKHA PO3B’sA3aTu
i 6e3 BacToCyBaHHS T€OPEMU CUHYCiB, ITPOBiBIIINA BUCO-
T Tpanemnii 3 BepmuH B i C. CopoOyiiTe caMOCTiITHO
posB’sa3aTu 3amauy UM CIIOCOOOM i 3p00MTH BICHOBOK
Ipo Te, AKUH 3i cIOCcobiB € 3PyUYHIIIUM.

Po3B’a3yBaHHSA TPUKYTHUKIB IITMPOKO 3aCTOCO-
BYEThCS Ha MPAKTHUIll, 30KpeMa IiJ yac IpOoBeIeHHs
BuUMipioBaHb Ha MicreBocti. Hexa#, manpukrian,
He0o0XiHO BUMipATH BificTaHb Bim TOUKU A 10 IIeBHOI
HemocsKHOI Touku B (puc. 13). O6epemo Ha MiciieBoCTi
Touky C, mpoxim Big saKoi g0 ToukKu A MOKJIWBUIM,
i Bumipaemo Biacramp AC. Ilorim 3a momomoroio
cruemiaJbHUX NOPUJALIB A BUMIpIOBaHHA KYTiB
Ha MiCIIeBOCTi BUBHAUMMO rpaaycHi mipum kyrtiB BAC
i BCA. Ortixe, mHexati AC=b, LBAC=a, £LBCA=y.
IIi maHi mo3BOMAIOTH 3HAWTHU ITyKaHY BiacTtaHb AB
(nuB. 3agmauy 1, m. 4.1).

3a TeopeMOI0 PO CyMy KYTiB TPUKYTHUKA

/B =180°—(a.+7y);

Puc. 13
. AC AB
3a TeOpeMOI0 CUHYCiB = , TOOTO
sinB sinC
b _ AB
sin(180°—(0.+7y)) siny
. bsiny
3BigKu AB=——"—.
sin(a+7)
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Po3pin |. Po3B'A3yBaHHA TPUKYTHUKIB

3anumaHHa i 3a0adi

‘. YcHi BnpaBu

3a AKOI0 TEOPeMOI0 MOKHA 3HANTM HEBiIOMY CTOPOHY TPUKYTHUKA,

y AKOMY 3aJaHO:

<O 88.

<O 89.

Q@

90.

a) IBi CTOPOHU I KYT MiK HUMU,

0) OBi CTOPOHM U KYT, IPOTUJIKHUNA ONHIN i3 HUX;

B) CTOPOHY I mpumJjerii mo Hel KyTu?

Yu Mo:KHa 3HAWTU:

a) KyTU TPUKYTHUKA, B SKOMY 3aJaHO TPU CTOPOHI;

0) CTOPOHU TPUKYTHHUKA, B AKOMY 3aJaHO TPU KyTu?

CKinbKU PO3B’sI3KiB MOsKe MaTH 3ajJadua Ha PO3B’sI3yBaHHA TPUKYTHUKA:
a) 3a TphoMa CTOpOHaMI/I;

0) 3a ABOMA CTOPOHAMM ¥ KYTOM, ITPOTUJIECKHUM ONHIil i3 HUX;

B) 3a CTOPOHOIO Ta JBOMAa KyTaMu?

lNpadiuHi Bnpasu
Haxpecuits TpukyTauk ABC, y akomy LA =20° ZB=100° ZC=60°.

3uaiifite Ha cropoHi AC Touky C, taky, mo6 TpukyTHuku ABC i ABC,
Oysu IBOMAa PO3B’sI3KAMU 3aavi Ha pO3B’A3yBaHHSA TPUKYTHHUKA 3a ABOMa
cTropoHamMu it KyTom 20°, IPOTHUICKHUM OAHiI i3 Hux. Cmonydits Touku B
i C, ra Bumipsaire Kyt AC B.

< o1

HaxkpecsiTh TPUKYTHUK 31 CTOPOHOIO 4 cM i mpujerauMu g0 Hel Ky-

TamMu 45° i 60°. OGUHUCIIITE MOBMKUHU CTOPIH TPUKYTHUKA, IPOTUJIEHKHUX
3aaHUM KyTaMm. llepeBipTe oTpuMaHi pe3yabTaTu BUMipPIOBAHHAM.

&

< 9a.

NMucbmoBi BnpaBu

PiBeHb A
92. Po3p’saxiTh piBHOOeApeHMHII TPUKYTHHK 32 B
0CHOBOIO 6 cM i KyTom mmpu ocHOBi 15°
93. Po3B’s:KiTh TPUKYTHHK 3a cTopoHoo 10 cMm ¢ a
i mpunernmumu o Hel Kytamu 30° i 60°.

Posp’saxiTs TpuKyTHUK (AuB. puc. 11) 3a cTopo- £ 5 c
HOIO Ta JIBOMa KyTaMU:

a) a=10, p=45°% y=30°% [Puc. 11]
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6) b=6, a=100° B=50°.



§ 4. Po3B'A3yBaHHA TPUKYTHMKIB

95. Posp’sxiTs TpUKyTHUK (muB. puc. 11) 3a aBOMAa CTOPOHAMHU #H KyTOM
MiK HUMMU:
a) a=5, b=21, y=60°% 0) b="7, c=8, a=120°.

96. loporu mix cenumamu Jlunose, Be-
cese i CemeHiBKa Bupimmuiau 3aachaabTy-
Batu. Bigcranp Mmisk JIunmosuMm i Becenrum
mopiBHIOE 1 KM, Mixk Becenum i Cemenis-
Koo — 4,2 KM, a Bipisox moporu ik
JIunmoBum i CemeHiBKOIO BuAHO 3 Bece-
Jgoro nix Kytom 60°. Bpurama pemMoHTHU-
KiB acdainbrye 3a meub 0,5 KM moporu.
Yy BCTUTHYTH PEMOHTHUKM BIIOPATHUCS
IO mpuisgy Kowmicii, akmo poboTu pos-
nmouato 21 uepBHA, a KoMicia mpuisauThb

7 nunHa?
4 97. Posp’sxirTe TpUKYTHUE (mus. puc. 11), axmo:
a) a=12, o.=40° B=64° 6) a=5v2, b="T, y=135°
98. Posp’skiTh TpUKYTHUK (AuB. puc. 11) 3a TpboMa CTOPOHAMMU:
a) a=3V3, b=2, c=T, 6) a=8, b=15, c=1T7.

99. Posp’skiTh TpuKyTHEK (AuB. puc. 11) 3a ABOMa CTOPOHAME # KyTOM,
IPOTUJICKHUM OIHIN 13 HUX:

a)a=12, b=5, a=120° B)a=1, c=2, a=45°

0) b=2, c=10, B=6°

4 100.Posp’sxits TpukyTHUE (1uB. puc. 11), AKmIO:
a)a=5,b=21, c=19; 6) a=6, b=8, a=22°,
PiBeHb b

101. Posp’sisxits TpukyTHUK * (quB. puc. 11), aKmio:
a) c=3, y=30° h,=2; 6) a=17, b=5J2, h =5.

 102.V rpukyrauky ABC £C=90° £LA=30° BC=2 cm, AD — GiceKTpuca.
Posp’axiTh TpukyTHUK ABD.
103. dxuii Bung (32 BeIUUMHOIO KyTiB) MOKe MaTu TPUKYTHUK ABC, AKIIO:
a) BC=8cm, AC=6cMm, LA=60°;
6) BC=8cm, AC=4cm, LA=60°
B) BC=8cm, AC=9cm, LA=60°.

“Tyr i mani memiany, 6GiceKTpucy ¥ BUCOTY TPUKYTHHUKA, MPOBEAEHi IO CTOPOHH d,
mogHavarumemo m , I i h_ BigmosigHo.
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104. 3a ganumu puc. 14 smaiigite AD.
4 105. 3a narumu puc. 15 sHafixite sin D

B . B
/Da\ /Oa\'\
Y
D D

Puc. 14 Puec. 15

106. Ha ropi, cxmn aKoi 3HMMKYEThCA IiJi KYTOM O JO I'OPU30HTY, POCTe
nepeso (puc. 16). Moro Tiup 3aBIoB:KKHU [ majae BHUS IO CXUJIY IPH KyTi
COHIIA HAaJ ropudoHTOM [3. 3HAWAITH BHUCOTY JepeBa.

107. Bepmuny marop6a 3 TouK:u A BHAHO IiJ KyTOM o, a B pasi HabIu-
JKeHHs Mo maropba Ha Bigcramb @ — mix Kytom [ (puc. 17). 3HaigiTe BU-
coTy maropoa.

a

Puc. 16 Puc. 17
X .

4 108. CoocrepesxHa Bexxa 3aBBumky 100 m - R 60
posTamoBana Ha ropi (puc. 18). O0’ekT S ;
CIIOCTEepEe)KeHHA A BUAHO 3 BePIINHU BexXi = &
nig kyrom 60° a Big ocHOBH BeKi — min X K
KyToMm 30° 10 ropusoHTy. S3HAWIITH BUCOTY {30°
ropu. = NN \ 4

32



§ 4. Po3B'A3yBaHHSA TPUKYTHVMKIB

109. Binpma ocroBa piBHOGIUHOI Tpamernii gqopiBHIoe 10 cM, a MeHIIa OCHO-
Ba JOpPiBHIOE OiUHIiN cTOpPOHi. SHAHAITHP HepUMETpP Tpallellii, AKIIO OAWH i3
ii xyrtiB mopiBuioe 110°. BigmoBigb OKpPYIJIiTHL MO CAHTHUMETPIB.

> 10. Binpma ocuoBa it 6iuni cTOopoHHM piBHOGIuHOI Tpamemnii mOpiBHIOIOTH
10 cMm, a giaromasap Tparmellii yTBoproe 3 ocHOBO0O KyT 50°. 3HaiimiTh cepen-
HIO JIiHiIO Tparerrii.

PiseHb B
¢ 1M1. ocuizits sameskHicTh KiZbKOCTI POSB’SSKIB 3ajzadi posSB’si3yBaHHS
TPUKYTHUKA 324 OBOMAa CTOPOHAMH a i b Ta KyTOM o, IPOTUJIEKHHUM OAHIiMH
i3 HuUX, Big 3HAUeHb a, b i a.

112. Posp’sxits TpuxkyTHUK (muB. puc. 11), axio:
a) a=30° B=45°% a+b=24,14;
6) b=9, c=19, m =11.
O 113. 3BmaiigiTs cTOpoHU TPUKYTHUKA (IUB.
puc. 11), axio:
a) a=47° f=120°% a—-c=11; a
6) m,=12, m,=15, m_=9.
114. 3a gapumu puc. 19 3HAKIITE cTOPO-
Hu TpukyTHUKA AOB. B\
< 115. CTOpoHU a i b TPUKYTHUKA yTBOPIO- A b ¢
0Th KyT 120°. 3Ha#1iTh OiceKTPUCY TPUKYT-
HUKAa, IIPOBefleHy 3 BePIIMHM IHOr0 KyTa.

I &

Puc. 19

QC NMoBTOpEHHA nepen BUBYEHHAM § 5
TeopeTnuHnn matepian

e TILJOIIA ITapaJiesiorpama; O 8 kuiac, 1. 16.1)

e  ILJIOLIA TPUKYTHHUKA;
(C 8 kuac, 1. 17.1)

e BIMCaHe ¥ ommucaHe KoJa
TPUKYTHUKA. O 7 wnac, § 23 )

3apaui
116. [IBi croponu TpukyTHHKA mOpiBHIOIOTL 10 cM i 12 cM, a KyT Mix Hu-
mu 30° 3HaWAITH MJIOITY TPUKYTHUKA.
117. Bmaiizits wromy mapasesorpaMa 3 BucotaMu 642 ¢ i 8 ¢M Ta ro-
cTpuUM KyToMm 45°
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§5 3acmocyBaHHS MpPU20HOMEMPUYHUX
(PYHKUili 00 3HAXOOXKEHHA NAow

Puc. 20. [To noBenenHs
dopmynu moi
TPUKYTHUKA

34

5.1. Naowji MpuKymHuka
i HomupukymHuka

Hoci y dpopmynax IO MHOTOKYTHUKIB BUKO-
PUCTOBYBAJIUCA JIWIIIE MOBXKWHU 1XHIX JiHIHHUX eje-
MeHTiB (CTOpiH, BHUCOT, miarouaJeii). TpuronoMmerpmuy-
Hi QYyHKI[II 103BOJSAIOTH 3aJYUNUTHU IJIA 3HAXOIKEHHS
TLJIOII MHOTOKYTHMKA BEeJIUYUHU HOTO KYTiB.

Teopema (popmyna 06HUCNEHHA NNOUWLI MPUKYMHUKA
30 0BOMA CMOPOHAMU U KYMOM MiXX HUMU)

TTnowa TPUKYTHUKA AOPIBHFOE NOMOBUHI A06YTKY
MOro CTOpiH Ha CUHYC KyTa MiX HUMM:

1
S =—absinvy,
2a in v,

Ae ai b — CTOPOHU TPUKYTHUKA, ¥ — KYT MiX HUMMU.

JloBedeHHs

O Hexaii y Tpukytauky ABC BC=a, AC=b,
AB=c¢, £C=v. IlpoBegemo Bucotry BH. 3a Bigomoro
(GopMYJIO0 IO TPUKYTHUKA S = %AGBH . OgHak
i3 mpamokyTHoro TpukyTHuka BCH (£ H =90°) mae-
Mo BH = BCsin / BCH. Ilpu 11boMy y BUTIAKY, KOJIU
KyT y roctpuii (puc. 20, a), L BCH =y, a Konu KyT Y
rynuii (puc. 20, 6), £ BCH =180° -y, sin £/ BCH =
=sin(180° —vy) =siny. Orsxe, BH = BCsiny. Tonai

S= %AC-BC-siny = %absiny.

Bunanok, xosu KyT y IpAMUN, POSIVISHBTE Ca-
MocTitizo. W
Hacniook
TTnowa napanenorpama AopiBHOe A06YTKY Horo
CTOPiH HA CUHYC KYTG MiX HUMM:
S=absiny,
Ae ai b— cTopoHU napanenorpama, y — KyT MiX HUMM.



§ 5. 3actocyBaHHS TPUrOHOMETPUYHUX DYHKLIM OO 3HaXOLXEHHS MOLL

3aaaua &

3HaWAITL HaliMeHLWy CTOPOHY TPUKYTHUKA, nnola
SKOTO [OpiBHIOE 8J3 cMm?, Halibinbla CTOpoHa — 8 cMm,
a oAauH i3 kyTie — 30°,

Po3g'asaHHa
Hexali AGHO TpUKYTHUK ABC, AC=8 cM, S,;. =83 cm? A
(puc. 21). I3 Teopemu Mpo Cymy KyTiB TPUKYTHUKA BU-
nnueae, WwWo Kyt 30° He moxe 6yTU HAUGINbLIMM KYyTOM,
OTXe, BiH He € MPOTUNEXHUM AAHIA CTOPOHI. 30°
Hexaii ZA=30° 3a qopmynoro nnouwi TpUKYyTHU- A S C
1 . .
Ka S=EAB-AC-smA, T06TO 8\/§=%AB'8'%, 3BiAKU Puc. 21
AB=4y3 (cm).
3a Teopemoro KocuHycie BC?= AB2+ AC* - 2AB- ACcos A,
Bc? :48+64—2.4\/§.8~§, 3sigkm BC=4 (cm).
Otxe, BC — HalimeHwWwa cTOpOHa AAGHOTO TPUKYTHUKA.
Bianosiab: 4 cm.
dopmysia IOl TPUKYTHUKA 3aCTOCOBYETHCS
i nns moBemeHHsS (pOPMYJaM ILJIOINI YOTUPUKYTHUKA
i3 3amaHUMU OiaroHAJIMMU U KyTOM MiK HUMMU.
OnopHa 3anava &
(popmyna nnowyi  YOTUPUKYTHUKA)
TTnowa onyknoro YoTUPUKYTHUKA AOPIBHHOE MOSOBU-
Hi BO6YTKy AiaroHaneli Ha CUHYC KyTa MiX HUMU:
Szédldzsiny, B
Ae d,, d, — aiaroHani YoTUPUKYTHUKA, ¥ — KYT MiX HUMWN.
Hoeenitsb.
Po3g'asaHHa Y\O C

Hexalt giaroHani yotupukyTHUKa ABCD nepetuHarotbes A
B Touui O nia kytom v (puc. 22). TInowa YOTUPUKYTHU-
kKa ABCD popisHrOE Ccymi nnow, YOTUPLOX TPUKYTHUKIB!

1 . 1 . . D

S.08 =EAO-BO-sm Y, Seoc =EBO-OC-sm (180°-v), Prc. 22. [lo ToBeziexHs
1 1 dhopMyIH TJIOTITL

SCOD = EOC -OD-sin Y, SAOD = EAO -ODsin (1800 - ’Y) YOTUPUKYTHUKA
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ﬂ Bpaxosyrouu, wo sin(180°—-7y)=siny, maemo:
Sincs :%sin v (BO (AQ+0C)+0D-(A0+0C)) :%sin y-AC~BD=%d1d2 sin 1.

Hacnidok

1, .
TTnowa npsSmoKyTHUKAG OB6UYUCTIFOETLCS 3a POPMYIIOHD Szgd siny, ae

d — piaroHanb MPAMOKYTHUKG, Y — KyT MiX AiaroHansamu. 3oKpema,
2

NNoWa KBAAPATa 3 AiaroHano d 064UCNFOETHCS 3a POPMYIIOHD S=?.

Haranaemo Takosx, 110 mioia pom6a 3 Aiaronauaamu d, i d, o6umuc-

dd
JI0EThCA 3a (popmyJsoi0 S :%.

5.2. d>opmyna GCOHa

Ille omuma dQopmyna mJaoIlli TPUKYTHUKA,
I MOBENEeHHA SAKOI MOMKHA BUKOPUCTATU TPUTO-
HOMeTpUuUHi (QyHKIiI, OyJa 3ampoloHOBaHa MAaB-
HBOTPEIbKUM MaTeMaTuKoM I[epoHomM AJsexkcaH-
npiticbkkum (mpuba. I ct. mo H. e.) i orpumaia
tioro im’a. Tinmeku y XX cT. 3’scyBaJjiocd, IO pa-
Himre 3a I'epoma 1Mo ¢opmyny BuHaliImoB Apximen.

Teopema (hopmyna repoHa)

TTnowa TPUKYTHUKG OBUUCIFOETLCA 3a POPMYNOHO
s=\p(p—a)(p-b)(p—c),

a+b+c o
Ae a, b, ¢ — CTOpPOHWU TPUKYTHUKA, p =T — noro

nisnepumerp.

HaHo: a, b, ¢ — cTOpOHU TPUKYTHUKA.

a+b+c

Nosectw: S=.p(p-a)(p-b)(p-c), Ae p= >

HoseneHHs

a+b’-cf : ;
(3@ HAcniAKOM 3 TeOpeMU KOCUHYCIB).

1
[0 S=-—-absiny; cosy=
2 Y v 2ab
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§ 5. 3acTtocyBaHHS TPUrOHOMETPUYHUX DYHKLIM OO 3HaXOLXKEHHS MOLL

3 OCHOBHOT TPUTOHOMETPUYHOT TOTOXHOCTI MAEMO: &
2 2 2 2 2 2
sin2y=1—coszy=(1—cosy)(1+cosy)=Zab o b el ZabHa4b r el
2ab 2ab

_c=(a=-b)’ (a+b)y’=c* 1
2ab 2ab 4a’b?
a+b+c

(c—a+b)(c+a-b)(a+b-c)(a+b+c).

Ockinbku p=

. TO a+b+c=2p, c-a+b=2p-2a, c+a-b=2p-2b,
16p(p-a)(p-b)(p-¢) .. _2P(P-a)(p-b)(p-C)
212 ’ Y_ .

4a‘b ab

TlincTaBmBIM OAEpPXAHUWN BUPA3 Y POPMYJTY Széabsin'\{, OTPUMGEMO:

a+b-c=2p-2c. Toai sin’y=

S=\p(p-a)(p-b)(p—c) . wo i Tpeba 6yno aosectu. W

3aaaua &

3HaliAaiTh HaKbINbLY BUCOTY TPUKYTHUKA 3i CTOpOHAMU 3aBA0BXKM 12, 39 i 45,
Po3s'asaHHa

OckinbKku Halbinblia BUCOTA TPUKYTHUKA MeprneHAUKYNspHa A0 MOro Hau-

MEHLOT CTOPOHU, 3HAAEMO BUCOTY, NpoBeAeHy A0 CTOpoHU a=12. CkopucTae-

mocb metoaom nnow,. 3a gpopmynoro TepoHa S =./p(p—a)(p-b)(p—c). ¥ Hawomy

12+39+45

BUNGAKY p=——— = 48, S=./48(48-12)(48-39)(48 - 45) =216.

3 iHworo 60Ky, Széaha, T06TO 216:%12"1‘1, 3siaku h,=36.
Bianosiab: 36.

5.3. ®opmynu padiycis BNUCAHO20 Ui ONUCAHO20 Kin
MPUKYMHuUKa

Teopema (popmynu padiyciBs BNUCAHO20 Ui ONUCAHO20 Kin MpPUKYMHUKA)

Papiycu BnucaHoro ™ OMMCAHOrO Kinl TPUKYTHUKAG O6YUCNHOROTHBCA 34

popmynamu h_S5__ 25 R abe
p a+b+c’ 45’
Ae r — paaiyc BMMcaHoro kona, R — paaiyc onucaHoro kona, S — nnowa
a+b+c

TPUKYTHUKQ, a, b, ¢ — CTOPOHU TPUKYTHUKG, p = — nisnepumerp.

JloBedeHHs

O Hosememo crouaTKy ¢opMyay AJs obuuciaenus r. Hexait y Tpu-
KyTHUKY ABC 3i cropomamu BC=a, AC=b, AB=c Ttouka O — IIeHTD
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BrucaHoro koJia (puc. 23). Tomi mioma mporo Tpwu-
KyTHHKA OOPiBHIOE cyMi mioIm TpuKyTHuUKiB BOC,

AOC i AOB:
S=lar+ibr+lcr:l(a+b+c)r:pr.
2 2 2 2
. S 28
3Bigcn r=—=—"—.
p a+b+c

Puc. 23. Ilo noBeneHHA

BIIMCAaHOI'O KOJIa

1)

IITo6 moBectu Gopmyny aas R, CKOpUCTAaEMOCH
HOBHUM (POPMYJIIOBAHHSAM TEOPEeMMH CHHYCiB, 3TigHO

a . a .
dopmyau pagiyca 3 AKUM =2R, B3BigKum R= OckinbKu
sin A 2sin A
1 . . 28 . .
S= Ebcsm A, 1o sinA= e ITimcraBuBIIY LIell BUpas
C

abce
y opmyay nia R, maemo: R=——. Teopemy moBemero. H

Harapaemo: 4S
IJIA TPAMOKYTHOTO TPUKYTHHMKA 3 KareraMu a i b Ta rimoTeHys3omw ¢

. . a+b-c . c

YacTO 3aCTOCOBYIOTH paHiIlle OTpUMaHi (opmyiu r=T i R=E;

2)

3)

IEHTP KOoJia, BIIMCAHOTO B TPUKYTHUK, € TOUKOIO IMEepPeTuHy OiceKTprc
TPUKYTHUKA; IEHTP KO0JIa, OIMMCAHOTO HABKOJIO TPUKYTHUKA, € TOY-
KO0 TePeTHUHY CepelUHHUX MNEePIeHIUKYISIPiB IO CTOPiH TPUKYTHUKA;
IJs o0UMCJIeHHsA pajiiyca OIMMCaHOI'0 KoJia B TPUKYTHUKY 31 CTOPOHOIO @

. a
1 IPOTMJIEKHUM KYTOM O MOXKHa CKopuUcTaruca (GopMynaown R=———.
2sino
3aaaua
B OcHoega piBHO6eApeHOro TpUKYTHUKA fOpiBHIOE 48 cm,

a nposefeHa A0 Hei BUcoTa — 32 cMm. 3HaWAiTh paaiyc
KOna, OnMMCcaHoro HABKOMO TPUKYTHUKA.

38

Po3ge'a3aHHs
Hexali y TpukyTHUKY ABC AB=BC, AC=48 cm, BD=
H =32 cm — Bucota (puc. 24). Ockinbku Bucota BD e Ta-
D ¢ KOX MeAiaHoro TpuKyTHUKa ABC, To AD=DC=24 cm. I3
Puc. 24 TpUKyTHUKa ABD (£D=90°) 3a Teopemoro Tligparopa

AB=+24°+32° =40 (cm).
3a popmMynoro paaiyca OMUCAHOro Kona
_ABBC-AC __ AB-AC _AB" 407
45 4.0,5AC-BD 2BD' 2:32
Bianosiab: 25 cm.

R =25 (cm).




§ 5. 3aCTOCyBaHHS TPUrOHOMETPUYHMX (YHKLIM [0 3HaXOOXEHHS MAoLL

3asHaunuMoO, IO ITI0 3aJavy MOYKHA POo3B’I3ary i 0e3 3acToCcyBaHHSA
dopmysu paxiyca ommcaHOro KoJia. Ajie Takui croci6é MoKe BUABUTUCH
OiJIBIIT CKJIAMHUM, OCOOJMBO TOJi, KOJHM BiH ImOTpedye OOIPYHTYBaHHSA
PO3MIiIlleHHs IIEHTPA OIMMCAHOTO KO0JIa B JAHOMY TPUKYTHUKY.

3anumaHHa i 3a0adi

‘. YcHi BnpaBu

L’ 118. [IBi cTOpoHU TPUKYTHUKA JOPiBHIOITH 5 cM i 6 cM. Uu Moxe moma
ILOI'0 TPUKYTHHEKA gopiBHmoBaT: 10 cm?; 15 cm?; 30 cm2?
119. Cepen ycix mapasnenorpamiB i3 3ajaHUMN CTOPOHAMH a i b Bu3HauTe
TOI, IIJOINla SIKOT'0 € HauoOijabIno. BiamoBigb oOr'pyHTYHTE.

L’ 120. [IBa TpPUKyTHMKM omMcaHi HAaBKOJO OLHOrO Koja. Bimomo, 1o mepu-
MeTpP IIEePIIOr0 TPUKYTHUKA MEHIIIUH, HisK mepuMeTp aApyroro. JAxui i3 mux
TPUKYTHUKIB Mae GibITy IJomy?

‘L MNpadiuHi BNpaBm

121. Hakpecaite mapanesorpaM i3 Kyrom 30° i BumipsiiTe NOBKUHM HOTo
CTOpiH.
a) O0uwmcIIiTh IJIOIIY IIOOYZOBAHOI'O IapaJjiejorpama.
6) HakpecaiTh OpAMOKYTHHK, CTOPOHM SKOTO IOPiBHIOIOTH CTOPOHAM
mo0Oy0BaHOI0 mapaJjegorpamMa. ¥ CKiJIbKM pasiB ILJIOIa IPIMOKYTHHKA
OinpIla 3a IJIOINY mHapaJiejorpama?
4 122.HaxpeciTs roCTPOKYTHHH TPUKYTHHUK, IJIOINA AKOTO ZOpiBHIOE 12 cM?.
HaxkpecsiTh TYHOKYTHUN TPUKYTHUK, PiBHOBEJIMKUN ITOOYIOBAHOMY I'OCTPO-
KYTHOMY, TaK, II[00 IMOOYAOBaHI TPUKYTHUKN MAJIX CHiJILHY CTOPOHY.

w NMucbmoBi Bnpasu

PiBeHb A
123. 3maiizite momry TpukyTHEKA ABC, AKINO:
a) AB=10, BC=12, £ B=30°%
0) AB=AC=6, LA=120°
B) AC=5v2, BC=8, ZA=100° /B=35°
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<

40

124. 3maiigite naomy:
a) IPSAMOKYTHOI'O TPUKYTHHUKA 3 KaTeTOM 63 cm i IpUJIErJiuM Ky-
ToMm 60°;
0) mapaJjejorpama 3i cropoHamMu 4 cm i 43 cm Ta KyTom 60°;
B) IPAMOKYTHUKA 3 AiaroHasaoo 12 cM i KyToMm mixk miaronamsamvu 30°.
125. Bmaiigite niomy:
a) piBHOOEIpeHOro TPUKYTHUKA 3 OiuHOI0 cTopoHOoI 10 cM i KyToMm
IIpU OCHOBi 75°%
0) pomba 3 ImIEpPUMETPOM 162 cm i KyTom 135°
B) KBajpara 3 giaroHaJuaio 6 cm.
126. IInoma tpuryrHura ABC nopiaioe 20 cm?. BHaiiziTs cropory BC,
Axmo AC=52 cm, ZC =45
127. 3maiigite KyTu mapasesorpama si cropomamMu 3 cM i 12 cm, AKIIO
Yioro mJoma gopisHioe 18 cm?2.
128. Kyt mpu BepmuHi piBHOGEAPEHOT0 TPUKYTHHKA AopiBHIOE 30°. BHaii-
IiTh GiYHY CTOPOHY TPHUKYTHMKA, AKIIO MOro ILJIOILLA HOpiBHIOE 36 M2,
129. 3maiiziTs muony TPUKYTHUKA 3i CTOPOHAMM:
a) 13, 14 i 15; B) 8, 29 i 35;
0) 15, 26 i 37; r) 17, 25 i 26.
130. Croponmu mapasnenorpama fgopiBHIOIOTE 25 cMm i 29 cm, a ogHa 3 mia-
ronaJsieii — 36 cm. 3HaUWIITH MJIOIY MapaJeyorpama.
131. 3Bmaiigite naomy TPUKYTHMKa 3i cTopoHamMu 5, 5 i 6 gBoMa cmo-
cobamu.
132. 3Bmaiizits pagiycu BmmcaHOro i OIMCAHOTO Kii:
a) piBHOOEAPEHOr0 TPUKYTHHKA 3 OCHOBOIO 12 cM, SAKIIO MeaiaHa,
IpoBeeHa IO OCHOBU, MOPiBHIOE 8 cM;
0) TpuKyTHHKA 3i cropoHamu 7 cm, 15 cm i 20 cm.
133. 3maiixite pazmiycu BmHcamHOro i OomMCaHOTO KiJl TPUKYTHUKA 3i cTO-
ponamu 16, 25 i 39.

PiseHb b
134. 3maiizits nomry TpukyTHEKA ABC, SKIIO:
a) LA=a, a BUCOTHU, ITpoBefeHi 3 Bepiuu B i C, BigmoBigHO mOpPiB-
HIOIOTH A, 1 h;
6) LA=0a, £LB=0, a Bucora, IpoBefieHa 3 BepIINHN B, mopiBHIOE h,.
135. 3maiixite naomy:
a) piBHOOEIPEHOr0 TPUKYTHUKA 3 OCHOBOIO 83 CcM, HaIMEHIIIUHA 30-
BHIIITHIN KyT sAKOro mopiBHIOE 60°;



§ 5. 3aCTOCyBaHHS TPUrOHOMETPUYHMX (YHKLIM [0 3HaXOOXEHHS MAoLL

<

0) mapaJiesiorpama 3 Kytom 30° AKIIo OicekTpuca IIbOTO KyTa mi-
JUTH CTOPOHY Ha Biapisku 3aBIoB:KKU 11 c¢cMm i 5 cM moumHawmoum Bifg
BEPIIUHU IPOTUJIEKHOTO KYTa;
B) NPAMOKYTHHKA, AiaroHajb sKoro gopiBaioe 10 cm i yTBOpioe
3i cTopoHOIO KyT 75°.
136. 3maiixites miomy:
a) pomba 3 mepumerpoMm 80 cMm i BimmOIeHHAM KyTiB 1 :5;
0) TPUKYTHHKA 3i CTOpOHAMU 63 cMm, 4 cm i 14 cm.
137. 3HaiixiTe mepuMeTp TPUKYTHHKA 3 ILomel 6v3 cm? i Kyrom 60°,
AKINO CTOPOHU, HMPUJErIi A0 JaHOro KyTa, BimHOoCcAThCA AK 3 : 8.
138. Ilioma OPAMOKYTHHKA 3 AiaroHasIio 6 cM gopiBHIOE 943 cm?. BHaii-
IiTh CTOPOHU MPSIMOKYTHHKA.
139. Yu moxe B dopmyrni I'epona xoua 6 ogHa 3 pisHUIL p—a, p—b abo
p—c 6ytu Bim’emuoo? BixgmoBigbs oOTpyHTYIITE.
140. 3Bmaiizits HaH6iNBIIY BHCOTY i pafiyc BIMCAHOTO KOJa IJIA TPUKYT-
HUKa 3i cTopoHaMU:
a) 4, 131 15; 06) 9, 10i 17; B) 16, 25 i 39.
141. 3maiiziTe HaliMeHITy BHCOTY i pajiyc OIMCAHOTO KOJA AJIA TPUKYT-
HUKa 31 cTopoHAMM:
a) 10, 171 21; 6) 20, 34 i 42.
142 (onopHa). Iioma onMCaHOr0 MHOTOKYTHUKA JOPiBHIOE TOOYTKY
iioro miBIepuMeTpa Ha pajiyc BIIMCAHOTO KoJa. [[oBemiThb.
143. TIepumeTp piBHOOempeHOro TPHUKYTHHKA NOPiBHIOE 64 cMm, a OiunHa
CTOPOHA BiJHOCUTLCSA OO OCHOBH AK 5 :6. 3HaWAiTh pamgiycu BIHCAHOIO
M OommMCaHOTO KiJ TPUKYTHUKA.
144. Bucora TpukyTHUKA AopiBHIOE 12 cM i AinuTh fforo cTOpoHY Ha Bii-
pisKu 3aBHOB:KEKH 5 cM i 9 cMm. 3HAHAITH pagiycu BIHCAHOIO I OIIMCAHOIO
KiJl TPUKyTHHUKA.

PiBeHb B

145. Ocnosu Tpanenii gopisaIOIOTE 3 cM i 11 cMm, a miaromami — 13 cm
i 15 cMm. 3HaigiTL WOIY Tpamerrii.

146. IIapanenbHi cTopoHU Tpamernii JopiBHIOTE 2 cM i 6 ¢M, a HemapaJesb-
Hi — 13 em i 15 cm. 3HaiigiTes mioily Tpamerii.

147. Touka HOTHMKY BIMCAHOTO KOJAa AiJHUTh OiYHY CTOPOHY PiBHOOGiUHOI
Tparmeliii Ha Bigpisku 3aBHOBKEKM 9 cM i 16 cm. 3HaiimiTe pagiyc Koja
i mromty Tparmerii.

148. 3maiizits pagiyc kKoia, ommcaHOTO HABKOJO Tpallelii, y Akii Giuma
cropoua mopiBHioe 40 cMm, ocaoBa — 13 cm, a miaromanr — 51 cwm.
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Q NoBTOpEeHHA nepepn BUBYEHHAM § 6

TeopeTnyHnn marepian

e Teopema Paseca; cepemnHi JiHIiT
TPUKYTHUKA 1 Tparertii;

O 8knac, § 6 )

~
e reopema Ilidaropa. [u 8 kiaac, § 13 )

3apaui

149. V moTy3koBOMy MiCTeUuKy ABi TOYKM MAapIIpPyTy, IO PO3TAIIOBAHI
Ha BucoTi 5,6 M i 2 M, 3’egHaHi mpAMUM MicTKOM. SHAWIITHL BifcTaHb Bing
cepeauHN IILOT0 MICTKa M0 3€eM.JIi.

150. Bigpisku AA =10 cm i BB, =28 cm — Bigcraui Bix Touoxk A i B
mo mpamoi I (toukm A i B JjiekaTh mo ogmH OiK Big mpamoi). SHaWAITH
BigcTaHb Misk Toukamu A i B, axkmo A B, =24 cMm.

‘L OHnanH-TecTyBaHHA ANA NiAroTOBKU

42

AO KOHTPOJNbHOI po6otm N2 1

3apavi gnAa nigrotoBKU A0 KOHTPONbHOI po6oTn N2 1

1. V¥V rpurkyrauxky ABC AB=8 m, BC=15 M, £ B=60° 3mHaiigitTs nepu-
MeTp i ILJIONITy TPUKYTHUKA.
2. VY rpurytauxy DEF DE =4 cm, £ D=30° £E=120° 3mHaiigiTe Hesi-
JIOMi CTOPOHW TPUKYTHHKA 1 pajiyc KoJjia, OMUCAHOTO HAaBKOJIO HBHOTO.
3. [ano TpukyTHHUK 3i croporamu 13, 20 i 21.

a) lloBexiTh, IO JaHUHA TPUKYTHUK TOCTPOKYTHUI.

0) 3HAWAITH MJIOIY TPUKYTHUKA.

B) S3HAUIIT, HAWMEHIITY BUCOTY TPUKYTHUKA.
4. Croponu mapajeiorpama JOPiBHIOIOTH 8/2 e i 2 em Ta YTBOPIOIOTH
KyT 45° 3HalmiTh MeHINy AiaroHaJb i IJIOIIY IIapaJjiejiorpama.
5. OcnoBa piBHOGeApeHOr0 TPHUKYTHHUKA AOPiBHIOE 24 cM, a IpoBejeHa
Io Hei Bucorta — 16 cm. 3HalifiTh pamiyc KoJja, BIMCAHOI'O B TPUKYTHUK.
6. liaromanmn, 6iuHa cTopoHAa i GijbIIa ocHOBA PiBHOGIUHOI Tpamerii fopis-
HI0I0TEH Bigmosiguo 40 cm, 13 cm i 51 cm. 3HalifiTe pagiyc KoJia, OINCAHOrO
HaBKOJIO Tpallerrii.



niocymku po30iny |

TPUTOHOMETPUYHI DYHKLIT

y1No; 1) sino=y

coso=x

X
-1;0 % )00 1500 * 0
tgoczi
X

ctgoczi
Y

TPUTOHOMETPUYHI TOTOXHOCTI | ®OPMYJIN 3BEAEHHA

Tpuzonomempuini momoxrcHocmi
sin?a+cos?a=1

sin

tga =" (0£90°)
o

COS

cCos o
ctga =

(0.%0°, 0.%180°)

sin o

tga-ctga=1(a=0°%a-90° a=180°)

1
1+tgo= (a#90°)
C

os’ o

l+ctg®o=

1
—— (0%0°, 0.#180°)

sin® o

Dopmynu 36edenns

Ilna 0°<a<90°
sin (90°-a)=cos a
cos(90°-a)=sina

s 0°<a<90°
tg(90°—a)=ctga
ctg(90°-a)=tga

s 0°<a<180°
sin (180°-a)=sina
cos(180°—a)=-cosa
tg(180°—a)=—tga (a=90°)
ctg(180°-a)=-ctga

(a#0°, a#180°)
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TEOPEMA KOCUHYCIB TA HAC/IAKW 3 HEI

KBagpar Oyab-AKOI CTOPOHM TPUKYTHU-
Ka JOpPiBHIOE CyMi KBaapaTiB ABOX iHIIINX
cTOpiH 6e3 MOABOEHOTO MOOYTKY ITMX CTOPiH
Ha KOCHHYC KyTa MisK HIMM:
c’=a?+b*-2abcosC

Hacniooxk 1

Y mpurkytaury ABC 3i cTo-
poHamu a, b, ¢ i Kyrom C
MisK cTOpoHaMu a i b

Hacnidok 2

Ao B TPpUKYTHUKY 3i cTopoHamMu a, b, ¢
CIpaBIKyeTbCsA HepiBHicTs a®+b?>c?, TO
Kyt C rocrpuii; Ao a+b%<c?, to Kyt C

b - Tynuii; armo a’+b?=c?, 1o Kyt C npamuii
cosC=——
2ab
TEOPEMA CHUHYCIB
B CTOpOHY TPUKYTHWKA TPOIOPIiAHI CUHY-
caM IPOTUJIEKHUX KYTiB:
¢ b
z a _ =% -29R,
sinA sinB sinC
A C Ie R — paziyc Koja, onucaHOro HaBKOJIO
b

TPUKYTHUKA
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OCHOBHI 3AAA4I HA PO3B'A3YBAHHA TPUKYTHUKIB

3adaua Ymosa Cxema po36’a3y6anns
3amaua 1 IMawo: a, /B, ZC. 1. LZA=180°-(£LB+«£C(C).
3a CTOpOHOIO Ta ABO- | HatitTu: b, ¢, LA 9 b= asin B o asinC
Ma KyTaMu B "7 sinA~ sind
/QX
A C
3amaua 2 Hauo: a, b, ZC.

3a IBOMAa CTOPOHAMU
M KyTOM MiK HUMU

3uaritu: c, LA, /B

A

>
oy
S
Q

1. c=+a®+b>—2abcosC.

b +c?—a®
2bc
3. £ZB=180°-(LA+£C)

2. cosA=

3amaua 3
3a TproMa CTOPO-
HaMU

Hawno: a, b, c.
Suantu: LA, /B, ZC

A

o
S
o
S
Q

2 2 2

1. cosA:b-’-c—a.
2bc

2+ 2_b2

9. cosB=21¢"°2
2ac

3. /C=180°-(LA+/B)

3amaua 4

3a ;BOMAa CTOPOHAMMU
A KYTOM, IIPOTUJIEIK-
HUM OIHIiN i3 HUX

Hawo: a, b, ZA.
3Hanrtu: ¢, ZB, ZC

h
>m
[~

(@)

bsin A
1. sinB= S .
a

2. /C=180°—(LA+/B).

asinC
C=

sin A

45



Po3pin |. Po3B'A3yBaHHA TPUKYTHUKIB

POPMYNN MNOLL,

ITnowa mpukymnuka

1
S =—absinvy,
2 Y

Ie aib— cTopoHH e
TPUKYTHUKA,
Y — KYT MiX

HUMN

Dopmyna I'eporna

S=p(p-a)(p-b)p-c),

a, b, c — cTOpPOHU TPUKYT-
HUKA,
_atb+c

e IIiBIEPUMETP

ITnowa napanenozpama

S=absiny,

Ie aib — cTopoHU mapaJjegorpama,
Y — KYT MiXX HUMH

ITnowa onyknozo womupukymuura

S = %alld2 sinvy,

ned,, d, — piaroHaji YOTUPUKYTHUKA,
Y — KYT MiK HUMU

ITnowa npamoxymuurxa

2

S =—sinv,
2 Y

Ie d — miaroHaJ b IPAMOKYTHUKA,
Y — KYT MiK AiaroHaIAMUI

4

[e)]
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OOPMYNN NNOLL,

ITnowa poméa
S = d1d2
2 2

ne d, id, — miaronanui pomba

ITnowa xeadpama

2
s
2

e d — miaromajib KBagpara

dOPMYININ PALIYCIB

Padiyc 6nucanozo kona mpukymnura
S 2S

re|a—=s

p at+b+e’

Ie S — IUIOIIA TPUKYTHUKA,
a, b, c — cTOPOHU TPUKYTHUKA,

_a+b+c
2

— IIiBOEePUMETP

Padiyc onucanozo Kona mpukymHura
__abc
48’
Ie S — miola TPUKYTHHKA,
a, b, c — CTOPOHU TPUKYTHUKA
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%
%
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KoHTponbHi 3anutaHHA ao posgainy |

HlatiTe odHaueHHA CUHYCa, KOCUHYca ¥ TaHTeHca KyTiB Big 0° mo 180°.
3anurriTe Gopmysnu 3BemeHHs s KyTiB (90°—o) i (180° — a).
CoopmysoiiTe TeopeMy KOCHUHYCiB.

CoopmystoiiTe HACTIAKKY 3 TeOpeMU KOCHUHYCIB.

CoopmytoiiTe TeopeMy CUHYCiB.

OnunriTk OCHOBHI aJITOPUTMU PO3B’A3YBAHHS TPUKYTHUKIB.

3anuIriTh GOpMYyJIM ILJIOIIi MOBiJIBHOTO TPUKYTHUKA.

3anuIriTe GopMyJIn ILJIOINi OBiJIBHOrO ITapaJesorpaMa.

3anumnriTe (opMysu pamiyciB BOMCAHOTO W ONMMCAHOrO KiJl TPUKYTHUKA.

HdopatKoBi 3agaui go pospainy |

151. OcHoBa piBHOGELPEHOro TPUKYTHUKA AOPiBHIOE 442 cM, a MexiaHa,
mpoBeleHa OO OiYHOI CTOPOHU, AOPiBHIOE 5 cM. SHAUAITH OiYHY CTOPOHY
TPUKYTHUKA.

152. Bmaiigite miaroHasi mapaJjesorpaMa, ILJIOMA SKOTO AOPiBHIOE 144/3 M2,
a croporu — 4 mi 7 m.

153. Touka D mexuts Ha ocHoBi AC piBHOGempeHoro TpukryTHnKa ABC.
HoBeniTs, 1o pajgiycu Kij, ommcaHMX HaBKOJO TpuKyTHuUKiIB ABD i DBC,
piBHi.

154. Josexits TeopeMy CHHYCiB MeTOZOM ILJIOII.

155. JloBexiTh 3a JOIOMOIoOI0 TeopeMU CHHYCiB TeopeMy IIpPO BJIACTHBICTb
OiCeKTpuCH TPUKYTHHUKA.

156. Posp’suxits TpukyTHUK ABC, axkmo ZA=a, Z/B=p, a paziyc Koia,
OIMCAaHOI0 HABKOJIO TPUKYTHUKA, JOpiBHIOE R.

157 (onopHa). SAkmoe ABa TPUKYTHMKHM MalOTh MO PiBHOMY KYTY, TO
BiTHOIIEHHA ILJIONI IIMX TPHUKYTHHUKIB MOPiBHIOE BiTHOIIEHHIO TOOYTKiB
CTOPiH, 1[0 yTBOPIOIOTH PiBHI KyTHu. [[0BemiTh.

158. 3maiigiTe miomy TPUKYTHHKA, B AKOMY OiCeKTpHca KyTa, IO IO-
piBHIOE 120°, miMuTh IPOTHJIEIKHY CTOPOHY Ha BiApisku 3aBmoB:KKHu 21 cMm
i 35 cm.

159. IIBi CTOpOHH TPHKYTHHKa AOPIiBHIOIOTH 8v2 cM i 7 cm, a fioro mio-
ma — 28 cm?. 3HaAULITHL TPETIO CTOPOHY.

160. o axoi 3 BepIIMH Pi3HOCTOPOHHLOI'O TPUKYTHUKA IIEHTD BILCAHOTO
KoJia € HakbomamxkuuM? BigmoBigs oOrpyHTYyIiTE.



Miacymkn po3giny |
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161. ILroma piBHOGeApeHOro TPUKYTHHUKA HopiBHIOE 192 cM?, a paxiyc BIuU-
caHoro Kojga — 6 cMm. S3HAUJITH CTOPOHU TPUKYTHUKA, SKIIO MOTO OCHOBA
Ha 4 cM 6iybIia 3a OiYHY CTOPOHY.

162. OcnoBu piBHOGiIuHOi Tpamemnii mopiBHIOIOTH 22 cMm i 42 cMm, a Giuna
cropoHa — 26 cm. 3HaANAITE pajiyc KoJia, OIIMCAHOI'O HAaBKOJO TpAaIlelii.

3apavi nigBMLWEHOI CKNapHOCTI

163. Megpianu AN i BM tpukryTtEuka ABC meperuHaoThca B Toulli O,
mpuuomy AN =6, BM =9, ZAOB=30° 3uaiigirs mioiny TpukyTauxa ABC.
164. YV rtpuxyrEuky ABC /A=75° AB=1, AC=+/6 . Ha croponi BC
mosuaueHo Touxky M Ttak, 1mo £BAM =30° Ilpama AM mneperuHae KoOJIO,
omrcane HaBKOJO TpukyTHuUKa ABC, B Touri N, sika He 30iraeTbcA 3 TOU-
Koo A. 3mangite AN.

165 (onopHa). Mosxuna GiceKTpuCH TPUKYTHMKA OOUMCIIOETHCA 3a

o
2bc cos—
2

b+c
o — KYT Mixk cropoHamu b i c. [loBemiTs.

dopmymnoro I, = , me l — OicexkTpuca, mpoBegeHa 10 CTOPOHHU A,

166. ¥V TpuxyTHUKY 3i cTOopoHOIO 26 cM MemiaHH, IpOBeJeHi N0 ABOX
iHmux cTopiH, mopiBHIOIOTL 15 cm i 30 cm. 3HAWAITL HOBMKHUHY TPETHOI
MeIiaHmu.

167. CropoH; OIyKJIOTO YOTMPHUKYTHHKA 3 ILJIOLIEI0 S IOPiBHIOWTH a4, b, ¢
. . 1

i d. HoBenite, 1110 S<E(ab+cd).

168. [osenits (opmyny oIl BOIMCAHOTO YOTHMPUKYTHHKA ((POpPMYITy

BpaxmarynTun) S=\/(p—a)(p—b)(p—c)(p—d), me a, b, c i d — cropouu
YOTUPUKYTHUKA, p — HOr'0 HiBIIEPUMETD.

169. Iosexirs, wjo f1a BucoT TPUKyTHUKA h,, h, i h, Ta paniyca BomECaHOTO
1 1 1

S 1
KoJia r CIIpaBAXYE€THCA CIIIBBIOHOIIIEHHA — = h_ + h_+h_ .
r

a b c

170. IlenTp BHMCaHOro B NPAMOKYTHHII TPUKYTHUK KOJIa BifgasneHuii Bif
KiHI[iB rimoTenmys3um Ha 7 cM i 5V2 cm. 3HAUIITL pamiyc BOMCAHOIO KOJAa.
171. os:xuHHE OBOX CTOPiH TPHKYTHMKA MOPiBHIOIOTL a i b. BicexkTpucu
KYTiB IIpM TPETifl CTOPOHI B pe3yJbTaTi IePeTUHY YTBOPIOIOTH KyT 165°.
SHAWAITh IJIOIY TPUKYTHHUKA.

172. Y rpamnenii 3 ocHoBamu a i b (a<b) miaroHani B3aeMHO IepIeH-
IUKYJIAPHi, & KYyT MidK IPOJOBKEHHAMMU OiYHUX CTOPiH AOpiBHIOE 45°, 3Hai-
JiTh BUCOTY Tpallelrii.
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IctropuyHa posigka

IIpubausuao mo XVII crt. TpuroHomerpis AK posmia reomerpii Bu-
BUaJia Maii’Ke BUKJIOUHO OfHE MUTAHHA — PO3B’SI3yBaHHA TPUKYTHUKIB.
I me me muBHO, amKe MOTPeOM apXiTeKTypw U acTpoHOMii, reomesii i mo-
penyiaBaHHA BUCYBaJu Mpo0JeMy IIOMIYKY HEBiJOMUX CTOPIiH i KyTiB Tpu-
KyTHHKAa Ha UYiJIbHEe MicIle B IIpoIleci po3B’sI3yBaHHS MPaKTUYHUX 3aJad.
—— Teopemy KocuHYyCiB (paKTHUHO OYJIO JOBEIEHO BiKe
B apyrii xuusi «Hauam» EBkiima, me ysaraJbHIOEThCS
Teopema Iliparopa i HaBomATHCA OPMYJIU I OOUMC-
JIEHHS KBaJpaTa CTOPOHHU JOBiJIBHOTO TPUKYTHUKA. Ma-
TemaTuku AJjekcanapii, laBuboi Iuzmii, kpain Biusn-
kKoro Tta Cepemunoro Cxoay TaKoOM BHUKOPHCTOBYBAJIU
noxioHi dhopmyau. OgHaK yiepiie 4iTKe (OpMyTIOBaHHSA
TeopeMu KOCUHYCiB HaBiB y 1579 p. ppauIilyspKuii Mmare-
matuk @Ppancya Biet (1540-1603). CyuacHOTO BUTIALY
s Teopema Habysma B 1801 p. B pobGoti immroro ¢pah-
mysbKoro BueHoro — Jlaszapa Kapuo (1753-1823).
3HauHO ITi3HiIIEe 3a TeopeMy KOCUHYCIB Oysj0 BuU-
HaliieHo TeopeMy cuHyciB. Piu y TiM, 110 MaTeMaTuku
IaBHUHY 3BOAUJIN PO3B’A3YBAHHS NOBLILHUX TPUKYTHU-
KiB [0 pO3B’A3yBaHHA NMPAMOKYTHUX TPUKYTHUKIB, TO-
My TeopeMa CHHYCiB iM He Oysa motpibHa. I{to Teopemy
noBiB jquiie B XI cT. acTporoM i3 Xopesma Anb-BepyHi.
ITounuaroun 3 XVI cT. TeopeMy CHUHYCiB BUKOPUCTOBY-

Timnasia (narecmpa) I0Th i eBpomeiicbKi reomerpu, a B 1801 p. dpaHIy3bKuUit
6 Onimnii maremaruk K. JI. Jlarpamx (1736—1813) BuBiB ii 3 Teo-
(Hasnsa I'peyis) peMu KOCHHYCIiB.

Hapo ([Jasus Inois)
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IcTopuyHa posiaka

@p
Vhisepcumem IIyamue, | : =
Oe suuscs P. Biem (Ppanuis)

IikaBowo € icTopia BuHUKHeHHA (Qopmyau I'epona. IIpo xurrta
¥ mianpuicTh I'epoHa AJiekcaHApilicbKOro BifloMO BKpaili MaJjo — HaBIiTh
POKHU HOT0 KUTTS JOCTEMEHHO He BCTAHOBJIEHO (OIHi icTOPMKYU BBaKaOTh,
mio Bim xuB y III cT. 10 H. e., a immi — B I ¢T. g0 H. e.). I'epoH mocsar
BUBHAUYHMWX PE3YJbTATiB y NPUKJIAJHUX HAyKax — Teofesii Ta mMexaHimi
(ttoro HaBiTh HasuBas ['epor-mMexanik). Bin BukJaB mpaBuja BUMipIOBaH-
HA 3eMeJbHUX OiJISHOK i ommcas AedAKi BUMiploBaJbHI mpuaanu, 30KpemMa
«IionTpw» — TpWJIAAU IJs TMOOYAOBUW 1 BUMiprOBaH-
HsS KYTiB Ha MiCIIeBOCTi. ¥ CBOEMY HaliBaKJIUBiIIIOMY
reoMeTpuuyHOMy TBOpi «MeTpuka» I'epon HaBiB n0-
BeleHHs (hOpPMYJIN ILJIOII TPUKYTHUKA, HUHI BioMOiL
AK (popmyaa I'epona. Aie misHimme 3’sicyBaJjocs, IO
nepmuM 10 popmyay B III ct. 70 H. e. BUBiB cjaB-
HO3BicHUiT Apximen.

u

. Pumcokiil ampimeamp
(Anexcandpis, €zunem)
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MartemaTtnyHi onimniagn

YKpaiHCbKi MaTeMaTU4Hi onimniagn wKonapis

s yuHiB, AKi 3aXOILJIIOIOTHCA MaTEMATHUKOIO 1 3aBXKIM HParHyThb
IIPOSIBUTU ceOe B PO3B’A3yBaHHI HeCTaHZAPTHUX 3ajad, MaTepiajiB Oyab-
AKOro migpyuHuka oyne damasio. Tomy B:ke monan 130 pokiB y csiti mpo-
BOOATHLCS Pi3HOMAHITHI MaTeMaTuuHi 3MaranHs. Hai6igbI mommmupeHuMu
3 HAX € MaTeMaTUYHi OoJiMIIiagu ITKOJIAPiB.

Y 1884 poui B Kumeri mouaB Buxomutu «iKypHas esmemeHTapHOI
MaTeMaTUKW», B AKOMY IIIKOJIAPAM ITPOMOHYBAJIUCA 3ajadi IJad camo-
cTitiHOro posB’a3aHHsA. lle Oysna (pakTHuHO mepiia 3a0yHa MaTeMaTHUYHAa
ojliMmiaza Ha TepeHaxX YKpaiHu.

Y 1935 pomi Bmepiie O0yJio IPOBEAEHO OUHY Mi-
cbKy oaimmiany 3 maremaruku B Kuesi. Ii dpyrmaropom
craB Impodecop, AificHuii uyjaeH BceykpaiHcbKoOi akamie-
mii Hayk Mwuxaiiao IIuaumoBuu Kpasuyk. ¥ 1936 porri
y KuiBcbkiii MichKifi omimMmiazi B3saam ydacTh TaKOMK
yuHi 3 iHmmx mict YKpainu. Cepep mepeMOKIliB OyB
XapKiBCBKHUU MIKOJSAP, MaiOyTHi akamemik Ouekcii
IToropesos. Ilicasa Toro ak y 1938 pomi M. II. KpaBuyka
OyJIO perrpecoBaHO, OpraHisalli€l0 YUYHiBCBKUX OJiMmian
aKTUBHO ONiKyBaBCcsa MaliOyTHilI akaJeMiK, a B Ti dacu
npodecop KuiBcskoro yHiBepcuTery M. M. Boroso6oB.
Y micinaBoeHHI poKu 3a HOro iHimiaTwBOIO TPOBeNEeHHS
MmaTematuuyHux oJsimiian y Kuesi BigaHoBusiocs. IlikaBo, 1o y 1950 pori
apyre miciie B KuiBebKilt MichKilt onimmiani mocis samporrenuii 1o y4acTi
B Hili yueHb HikMHCBLKOI mKoau Muxaiao Aapenko, y MaiibyTHROMY BH-
maTHu yuenuit i memaror. 3 1961 poky craju TPOBOAUTHCA TPamUITiNHI
mopiuai BceykpaiHchbKki oniMmiagu oHUX MareMaTHKiB. Y HuX 0epyTb
y4acThb TaJaHOBUTI MIKOJIAPI 3 ycix KyToukiB Ykpaiuum. ¥ 1968 pori
Muxaiino VlocumoBuu SIApeHKO, AKUI ¥ TOIH Uac y:Ke OUOII0BAB Kadenpy
KuischKoro yHiBEpCUTETY, 3aCHYBaB MEPIOAWYHE BUAAHHA «Y CBIiTi Mare-
MaTUKU», a nounHaiouu 3 1970 pory Bim momanm 30 pokiB OyB T'0JIOBOIO
Kypi BeceykpalHChKUX yUHIBCBKUX OJIimMmiaj.

3agaui Mux oJiMIriazg 3aBKAM OyJIM HAA3BUYAKMHO IIiKABUM IKepesioM
HeCTAHJAPTHUX MaTeMAaTUUYHUX ifell OJIsd IIKOJIIpiB. 30KpeMa, TpaaulliiiHo
IIPOIIOHYETHLCS 0AaraTo oJiMIIiafHUX 3aBAAHb 3 TeoMeTpii. PiBeHb cKJIagHOCTL
3amau Ha BeceykpaiHCbKUX MaTeMaTHUYHMX OJiMIIiazax Bij iX 3amoyaTKyBaH-
HsI i 70 ChOTOeHHSA 3HAUYHO 3pic. AJle KOMKeH i3 Bac MOsKe CIIpoOyBaTH OTPH-
MaTH’ HACOJIOAY 3HAWTU CBOE, OPUTiHAJIbHE PO3B’A3aHHA OJiMIiaaHol 3agaui.



Posrnsmemo, manpukJjaazn, 3agauy I Beeykpaincskoi osiMmmmiagu 3 ma-
TeMaTUKU. ¥ JaHUI PiBHOCTOPOHHIN TPUKYTHUK BIIMCATU PiBHOCTOPOHHI
TPUKYTHHUEK HalMeHIIOl muomrgi. Po3riiaHemMo AeKijJibKka pos3B’sisaHb ITi€l
3amavi, 3aCHOBAaHMX Ha MeToxax i (popmysax PpO3misly, AKHU BU IMOMHO
OITaHyBaJIN.

1-ii cnoci6. Hexait naHo piBHOCTOPOHHIiN TpuKyTHUK ABC 3i cTopo-
HOI0O @ i BOMCAaHWH y HBOTO PiBHOCTOPOHHIN TpuKyTHUK DEF (puc. 25).
OueBugHO, 1m0 TpukyTHUKU ADF, BED i CFE € piBHuUMHI (H0Be- B
IiTe 1e camocTiiiao). ILnomia tpukyrauka DEF Oyne mopiBHIOBa-

Tu pisHUIli miorri TpuKyTHUKA A BC i 110111 ITMX TPUKYTHUKIB. D
2

. . a3 1 .
Hexait AD=x,roal S, .. = ;/_ _3.(536((1 —x)s1n60° ) Or- E
xe, S, Oyle HalMEHIIIOK, KOJIM 3HAYEHHA BUPA3y x(a—x) A F

a 2 a’ Puc. 25

Oynme HaMWOiABIIUM. A OCKiJIBKU x(a—x) =— x—E +Z , B
TO HOOYTOK x(a—x) HaOyme HaAMOiJIBIIOro 3HAYEHHS, AKIIO
x=2. 3BificM MIyKaHUM € TPUKYTHUK, YTBOPEHUI cepem-
HiMu giniamu tTpukytHuka ABC (puc. 26).

2-i1 cnoci6. PosrisHeMo piBHOCTOPOHHIM TpukyTHUK DEF, A
BIUCAHMUII y piBHOCTOpOHHiH TpurkyTHUK ABC (puc. 25). Puc. 26

. DE*/3

Ockinpku S, ZT\/_ , TO mJjoina TpukKyTHuxka DEF Oyne Hai-

MEHIIIOI0, Koju crtopoHa DE Oyzne HaliMeHINIOK. 3a TeOPEeMOI KOCHUHY-
cis 3 TpurytHuKa BED maemo: DE? =BD?+BE?-2BD-BE cos60° .
3 piBHOCTI TpuKyTHUKIB ADF i BED wMmMaemo piBHiCTH BiApisKiB:

AD=BE, ome, DE*=BD?+AD?~BD-AD=(BD-AD) +BD-AD=

=(BD-AD)’ +i((BD+AD)2 —(BD—AD)2)=%(BD—AD)2 +iABz :
Ockinbku AB? € BeJIMUMHOIO CTAJIOI0, TO NOBXKHUHA Bixpiska DE

Oyzme maiimeHIoo 3a ymoBu BD =AD =£ . Omke, MMIYKAaHUM € TPUKYT-

HUK, YTBOPeHUI cepenHiMu Jginiamu TpukyTHuKa ABC (puc. 26).
IToBepHiTHCA [0 PO3B’sA3aHHS IIi€l 3amadui IIic/sg omaHyBaHHS METOMiB
HACTYITHMUX PO3/iJIiB HiAPyUYHUKA Ta CIPOOyiiTe po3B’A3aTu il B iHIIN CIIOCiO.
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lfotryemocb pgo AMA

Tect 1

Buobepimv 00ny npasuavhy, Ha éauy 0YymkKy, 6i0nosids.

1. Ha tpuronomerpuuromy Koui Touxka M (x;y) BiA-
moBiflae KyTy O (OAWMB. PUCYHOK). YKaKiTh (QDYHKIIiIO M(x;y)
KyTa O, 3HAUeHHdA SKOl JOPiBHIOE U. o

O x
A sina b cosa B tgo I ctga

2. Cepel HaBeIeHUX CIiBBiZHOIIEHDb MiXK CTOPOHAMU

Ta KyraMu TpuKyTHUKa ABC (IuB. PUCYHOK) YKaXKiTh B
IIpaBUJIbHE.
A AB _ BC B AC*-AB*+BC*-24B-BCsinB

cosC cosA A C
B¢ - B¢ I BC'-AB’+AC?+2AB-AC cosA

sin B Bl sin A
3. Busnaure Bug Kyta o (0°<0<180°), akmo sino>0, cosa=0.
A Toctpuit b IIpamwuit B Tynwuit I PosropuyTuii

4. Cuopocrirs Bupas 1-sin(180°—o)sina.

A l+sin®o B 1-cosoasino B cos’a I sin®a

5. Bmaiigite pajiyc Kosa, BOMCAHOTO B PiBHOOeApeHUIl TPUKYTHUK 3 Giu-
HOIO CTOPOHOIO 5 CM i 0CHOBOIO 8 cM.

Alé CcM 522 cM B 3 cm r 2,5 cm

6. CropoHa TPHKYTHHUKA, BIMCAHOIO B KOJIO, Y \/§ pasu OijbIa 3a paniyc
KoJia. S3HAUAITL KYT TPUKYTHUKA, IPOTUJIEKHUNA HAHIA CTOPOHI.
A 30° b 60° B 120° I 60° a6o 120°.

7. Ogpma 3i cTOpiH TPUKYTHHMKA MeHINa 3a ioro IiBIepuMeTp Ha 2 cM,
apyra — Ha 4 ¢M, TpeTs — Ha 3 cM. SHAWITh ILJIOIIY TPUKYTHHKA.

A 252 cm? B 126 cm?

b 84 cm? I BusHauuTH HEMOKJINBO
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Muciio, oTike, icHYIO.

Pene [lexapm, ¢pparnuyysvikuil yueHuil

Koopaunartuuii meron, 0ijii BUTOKIB BMHMKHEHHS SKOI'O CTO-
AB BeJUKUU (QpaHnyspkuit marematmk i @imocod XVII cr. Pe-
He [lekapT, cTaB CHpaB:KHIM IIepeBOPOTOM y TeoMeTpil Ta Marema-
TUI[i B IIiJioMy. 3aBAAKW KOOpAWHATAM yYeHi OTpuUMAaJM YHiBepCaJbHUN
cmoci6 mocTaBUTH Yy BiAHOBiAHICTH reomMeTpHMUYHMM OO’€KTaM aJjrebpa-
ijuni BMpasu i cmiBBigHOIIeHHA. Y3araJji, BMiHHA mepeldTu B IIpoIlieci
PO3B’sI3yBaHHS 3ajJadui A0 iHIIIOI IIOIIYKOBOI 00JIaCTi 3aBiKIM BBaKAJIOCS
«HAWBUMIIUM ITIiJIOTa)KeM» MaTeMaTuKu. Bigkpurta [Hekapra maJjjo Ha-
VIIi MOKJIMBICTh CTBOPUTHU CBOEPiAHUI CJIOBHUK IJis MEpeKJaay reoMeT-
PUYHUX 3a7a4 MOBOIO ajre6pu 3 IIOAJIBIIIOI0 MOXKJIMBICTIO BUKOPUCTOBY-
BaTHU PiBHAHHSA i TOTOMKHI ITIepeTBOPEHHA BUPA3iB AJA PO3B’A3YBaHHS CYTO
TeOMETPUUYHUX TPOOIEM.

VY Ham yac KOIHY IPUPOAHUUY HAaYKy ab0 TeXHIUHY rajay3b HEMOK-
JIUBO YSIBUTU HA CyYaCHOMY DiBHi PO3BUTKY 6e3 3aCTOCYBaHHA KOOPJUHAT.
Binpin Toro, moBemeHHs 6araThbox yiKe BiJOMIMX BaM reOMETPHUUYHUX TBEP-
MKeHb 3aBAAKY KOODAWHATHOMY METOAY 3HAUYHO CIPOINyIOThcA. I xoua
Ha IepHInil IOIJIAA TeopeMH I 3aJadi IIbOro pPo3IiJy 34aBaTUMYThCA BaM
IeIo He3BUUYHUMU IJIA TeoMeTpii, ajie MOMKJIMBOCTI, AKi BiIKpuBae MeTOI
KOOpAWHAT, BapTi 3yCUJb, BUTPAUEHNUX HA HOT0 3aCBOEHHS.




8 6 |Haiinpocmiwi 3adavi B KOOpOUHAMAX

6.1. MPSIMOKYMHA cucmema KoopouHam
HA NAOWUHi (NOBMOPEHHS)

Haragaemo, 1110 11 BBEeIeHHA CUCTEMU KOOPIU-
HAT Ha IJIOIIWHI yepes MOBLILHY TOuKy O HeoOXimgHO
IIPOBECTH [OBi B3a€MHO HEPHEeHAUKYJAAPHI mpami Ox
i Oy, BubpaTum Ha KOKHiNl i3 HuxX Hampam (oro
TI03HAYAOTH CTPiJIKOI0) i OTMHUYHUH BiApisoK (puc. 27).

Tourky O Ha3MBAIOTH NOYAMKOM KOOpOUHAM,
IJIOIIUHY, Ha AKi# IIPpOBeIeHO mPAMi, — KOOPIUHAT-
HOIO TLJIOIWHOI0, a cami mpami Ox i Oy — koopmu-
HATHUMHU ocAMHU (a0o ocamu koopauHart). IlouaTox
KOOpAMHAT AiJIUTHL KOXKHY 3 Oceil Ha ABi nieoci: do-
damny (Ha Hill TTOBHAYAETHCA CTPiNIKa) 1 6i0°emny.

Temep Oyab-AKili Toulli A aaHOI IJIOIIUHU
MOKHa OJHO3HAYHO MOCTAaBUTU y BiAMOBiIHICTH yIIO-
PAKOBaHY Iapy 4YuceJ] — KOOPAMHATH ITi€l TOUKIU.
I mboro 3 TOUKU A IIPOBENeMO IepPIeHIUKYJIIPU
AA 1 0Ox iAAy 1 Oy. Ilepiia KoopamHATA TOUKU A —
a0cuuca (IIo3HAYaeThCsA OYKBOIO X) — € OOJaTHUM
YHUCJIOM, AKINO TOYKA A JIeKUTH Ha NOJATHiN miBOCi
oci Ox, a0 BiI’€MHMM 4YHCJIOM, AKINO TOYKa A_
JeXUTh Ha Big'eMmHui#t miBoci oci Ox. Ilpu mbomy
MOAyYJIb YMCJa X NODPiBHIOE AOBKUHI Binpiska OA .
Amnajioriuso BH3HAYAEThCA Jpyra KOOpAMHATA
TouKu A — opauHara (H0o3HAYaeThbCcA OYKBOIO Y): Iie
nogaTHe YMCJIO, AKIIO TOUYKa Ay JEXKUTh Ha JOJaTHil
miBoci oci Oy, abo Bifg’eMHe YMCJIO, AKIIO TOUYKA Ay
JIe}KUTH HA Bixg’emHi#N miBoci oci Oy; mMomynap uwmc-
Jia y HOPiBHIOE MOBMKMHI Bijpiska OAy. Koopaumaru
TOYKU A 3amucyioTh Tak: A(x; y). IIpu mpomy abciiu-
Cy TOUKH BKa3yIOTh IIEPIIO0, a OPAUHATY — APYTOI0.

3ayBasKuUMO, IO OPAMHATH TOYOK oci Ox
JIOPiBHIOIOTH HYJIIO, abciucu TO4OK oci Oy TaKoXK
MOPiBHIOIOTH HYJIO, a MOYATOK KOODPAUHAT MAae€ KOOp-
muaatu O(0; 0).

Puc. 27. IIpamokyTHa
crucreMa KOOPJUHAT
HAa IJIOIMHI

AGcumca — Bi
NaTUHCHKOTO «abcun-
cym» — Bifpi3aHUN,
BinciqumM.
OpavHaTa — BiA
NaTUHCHKOrO «OpAVHA-
YO — ynopaaKoBsa-
Hun. Big WbOro KopeHs
NOXOMUTH | CNOBO «KO~
opaunHaTar.
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Puc. 28. 3uaku Koop-
IUHAT TOYOK Y PisHUX
KOOPAUHATHUX UBEPTAX

Puc. 29. ITo nosepenus
dopMyJ KOOPAUHAT
cepeauHU BipisKa
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Bics Ox (3asBuuaili BoHa rOpm3OHTAJbHA) HAa-
3MBAIOTH Bicclo abcmue, Bick Oy — Biccro opauHAT,
a BBeZleHy TaKUM CIIOCOOOM CHCTEeMY KOOPAWHAT —
npamoxymnoro dexapmoeoio Ha yecTh Pene [lekapra,
AKUH TepIIMM 3aCTOCYBaB ii Yy CBOIX JOCJIiIKeHHAX.

Oci koopamHAT AiAATH MJIOIIMHY HA YOTHUPU
yacTuHUu (Koopdunamui uweepmi). Y Mexxkax opmHiel
YBepTi 3HAKU KOOPAMHAT TOYOK 30epiramrbcsa
TaKMMM, AKi BKasaHi ma puc. 28.

PosrnareMo oCHOBHiI BUIIaAKU 3aCTOCYBaHHSA
KOOpPAMHAT MAJid BUBUEHHS TeoMeTpUUYHHX Qiryp ta
iXHiX BJACTUBOCTEI.

6.2. KoopduHamu cepeduHu Biodpi3ka

Teopema (hopmynu KoopOuHam cepeduHu Biopi3Ka)

KoopauHatu cepeAunHU BiApi3ka 06YUCNHOFOTHCS
3a opmySiamu

KXt ity

’ ’

Ae A(x; y,) i B(x, y,) — KiHui Biapi3ka, C(x; y) —
cepefiMHa BiApi3Ka.

JloBedeHHs

O Hexati Bigpisoxk AB He meperuHae Bich Ox.
Posrnanemo Bumagok, xKoau x, <x, (puc. 29). Ilpo-
Benemo mnepnenaukyaapu AA, BB, i CC,
no oci Ox. OueBmpno, mo AA,|BB,||CC, i ocHo-
BU IEPNeHANKYJIAPiB MaioTh KoopauHatu A (x;; 0),
B(x,; 0) i Cj(x; 0). Ockinbkm Tourka C — cepeamnHa
Bizpiska AB, To 3a Teopemoro Paneca Touka C, — ce-
penwna Binpiska A B . Ile osmauae, mo A C =C B,
TOOTO X,— X =X—X,, 3BiAKH Xx= HE

Toit caMuii pe3ysbTaT OAEP:KUMO i y BUIAAKY
X, > x, (mepeBipTe 1€ caMOCTi#HO). ¥ BUNAAKY X, = X,
Touku A, Bi C 3b6iratorbecs, TOOTO X, =X =X,, i op-
MyJia 3HOBY CIHPAaBIKYETHCS.



§ 6. HannpocTiwi 3afayi B koopamHaTax

Bunamok, xKoau Bimpisoxk AB meperuHae Bick Ox, 3BOOUTHCA [0
ITIOMHO PO3TJIAHYTOTO.

+ .
% oOoBOOMMO aHaJoriyuno. M

3aaava &

BepwuHu YotupukyTHUKa ABCD maroTb koopauHatu A(-2; 1), B(O; 4), €(4; 1),
D(2; -2). Hoseaitb, wWo ABCD — napanenorpam.
Posg'asaHHa (1-4 cnoci6b)

Pisnicts y=

Sk BiAOMO, 3a O3HAKOO MAPANENOrpama YOTUPUKYTHUK, AIArOHAni AKOro
TOUKOKO MepeTUHy AINSTbCS HABMIN, € napanesiorpamom. 3HailAemo KoopAau-
HaTW cepeAwH AaiaroHanen AC i BD paHoro 4yotupukyTHuka ABCD. CepeaviHa
BiApi3ka AC Mae KOOpAUHATU:

X:_2+4:II y:ﬂzl
2 2
CepeauHa Biapiska BD mae koopauHatu:
X:%:ll :4+(_2):1.

Otxe, Biapisku AC i BD marotb cninbHy cepeauHy (1; 1), To6T0 YOTUPUKYT-
HUK ABCD — napanenorpam 3a O3HGKOHKO.

Tamnit crioci6 posws’a3yBamHsA Ifiel 3amadui poO3TIAHEMO IaJIi.

6.3. BidcmaHb Mi>XX Moukamu
Teopema (cpopmyna BidCMAHi mMixx 0BOMA MOYKAMU)

BiactaHb mix Toukamu A(x; y,) i B(x, y,) obumc- y
NHOETLCS 3a POPMYJIOHD y B
2|
AB= ¢ : A Oc
=X =%) +(yi—y.)" . Y
JloBedeHHs ol &1 Xy x

0 PoarisgHemMO CcIOYaTKy BHIAJ0K, KOJU
x,#x,1y,#y, (puc. 30). IIposegemo uepes mai ToU-
Ku A i B nupami, IepoeHIUKYIAPHI OO0 oceil Koopau-
HaT, 1 mo3HaummMo TOYKy ix mepermny C. Bigcrausb

Puc. 30. [To nosepenus
dopmysu BifcTaHi Mix
TOUKAMH
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G

misk Toukamu A i C nopiBHIOE |x,—x,|, a BigcraHb Mix Toukamu B i C
JIIOpPiBHIOE | Y~ Y, | . OT:xe, 3 TpAMOKYTHOr0O TpuKyTHUKA ABC 3a TeopeMoio
ITiparopa maemo: AB®=(x,—x,)*+(y, —y,)>, abo AB= \/(xl -, +(y, —y,)* -

Y Bumaaxy, Koau X,=X,, Y, #Y,, BificTaHb MixK Toukamu A i B
JOPiBHIOE |y1 -y, | . Toit cammit pesyJsbTaT mae i MoifHO JoBeneHa (hopMmyJia.
AHaJIOTiYHO y BUNAAKY X, #X,, Y, =Y, MAEMO: AB=|x1—x2 | . dAximo Tou-
Ku A i B 36irarmoTbcs, BifcTaHb MiX HUMMU 3a [OBEAEHOI (POPMY.JIOIO
IopiBHIOEe Hysai0. H

Sk mpuKJIan 3acTOCYBaHHS JOBeAeHOI (pOpMYJIU PO3IVISHEMO APYTUi
croci6 posp’aA3yBaHHA 3agaui 3 m. 6.2.

3aaaua
BeplwuHu YotupukyTHUKAG ABCD maroTb koopauHatu A(-2; 1), B(O; 4), €(4; 1),
D(2; -2). Oosepitsb, wWo ABCD — napanenorpam.
Posg'asaHHa (2-4 cnoci6)
4K BiAOMO, YOTUPUKYTHUK, MPOTUSIEXHI CTOPOHU AKOTO MOMNAPHO PiBHI, € Napa-
Nlenorpamom (3a 03HaKoro). 3HaWAEeMO AOBXWHU CTOPIH YOTUPUKYTHUKA ABCD:

AB=[(-2-0)? +(1-4)? =13, BC=\[(0-4)? +(4-1)? =5,

CD=\(4-2) +(1-(-2)? =13, AD=/(-2-2¢ +(1-(-2)} =5.
OTxe, AB=CD, BC=AD, 10670 4OoTUPUKYTHUK ABCD — napanenorpam

3a O3HAKOH.

3anumaHHa i 3a0aydi

YcHi BnpaBsu

Iz Touku A(3; —5) mpoBemeHO MEePIEHAUKYJIAPU OO0 OCell KOoOopauHAT.

HagBiTh KOOpAMHATH OCHOB IUX IEPHEHIUKYJIAPIiB.

174

175.

176.

. Busnaure, y AKilI KOOpAWHATHIN YBEPTi JEXKUTH TOUKa A(x; y), AKIIO:

a) x=-4,y=-9;

6) x>0, y<0;

B) TOuKa A JIeXKUTH BUIIE BiJ oci abciuc i JriBopydY Big oci opgumHAT.
Busnaure, aKi 3 KoopouHATHUX oceli mepeTuHae Biapisoxk CD, AKINO:
a) C(3; —2), D(8; 1); 0) C(-4; -5), D(2; -3);  B) C(1; —6), D(-T; 2).
Cepenuua Bimpisxka AB Jje:xuTh Ha oci opauuHar. HasBiTh abciucy

TOuKu A, AKI[0 abciuca Touku B mopiBHIOE 12.
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177.

¢ 178.

Touxa C — cepenuna Bimpiska AB. BusHaure:

a) opauHary Touku B, armpo A(x,; 3), C(x,; 3);

6) abcuucy Touku A, akmo C(-1; y)) i B(-1; y,).

AKif i3 KoopaAMHATHUX OCell mapaJjeIbHUM Biapisok AB y KOXXHOMY
BUIIAAKY?

HoB:xkuHa Bigpiska AB npopiBHIOE 5. Uy MOMKYTb:

a) abcrucu Touok A i B BigpisHaTHCca Ha T;

0) opauHaTu TOUYOoK A i B Bimpisuaruca ma 5?

‘L MNpadiuHi BNpaBm

<O 179.

300pas3iTh Ha KOOPAMHATHIN IIJIONIMHI TreoMeTpuuyHe Miclie To-

4ok M(x; y), AKi 3aJ0BOIBHAIOTE YMOBY:

4 180.

x=y,
a) x=>-38; 0) y<1; B) |x|<2.

Yepes Touky C(—3; 4) mpoBeiTh IpsaMi, ITapaJjeabHi 0CIM KOOPAUHAT.

OnuIlite 3a JOIOMOroOI0 HEPiBHOCTEH YyMOBM, IO IX 3aJ0BOJBHSAIOTH yCi
BHYTPIIIHI TOYKM NPAMOKYTHHKA, YTBOPEHOIO IMUMHU IPAMUMU Ta OCAMU
KOOpJMHAT.

w\ NMucobmoBi Bnpasun

181.

182.

4 183.

PiBeHb A
3HaANIITh KOOPAMHATU cepenuHu Bimpiska AB, AKIIO:
a) A(-12; -3), B(-8; 1); B) A(-2; 9), B(-2; -7).

0) A(4; -11), B(-4; 0);

Touxa C — cepeauHa Bigpiska AB. S3HAWIITL KOOPAMHATI:
a) Touku B, akmio A(2; —3), C(0,5; 1);

6) touxku A, akmo C(0; —1), B(3; —3).

Touka E — cepenmua Bigpiska CD. 3HaiigiTh KOOpAMHATH:
a) touku E, akmo C(18; -2), D(6; 4);

6) touxku D, axmo C(-5; 21), E(0; 1).

184. 3maiigite KoopamHATH uyeTBepTOl BepmIMHU mapaJesorpama ABCD,
AKIIO:

4 185.

a) A(2; 6), B4; 7), C(3; 10); 6) B(-1; 4), C(3; 5), D(1; 3).
Hauo Touku A(-4; 0), B(-2; -2), C(0; —6), D(-2; —4). HoBexits, 1110

4oTUpuKyTHUK ABCD — mapaJesiorpam.
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186. 3naiimite moe:xuHy Bigpiska AB, AKIIO:

a) A(-3; 8), B(5; 2); B) A(5; 0), B(0; —12).

0) A2; 1), B(-7; 0);
187. 3Bmaiixite x, axmo:

a) Bimcranb Mixk Toukamu M(2; 1) i N(x; —2) mopiBHIOE 5;

6) BigcraHp mik Toukamu M(x; 0) i N(2; —1) nopiBHIOE 1.
188. 3maiizits nepumerp TpukytHuKa ABC, axmo A(-1; 2), B(2; 6), C(5; 2).
189. omenite, mo B TpUKYTHUKY 3 BepmmHamu A(-6; 5), B(2; —-10),
C(-13; —18) xytu A i C piBwHi.
190. osexirs, mo TpukyTHUK 3 BepmuHamu A(l; 0), B(Z;x/g), C(3; 0)
PiBHOCTOPOHHI M.

PiBeHb b

191. damo Touxy A(-4; 3). 3HaiiniTs TouKky B Taky, mo6 Bifpizox AB 6yB
napaJieIbHUM OJHIiN i3 KOOpAMHATHUX OCEH, a Moro cepeamHa Jiekaa:

a) Ha oci abciiuc; 0) Ha oci opauHAT.
192. Touxka C(x; y) — cepenuHa BiApiska 3 KiHIAMH B Toukax A(-y; —4)
i B(3; x). 3HaiigiTe x i y.
193. Touxra C — cepenuna Bixpiska AB, Touka D — cepexuHa Bigpiska BC.
3HalAITh KOOPAWHATU TOUKU D, AKIIO:

a) A(-3; 3), B(5; -1); 0) A(-2; -1), C(2; 3).
194. Ha Bigpisky AD mosHadeno Touku B i C Tak, mo AB = BC = CD.
3uaiiniTe Koopauuatu Touku D, aximo A(5; 2), B(3; 1).
195. 3a gomomoroio (opmysnH BificTaHI MiXK TOUKaAMM JOBEiTh, IO TOUKH
K(5; -3), M(2; 1) i N(-1; 5) nexxath Ha ofHiit mpamiii. fIKka 3 IUX TOUYOK
JIEKUTHh MisK aBOMA iHIImMu?
196. 3maiimite Touky, ska piBHOBimpmamena Bix Touok (2; 3) i (6; —1) Ta
JIEKUTD:

a) Ha oci abcuc; 0) Ha oci opauHAT.
197. osegnits, 10 TPUKYTHUK 3 BepIIMHAMU B Toukax A(4; 1), B(6; 2),
C(8; —2) mpaMOKyTHUI, i BU3HAUTE HOr0o TillOTEHY3Y.
198. 3Bmnaiinite moB:xxuny Menmianu AM tpukryTHuKa ABC, aximo A(-6; —3),
B(-4; 3), C(-2; -1).
199. V¥ rpuryrHuUKy ABC 3HaAfimiThL HOBXKUHY cepefHBOI JIiHil, mapaJesbHOl
cropoHi AC, akmo A(-2; 1), B(-2; 7), C(2; 5). Posp’s:xkiTh 3amauy mgBoMa
cmocobaMu.
200. osenirs, mo yoTupukyTHUK ABCD — NPAMOKYTHUK, AKII0 A(-2; —1),
B(-4; 1), C(-1; 4), D(1; 2).



§ 6. HamnpocTiwi 3agayi B KoopAmMHaTax

4 201. Iosexirs, mo vorupukyrauK ABCD — pom6, axmo A(-1; 2), B(2; 3),
C@; 6), D(O; 5).
PiBeHb B
202. Cepenuuu CTOpiH TPHUKYTHHKA MaioTh kKoopmuHatu (—2; 2), (0; 7)
i (4; —1). 3HaiiAiTF KOOPAWHATU BEPIINH TPUKYTHUKA.
203 (onopHa). Touka C, sxa AiauTh BifPi3oK 3 KiHNAMY B Toukax A(X; y,)

. . . nx, +mx
i B(x,; y,) y Biggomenni AC : CB = m : n, Ma€ KOOpAMHATH X =#,
ny, +my .
y=——"""=. JloBeIiTh.
m+tn

C 204. 3BmaiigiTs KOOpAMHATH TOUKM IEPeTHHY MediaH TPUKYTHUKA 3 Bep-
muuaamvu (1; 2), (0; 7) i (5; 6).
205. osexmits, mo uworupukyTHUK ABCD — kKBazpar, akmo A(-5; 0),
B(-2; 1), C(-1; -2), D(-4; -3).
206. 3maiizits mromy TpuxkytEuka ABC, axmo A(-1; 3), B(2; 4), C(4; —2).
 207. 3maiigiTs mepumerTp i IOy TPUKYTHHUKA, CepeIUHAMU CTOPiH SKOTO
e rouku (—3; —1), (1; -1) i (1; 2).

@ MNoBTOpeHHA nepep BUBYEHHAM § 7

TeopeTuyHNN maTepian

. . ~
® TeOMEeTPUUHI MiCIId TOYOK; v 7 wuiac, § 22 )

° imifig HKIig Ta Ii r iK.
I a QYyHKIIA Ta pad (C anrebpa, 7 KJIaC)

3apaui

208. 306pasiTs Ha KOOPAUHATHIii IJIONIMHI reoMeTpUUHE Miclle TOUOK:

a) BimmasleHWX BijJ mMOYaTKy KOOpAMHAT Ha 4;

0) piBHOBigmasenux Bix Touok A(-1; 3) i B(5; —1).
209. 3naiigiTe reomeTpuuHe Miclle TOYOK, PiBHOBiAfajeHMX Bif BepIIUH
piBHOOGEAPEHOr0 HMPAMOKYTHOI'O TPUKYTHHKA.
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§7 PiBHAIHHA KONA i npAamol

Puc. 31. IIpama [ —
rpadik QyHKROII y=x

v N (x;4,)
M (x3y,)
JE—
F
O x

Puc. 32. [To osnauenus
piBHAHHA dQirypu
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7.1. PiBHAHHA ¢i2ypu HA NAOWAUHI

Ha ypoxax anrebpu Bu posridgaau (PYyHKIiI
i OyayBaau ixHi rpadikm y mpAMOKYTHili cucTemi
kKoopaumHar. Tak, Hampukjgan, rpadikom QyHKIil
y=x € mpaMa [, AKa IIPOXOAUTH Uepe3 TOUYATOK KO-
opauHat O (puc. 31). Ile osmauae, 10 KOOpAMHATHU
OyIob-AKOI TOUKM HPAMOI | 3aJ0BOJIbHAIOTh PiBHAHHS
y=x (Tobro € piBHMMM). Tarox Oynb-AKi ABa dumcIa,
10 3aJJ0BOJIBHAIOTH PDIBHAHHA Y = X, € KOODAMHATAMU
IedAKol TouKu npAMoi [. PiBHAHHA Y =X € Pi6HAHHAM
npamoi l. 3a JOIOMOroro PiBHAHBL MOYKHA OIMCYBATHU
¥ immri ¢irypu Ha IJIOITUHI.

O3HaYeHHA

PiBHSHHS 3 ABOMA 3MIHHUMU X i y HA3UBAETbLCS
piBHAHHAM @irypu F y npamokyTHiK cuctemi
KOOPAUHAT, SKLLO:

1) xoopauHatu 6yaAb-aKOi TOYkM @irypu F 3apo-
BOMbHAHOTbL Lie PiBHAHHS;

2) 6yab-sKi ABa uyucna, WO 3aA0BOJNbHAOTL Lie
PiBHAHHSA, € KOOPAUHATAMU [eaKoi TOYKU irypu F.

Tak, Ha puc. 32 KoopguHATU TOUKU M — uuc-

Ja X, i y, — 3aJ0BOJBHAKTL DiBHAHHA (irypu F,
a KoopauHatu TOYKM N — uwmcrna x, i y, — He 3a-
JOBOJILHAIOTE.

3a3Buyail y mporeci BUBUYeHHsS (iryp Ha KOOp-
OUHATHIN IJIOINHI BUHUKAIOTEL ABi B3A€MHO 00epHeHi
3amaui: mooynosa (irypu 3a JaHUM PiBHAHHAM i 3HA-
XOIKEeHHs pPiBHAHHA (irypu 3a il BJIACTUBOCTAMU.
Ilepmuit Bug 3amau BM HEOAHOPA30BO PO3B’SI3yBaJIH
B Kypci aaredpu, oyayooun rpadiku QyHKIiH Ta pis-
HAHb. PosrissHeMo ApPyruii BUJ 3aJad IMOJI0 KoJa
i mpamoi.
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7.2. PiBHAAHHA Kona
Teopema (npo piBHAHHA KoAa)

Y NpAMOKYTHIlA CUCTEMi KOOPAUHAT piBHSHHA Kona
paaiyca R i3 ueHTpom y Touui C(a; b) mae Burnag

(x—a)’ +(y-b)* =R?.

JloBedeHHs

O Hexa#i y nIpAMOKYTHill cucTeMi KoopAuMHAT
3alaHO KoJio paziyca R (R>0) i3 meHTpoM y ToU-
i C(a; b) (puc. 33). Ob6epeMo OOBiIJILHY TOYKY KOJIa
M(x; y). 3a osHaAUEHHAM KOJa BiJcTaHb Bij IeHTpPa
10 TOBiJIBHOI TOUKM KoJa AopiBHIOE R, To6To CM =R,
oTake, CM?=R?, 3anucaBIly I[I0 PiBHICTH Y KOOPAH-
HaTax, MaeMo:

(x—a)*+(y—-b)*=R2

Ockinmbkum M — noBibHA TOYKa KOJA, TO I
PiBHAHHSA 3aJ0BOJIBHAIOTH KOOPAWHATU OyIb-AKOl
TOUYKHU KOJa.

3rigHo 3 o3HaueHHAM PiBHAHHSA (irypu moBe-
nemMo obGepHeHe TBepKeHHA. Hexail umcna x, i y,
3aJOBOJILHAIOTh HaIllle PiBHAHHSA, TOOTO (xo—a)2+

+(y,—b)?*=R? abo \/(xo—a)z +(y,-b)’ =R. 3a @op-
MYJIOI0 BificTaHi MiK TOUKaMM IIe O3HAUae€, IO Bii-
craub Misk Toukamu M (x; y,) i C(a; b) nopisHIOE R.
Omxe, Toura M (x,; y,) € TOUKOIO Kosa paxiyca R
i3 meuTpom C.

TakumM ymHOM, OOMIBI BUMOTM OO0 PiBHAHHSI
¢irypu cupaBmKyioThcsa. Teopemy moemerno. M

Hacniook

Kono pagiyca R i3 LeHTpOM y no4vaTKy KOOpAUHAT
3040€TbCA PIBHAHHAM BUMNaAY
X+ y2=Re,
Vzaragi, Oyab-siKe PiBHAHHS BUTVIALY
(x—a2+ (y-b?=R?, ne R>0,
ommucye kKoJjo pazaiyca R iz meuTpom C(a; b).

y M (x; y)
R

b \C

(0] a x

Puc. 33. IIo nosenenus reo-
peMu Ipo PiBHAHHA KoJia
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& 3aaava

BusHauTte UeHTp i paaiyc Kona, 3a4aHOTO PiBHAHHAM X2 - 4x+y2+2y-11=0.
Posg'asaHHsa

3Benemo AaHe piBHSHHS 40 Burnsay (x-a)®+ (y- b)? = R2. Maemo:

x2-4x+y?+2y =11

Honamo po 060X YacTUH L€l piBHOCTI YUCna Tak, WO6 BUAINUTU KBAAPATU
AouneHis (x—a) i (y—b): (x*—4x+4)+(y2+2y+1)=11+4+1,
(x—2)2+ (y+1)?=42 Otxe, anaHe kono mae pagiyc 4 i ueHtp (2; -1).

Bianosiab: (2; -1), R=4.

7.3. PiBHAHHA npsamoil

I BUBeNeHHA PIiBHAHHS KOJIa MU CKOPHCTA-
JIUCS TUM, IT0 KOJIO € TeOMETPUUYHUM MiCIIeM TOYOK,
BimmaneHMX BiA maHOI TOYKM Ha 3aJaHy BicTaHb.
Haramaemo, m1o 3a TeopeMoOr0 IpPO CepeIMHHUN IIEp-
MeHAUKYJIAP IPAMY MOKHA OIMUCATH AK reOMeTpUuUHe
MicIte TOUOK, pPiBHOBigmajieHMX Bim KiHIIIB Bimgpiska.
3acTocyeMo Iei (PaKT OJIs JOBeIeHHA TaKOl TeOPeMIU.

Teopema (npo piBHAHHA NPAMOI)

Y NpsaMOKYTHIN CUCTeMi KOOPAUHAT PiBHSHHSA nps-
MOT Mae BuUrnsaa

ax+by+c=0, pe a, b, ¢ — peski uucna.

& O HaHo: A(x.:y,). B(X::y,). | — cepeauHHUli nep-
y neHaukynap fo siapiska AB, Mel, M(x;y).
A(x5 Y,) Hosect: ax+by+c=0 — pieHaHHS npamoi [ (a, b,
M(x;y) ¢ — uucna, aki 3anexaTb Bia A i B).
HoeseneHHsa
l B(x,;y,) TTpama [ — cepeAUHHWUV nNepneHAUKYNap 4O BiApis-
Ka AB, tomy AM=MB (puc. 34). 3anuiwemo Lo piBHICTb
© * B koopauHatax: (x-x) +(y-y) =(x=x) +(y-y.) :
Puc. 34. [lo nosexems X2 =2xx, + XZ +y? —2yy, + Y = X° —2xx, + X, +y° —2yy, +Yi.
TeopeMHu IPO PiBHAHHSA 3BeeMo ModibHi f4oAaHKU:

npAMoi

2(%, = x)x+2(y, — )y +(xF +yi = xi —yZ)=0.
66
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X, Vi, X2, Y, — uucCna; No3HAYUMO  2(x,—x;)=a,
2(y,=y))=b, Xt +yf =X —yi=C, OTPUMAEMO piBHAHHS
npamoi: ax +by+c=0. Ockinbku M(x;y) — AoeinbHa
TOUKa Mpamoi |, To pisHaHHA ax+by+c=0 3anosonb-
HAFOTb KOOPAWHATU 6YAb-9KOT TOMKU AGHOT MpPSMOT.

Hexaii remep uncia x,, i y, — KOOPAWHATH JESAKOL
TouKY M) — 3a/[0BOJIbHSAIOTH HAIlle PIBHAHHSA. ¥ [BOMY
Bunaaky M A= M B, To6To Touka M, piBHOBiJfaIeHA
Bim Touok A i B, OoTiKe, HaAJEKUTH CEPeIUHHOMY
OepUeHIUKYJIAPYy A0 Biapiska AB — mnpawmin [.

Ha zaBeprmienHs moBeleHHs 3ayBasKMMO, IIO,
ocKinbKM A i B — nBi pisui TouKm, To xoua 0 omHa
8 pisauns (x,—x,) abo (y,—y,) He NOPIBHIOE HYIIIO,
TOOTO X0ua 0 ofHe 3 umces a abo b 000B’A3KOBO
Bimminue Big Hynsa. W

Vsaramai, Oyab-ike PpPiBHAHHA BHUTJIAIY
ax+by+c¢=0, e a i b He HOPiBHIOIOTH HYIIO
OIHOYACHO, OIHUCYE MeAKYy MPAMY.

Bupginumo Tpu oxpemi BUIIAAKM PO3MIiITeHHSA
OPSAMOI B IPSIMOKYTHIN CHUCTEeMi KOOPAMHAT.

1) a=0, b=0. ¥ 1pboMy BUIIAAKy PiBHAHHS
npamoi HaOyBae Buriapy by +c=0, a6o y=y,, ne
Yo :—% — pesake uucio. Ilpama y =y, napasienbHa
oci abcruc (puc. 35, a) abo 30iraerbcsa 3 Hero (piBHAH-
HA oci abcriuc mae Buraaz y = 0).

2) a#0, b=0. ¥V 1poMy BUIIAAKY PiBHAHHSI
npsamoi Habysae Buriaxy ax+c=0, abo x=x, ne

c
Xy =—— — peaxe uwmcyo. [Ipama x =x, napajeabHa

a
oci opguuar (puc. 35,6) abo 36iraerbca 3 Hewo (piB-
HAHHA oci opamHaT Mae BUriang x = 0).

3)a+#0,b+#0, c=0. Y nbomMy BUIIaAKYy PiBHIH-
HA mpamoi HaOyBae Buriany ax +by =0, abo y=kx,

Ie k= —% — pmesAxke umcyo. Ilpsama y = kx IpoxXoquTh

yepes MouaToK KoopaumHaT (puc. 35, 8).

%

Yy
Y Y=y,
O x
a
Yy
X=X,
(0] Xo x
0
Yy
y=kx
o) x

B

Puc. 35. Oxpemi Bunagxu

posMilieHHA IPsAMOol
B CHCTEMi KOOpAMHAT
[duB. Takox c. 68]
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y 3a3HaunMOo TaKOK, 10 IJIs IPAMUX, He Imapa-
y=kxt+tm JIeJIBHUX OCi oppmHAT, PiBHAHHA ax + by + ¢ =0 MoxK-

. a c
/m Ha TOJaTH y BUIIALL y=—gx—; , abo y=kx+m,

Ie ki m — pmedaxi uucia (pi6HAHHA He6epMUKALLHOL
/ o) *  npamoi) (puc. 35,2). Came Takuil BUIVIAMN DiBHAHHS
IPAMOL 3pyYHO BUKOPUCTOBYBATHU AJIsI PO3B’A3YBAHHS

r IesAKUX, 30KpeMa ajredpaiuyHux, 3amad.

ﬁ 3aaaua

CKNaAiTb piBHAHHS MPAMOI, SKa NpoOXoauTb Yepe3 Touku A(-6; -1) i B(3; 2).

Puc. 35. [3akinuenns]

Po3ss'asaHHa
Ockinbku abcumcu To4ok A i B He piBHi, npama AB He napanenbHa oci
opaviHat. OTxe, 6yAeMO WYKATWU 1T PiBHAHHA y BUrNaai y=kx+m.
3a ymoBOrO 3aAavi KOOpAUHATU TOUOK A i B 3040BOSBHAKOTH LWYKAHE piB-
-1=-6k+m,
2=3k+m.

HSHHA, To6TO {
. . 1
Posg'askom cuctemu umx piBHaHb 6yde napa k=§, m=1. Takum YumHoOMm,

y=%x+1 — WYyKaHe piBHAHHA.
3Benemo Horo fo surnaay ax+by+c=0: 3y=x+3, x-3y+3=0.

Bianosiab: x—3y+3=0.

3ayBasKuMoO, IO IIPABUJIBHOIO BiATIOBiAAI0O B IIiii 3amadui € TakoxK
Oynb-AKe PiBHAHHSA, sSKe MOKHA OTPUMATH 3 HaABEIEHOTO MHOXKEHHSIM
000X YacTHH Ha YKCJIO, BigMiHHe Bim HYyJId.

3anumaHHa i 3a0aydi

k YcHi BnpaBu

Hassith 1menTp i pazgiyc xoJja, 3aJaHOro PiBHIHHIM:
a)x2+y2:25, B) x2 + (y + 3)? = 2.
6) (x + 472 + (y — 7)? = 100;
¢” 211. Ilemrpom koza paziyca R e mouaTok KoopguHaT. CKiTbKY TOUOK IIepe-
TUHY 3 OCAMM KOOpPAMHAT Mae Ie Kojo? HasBiTh KOOpAMHATU IUX TOYOK.
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212. Kono sagame piBHAHHAM (x — 3) + (y — 5)? = 16. Uu meperuHae me
KOJIO Bich abciuic; Bich opamHAT?
¢” 213. Cepex nmpsamux 2x — 3y = 0,4y — 8 =0,3x +y + 9 =0,5 — 10x = 0

BUOepiTh mpAMi, AKi:

a) mapaJiesibHi oci abciuc;

0) mapaJjeJbHi OCi OpHuHAT;

B) MPOXOISATH Uepe3 IIOUYATOK KOOPAWHAT.
214. TIIpama npoxoauts depes Touku A(4; 0) i B(4; 3). Yu npoxoauTh BOHA
yepes Touxku C(4; —1) i D(0; 4)?

‘L MNpadiuHi BNpaBm

215. Tlo6ynyiiTe B mpaAMOKYTHiil cucTeMi KOoOpaMHAT KOJO, 3aJaHe piB-
HAHHEAM (x — 42 + (y + 1) = 9, i mpamy x — y + 2 = 0. ITosHaure Ha pu-
CYHKY:
a) [ABi TOYKU 3 I[iJTOYNCJIIOBUMHU KOOPAWHATAMU, AKi JIeKaTh Ha JaHO-
MYy KOJIi 11 He JleKaTh Ha HAaHIN IIPAMIi;
0) IBi TOUKM 3 IiJIOUMCIOBUMHU KOOPAMHATAMU, AKi JeKaTh Ha JaHil
OpAMif i He JleKaTh Ha JAHOMY KOJIi;
B) TOYKM IIePETUHY KoOJia i mpsaMoi.

4 216. To6ynyiite B mpAMOKyTHI crucTeMi KOODAWHAT KOJIO, 3afaHe DiBHAH-
HAM (x + 4)2 + (y + 4)? = 25, i npsmy, AKa TPOXOJUTH Yepes LEHTP I[HOro
KoJIla i IToYaTOK KOOpAWHAT.

a) 3amumIiTh PiBHAHHA TOOYZOBAHOI HIPAMOi.

6) BusHauTe 3a pUCYHKOM KOODAWHATU TOYOK IEPETHUHY KOJIA 3 OCAMU
KoopamHaTt. IlepeBipTe oTpuMaHi pe3yabTaTH MiICTAHOBKOIO V PiBHIH-
HA KoJja.

w\ NMucobmoBi Bnpasu

PiBeHb A

217. Busnaure, saki 3 Touox A(-1; 5), B(—4; 0), C(5; -3), D(-3; 1), E(2; 1)
JlesKaTh Ha KoJii, samamomy piBHsHHsAM (x — 2)2 + (y — 1) = 25.
218. Ckragite piBHAHHS Koja:

a) pagiyca 3 3 meHTpom (—2; 1);

0) 3 IIEHTPOM y IIOUATKY KOOPAMHAT, SKEe IIPOXOAUTH Uepe3 TOou-

Ky (—4; —3);

B) 3 miamerpom AB, sakimio A(-2; 1), B(2; 1).
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219. Cxnagits piBHAHHA Kosa 3 IeHTpoM A i pagiycom AB, akmo A(1; 1),
B(-3; -2). dxi 3 Touok C(4; 5), D(—4; 1), E(1; 4) nmexaTh Ha IIbOMY KOJIi?
220. Ha xoui, 3aganomy piBHAHHAM x2 + y? = 100, 3HAWIITL TOYKH:

a) 3 aOcrucoro 8;

0) 3 opamHaTol —6.

221. Busnaure, UM Mae KoJIO, 3afiaHe piBHaAHHAM (x + 2)%2 + (y — 1) = 5,
CHiJIBHI TOUKM 3 OCAMU KOOpAMHAT. SHAULITh KOOPAUHATU ITUX TOYOK.

222. Kono 3agase piBHAHHEAM x> + (y — 1)? = 4. 3HAHLITh TOUKHU IePETUHY
IILOTO KOJIA 3 OCAMHU KOODJHUHAT.

223. Busnaure, aki 3 Touok A(3; 1), B(-3; 0), C(12; 5), D(1; 0), E(-9; -2)
JIeXKaTh HaA MPAMil, 3amaHiid piBHanHAM X — 3y + 3 = 0.

224. Ckrnagits piBHAHHA IpAMOI, AKa IPOXOAUTH depesd TOUKy (—6; 2) i:
a) mapaJieJabHa OCi OpAWHAT;
6) mapaJjesbHa oci abciiuc;
B) IIPOXOAUTH Uepe3 IIOUATOK KOOPAMHAT.

225. Cxknazits piBHAHHA HpaMoi, AKa IPOXOAUTH Yepe3 IIOUATOK KOOP-
IVHAT i IIeHTp KoJja, 3ajgauoro piBHaHHAM (X + 3)2 + (y — 3)? = 1. Busuau-
Te, AKi 3 Touok A(-1; —1), B(-8; 8), C(12; 12) mexkaTh Ha Iill mpAMiii.
226. 3naiifiTh TOUKU IEepeTHHY:

a) opamux 2x — 8y + 1 =01iy = 3;

6) nmpamoi 3x + y + 6 = 0 3 ocaAMU KOOpAMHAT;

B) mpsimoi x — y = 0 i koma x% + y? = 8.
227. Iosenits, mo Koo (x — 2)? + (y + 3)> = 4 HOTHKAaeThCA IO OCi opau-
HaT. S3HAUIITE KOOPAMHATU TOUKU JOTHUKY.

228. 3muaiifits TOuKy mepeTuHy mpamMux 2x —y — 9 =0iy = — x.

PiBeHb b

229. BusnHauTe IeHTP i pajiyc Koja, 3aJaHOTO PiBHAHHAM:
a) x2-6x+y*+ 2y — 6 =0;
6) x2+y*+ 10y + 24 = 0.
230. Ckragmite piBHAHHA Koja:
a) 3 miamerpom AB, akmio A(-1; 5), B(5; —3);
6) ommMCaHOTO HABKOJO PiBHOCTOPOHHBLOTO TPUKYTHUKA 3 TOUKOIO
nepetuHy MmexniaH (—4; 9) i nmepumerpom 63 ;
B) BmmcaHoro y kBaapar ABCD, skiio A(-1; -3), B(-1; -1), C(1; -1),
D(; -3).
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4 231. Cxnagits piBHsEEA Koja:
a) BIHCAHOTO B POMO, AiaroHaJi skoro mopiBHMOTH 15 i 20 i jgexaTh
Ha OCAX KOOPJMHAT;
0) omMcaHOTO HABKOJO IIPAMOKYTHOTO TpuKyTHuUKa ABC, AKIIO
ZA = 90° B@4; 0), C(-2; -8).
232. Kono 3 nearpom C(—4; 5) motukaersesa Ao oci aberuc. CKIagiTh pis-
HAHHA IIHOT0 KOJIa i 3HAWAITHP TOUKU HOTO MEPETUHY 3 BiCCIO OpAWHAT.
" 233. Ckiaxite piBHAHHA Kin pajgiyca 2, AKi MalooTh IeHTp Ha oci abciuc
i TOTMKAITHCA IO OCi OpAUHAT.
234. CkrnagiTh piBHAHHSA IpPAMOI, AKAa:
a) mpoxomuTh uepes Touxku (—1; —6) i (1; 2);
0) IPOXOAWTHL Uepe3 MOYATOK KOOPAMHAT i IeHTp Koaa x2 + 4x +
+y* -2y +4=0;
B) IepeTuHae oci koopaumHaAT B Toukax (-3; 0) i (0; —3).
C 235. CkuaziTh piBHAHHSA IPAMEX, IO MIiCTATH CTOPOHU TpuUKyTHUKA ABC,
akmo A(-1; -1), B(-1; 3), C(2; 2).
236. 3HaiifiTh TOUKY IepeTUHY NPAMUX:
a) 3x +y+5=0ix-2y—-3=0;
6) x —y+1=01i2x->5y+5=0;
B) mOTMYHUX 10 Kosa x2 + y? = 4 B Toukax (2; 0) i (0; —2).
237. 3naifiniTh TOUKU IepeTHHY:
a) mpsamoi x — 3y + 6 = 0 i xosa (x — 2)2 + (y — 1)? = 25;
0) xim (x — 22+ y2 =11 x%+ y? = 5.
4 238. Mano xomo (x — 32 +(y-2°=8 i mpami x —y +3=0 Ta
x +y — 9 = 0. 3HalgiTh TOUKY NEPeTUHY HAHUX NPAMUX i CILJIbHI TOUKHU
KOJKHOI 3 HUX i KoJia.

PiBeHb B
239. Ckiagith piBHAHHA KOJa:
a) AKe Ma€ IEeHTP Ha oci opamHAT i mpoxXonuTh yeped Touku (—5; 1)
i(3;59);

0) sKe Mae pajiyc 242 i npoxoauTth yeped Touku (1; 4) i (5; 4).
 240. Ckuazits piBHAHHA KoJa paziyca 5 3 meHTpoM Ha oci afcuuc, SKIIO
BOHO IpoxXoauTh uepes Touky (1; —3). CKiibKu po3B’sI3KiB Mae 3amaua?

241 (onopHa). PisuanHa npaAMoOi, AKa NepeTHHAE OCi KOOPAMHAT y TOY-

Kax (a; 0)i (0; b), ne a # 0i b # 0, mae BUTIA £+% =1 (piénanna npa-
a

moi y eidpiskax). JloBeniTh.
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242. Nosenits, monpami x +y —5=0,2x —y-4=0ix-3y+3=0
MepeTUHAIOTHCA B OAHIN TOYILI.
243. 3uaiifiTs HOBKUHY XODAM, AKA YTBOPIOETHLCS B PE3yIbTaTi MepeTHHY
Kona (x + 4?2 + (y — 3> = 4 mpamoio x —y + 9 = 0.

4 244. 3najinits mepuMeTp TPUKYTHHKA, OOMEMKEHOTO IPAMHMI
4x -3y +3 =0, y =1, x = 3. CruazgiTey piBHAHHA NOPAMOI, IO MiCTUTH
MemiaHy TPUKYTHHUKA, IPOBEIEHY O CEPEIHBOl 3a HOBXKUHOIO CTOPOHU.

Q NMoBTOpEHHA nepepn BUBYEHHAM § 8

TeopeTnuHnn matepian
e  BJACTUBOCTI I O3HAKH; (C 7 wnac. o 13 2)

e B3aeMHe po3MilleHHA rpadikiB

~
mimifiEux OyHKIIH; < aaredpa, 7 Rnac)

®  BUIW YOTUPUKYTHUKIB. O 8 kinac, § 4, 5)

3apaui
(& 245. Cpopmy.oiite i TOBeAiTH TPH 03HAKU KBAIpATA.
246. [IBa TPUKYTHUKM BIUCAaHiI B ogHe K0J0. CTODOHM OJHOIO 3 HUX JO-
piBHIOIOTE 7 cM, 15 cm i 20 cMm. S3HAKAITL CTOPOHU APYIOr'0 TPUKYTHUKA,
AKIO BiH € ermmeTchbKuM.”

“ Haragaemo, II[0 €rUIETChbKUM TPUKYTHUKOM HA3WBAETHCA MPAMOKYTHUN TPUKYTHUK,
CTOPOHU SIKOTO BimHOCATBHCA AK 3:4:5.
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§ S Memoo KoopouHam

8.1. Po03B'A3yBAHHA 3ada4 MemoooMm
KoopouHam

dopmysnu i piBHAHHA, OTPUMAaHI B ITbOMY PO3/Ii-
JIi, JaIOTh MOYKJINBICTH BUBUATHU TeOMeTPUYHI (hirypu
Ta iXHiI BJIACTMBOCTI 3a JOIIOMOTOI0 PiBHSAHBL i HEPiB-
HOCTeli, TOOTO BUKOPHCTOBYBATH B reoMeTpil 3aco0u
anareopu. Taxkuii MeTO[ HOCTIMKEHHS I'eOMEeTPUUHUX
(qiryp HaszwBalwTh METOIOM KOOPJAUHAT, a BiATIOBiA-
HUU PO3[ija reomeTpii — aHasimuunow zeomempiceio.

3aaaua &

Hosepnits, WO cyma KeBaapatie AiaroHanew Tpaneuii
LOPpiBHOE CYMi KBAApaATiB 6iYHUX CTOPIH, AOAGHIM AO no-
ABOEHOTO A06YTKY OCHOB.

Posg'azaHHsa v} B(a;b) Cles b)

CopMyn+oeMO 3aAavy B KoopauHatax. [Ong uboro
po3MicTUMO AaHy Tpaneuito ABCD y cuctemi xoopauHat
Tak, Wob6 i BepwuHU manu koopauHatu A(O; 0), B(a: b),

C(c: b), D(d:; 0) (puc. 36). x
Bupasumo cymy keaapatie aiaroHaneli Tpaneuii yepes A(0; 0) D(d; 0)
KOOPAUHATU 1 BEpLUUH:
AC?+ BD?=c2+b?+(a-d)?+b?=a?+2b%+ c?+ d? - 2ad. Puc. 36

O6YnNCNUMO AOBKUHU OCHOB Tpanewuir:
AD=d, BC=c-a.
Bupasumo B koopanHATAX CYMy KBAAPATiB 6iUHUX CTOPIH:
AB?+(CD?=a?+b?+(c-d)2+b?=a?+2b?+ c? + d® - 2cd.
Honaroun po uboro Bupasy NOABOEHUU [06YTOK
OCHOB, MAEMO:
AB?+ (CD?+2AD - BC=a?+2b? + ¢+ a? - 2cd + 2cd - 2ad =
=a?+2b%+ c?+ d?- 2ad,
wo W Tpeba 6yno noeectu.
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OT:ke, PO3B’sIByBAHHSA IeOMETPUUHOI 3a7adi MeTOZOM KOOpPAUHAT
CKJIAJJAETHCA 3 MPbLOX OCHOGHUX emanie:

1) chopmysroBaTH 3a7jauy MOBOIO KOODAMHAT;

2) mepeTBOpUTH aJjirebpaiuHi BUpasu, KOPUCTYIOUNCH BiIOMUMU CIIiB-

BigHOIITEHHSAMU Ta QOPMYyIaAMU;

3) ImepeKJIacTH OTPUMAaHUM Pe3yJIbTaT MOBOIO I'eOMeTpii.

Ha mepirtomy etaii po3B’sa3yBaHHS 4acTO HeOOXiJHO 3amaTu Ha ILIO-
II1e KOOPAMHAT PO3IVIAAYBAaHUX TOUOK (Pirypum mOpiBHIOBAJIMW HYJIIO abo
JIETKO BUPA’KaJINCh Uepe3 HeBeJIMKY KijnbKicTh mapamerpis. Ile mosBosse
MaKCHUMAJbHO CIPOCTUTH MHOMAJBII ajredpaiuHi mepeTBOpeHHS.

8.2. B3dEMHe pPO3MillieHHA npAMUX
y cucmemi KoopouHam

Ax Bimomo 3 Kypcy aaredbpu, y PpiBHAH-
Hi HeBepTUKAaJbHOI HpAMOI y=kx+m uyucio k
HasMBalOTh KYTOBUM KoedinienTom npamoi. Hexait
npsAMa IpoxXoauTh yepes Touku M(x; y)) i N(x,; y,)
i yTBOpIOE 3 HOJATHOIO IiBBiccCiO oci abcIiyc rocTpuii
KyT o (puc. 37, a). Bupasumo 3 OpAMOKYTHOTO TPU-
kyTHUKa MNK TaHTeHC KyTa o.

a
tgoa=tgZNMK =£ ,
MK

Y=Y _ (kx, + m)—(kx, + m) _ k(x,—x,) _

tga= k.

Xy =X X, =X, X, =X,
Y Bumaaky, Koam KyT o Tynuil (puc. 37, 0):

tga=tg(180°-ZLNMK)=-tg ZNMK ,

tgo=—L"H ST _p

0 X, =X, X, =X

OTsxe, KyTOBHI Koe(il[icHT MPAMOI £ qOpiBHIOE
TAaHTeHCYy KyTa HAXUJIy IPAMOI A0 TOTATHOI IiBOCi
oci aocuuc.

Puc. 37. BusnaueHHs KyTO-
BOTO KoedirieHTa mpsamoi

TeomeTpuunnuii smict unucen £ i m y piBHaHHI
Yy =kx+m yHaouHEHO Ha puc. 38.
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Teopema (Kpumepili napanenbHOCMi NPAMUX
y cucmemi KoopOuHam)

TTpami [, i 1, 3a;aHi piBHSHHAMU y = KX+ m,
i y=k,x+m, BiANOBIAHO, NapanenbHi TOAI U TiNbKK

Toai, konu k =k, i m;zm,.

JoBedeHHs

O 1) Baacmusicmeo.

Hexait [ ||1,. ¥ Bunaaky, kojau obuaBi mi npami
napaJjiesbHi oci abenuc, k, =k,=0 i TBepAsKeHHSA TeO-
pemu oueBuaHe. B inmomy Bunanky (puc. 39) o, =,
AK BIANOBIAHI KyTHM NIpU NapaJelbHUX NPAMUX [
i l, ra ciumiii Ox. Orxe, tgo, =tga,, T06TO K =FK,.
OueBugHO, 110 M, # M,, OCKiIbKY B iHIIOMY BUNIAJKY
maHi npsami s36iramTbes.

2) O3naka.

SAxmo k, =k,=0, TBepAKeHHA TeOpeMHU OdUe-
BugHe. IIpoBenemMo moBemeHHA O BUIAAKY, KOJU
IaHi IpAMi YTBOPIOIOTH 3 AOMATHOIO ITiBBiccIO oci abc-
muc rocTpi Kytu (iHIMUA BUOAIOK PO3TVIAHBTE CAMO-
critino). Hexait kB =k, i m #m,, sBigku tgo, =tga,.
OcCKiJTbKM piBHUM I'OCTPUM KyTaM 0. BiIIIOBiat0Th Pis-
Hi TaHTEHCH, TO O, = 0., OTIKE, 38 O3HAKOIO IapaJjieib-
HocTi npamux [ ||l,. Teopemy nosemeHo nosHicTio. W

Teopema (Kpumepili nepneHouKynsipHocmi
NpsAIMUX y cucmemi KoopouHam

TTpami [, i [,, 3a;aHi piBHAHHIMU y= Kk x+m,
i y=k,x+m, BiaAnNOBIiAHO, NepneHAUKYNsSpHi ToAi

W Tinbku Toai, Konu K, - k,=-1.

JloBedeHHs

O 1) Baracmusgicmeo.

Hexait [ 11, (puc. 40). I3 1pAMOKyTHOrO TpH-
KyTHuka ABC (£C=90°) maewmo:

tgo, =tg LCAB :B—C =ctg ZCBA =
AC
_ 1 _ 1
tg(180°—0,)  tga,
Orxe, tga, -tgo, =k, -k,=-1.

1 J—
tg ZCBA

§ 8. Meton koopgmHat
k=tgo

o

o x

Puc. 38. 'eomeTprunmit
3mict ki m y piBHAHHI
npAMOoi

Puc. 39. Ilo noBenenusa
BJIACTUBOCTI 11 OBHAKHU
napaJjieJbHOCTI IPAMUX

Puc. 40. [To noBeneHHs
BJIACTUBOCTI ¥ O3HAKH
NePIeHINKYJIAPHOCTIL
IPAMUX

75



Po3gin Il. KoopanHaTti Ha NnowmHi
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2) O3Haka.

Hexaii k, - k,=-1, To6TO K = —ki . Ockinbru k =tga , k,=tga,

(nus. puc. 40), To
1

tg ZCAB=— =
tg(180°— ZCBA) tg /CBA

=ctg ZCBA.

BpaxoBytouwn, mo ctgo=tg(90°—-a), maemo: tg LCAB=1g(90°—
— ZCBA). Ockinpku xyT CBA roctpuii, To Kyt (90°— £ CBA) TaKoXK ro-
crpuii, omixke, L CAB=90°—-ZCBA. Toxni LCAB+ ZCBA=90° T1006TO
ZC=90° Teopemy moBemeno moBHicTo. H
3aaava
BusHaute, un € cepea npamux x-3y-3=0, 3x+y-9=0 i x-3y+12=0
napanesibHi a6o nepneHAUKYIspHi.
Po3s'a3aHHs
TToaamo piBHAHHA AAHUX NPAMUX Yy BUrnagi y=kx+m:

1 1
y=§X—1, y=-3x+9, y=§X+4.

1
OTxXe, OCKinbKu %~(—3):—1, npsami yzéx—l i y=§x+4 nepneHamKy-
1
napHi ao npamoi y=-3x+9. Ockinbku §=€ i -1%4, To npami y=%x—1

! 1 .
iy= §x+4 napanenbHi.

8.3. 3acmocyBaHHA KOOPOUHAM 00 pO3B'AI3YBAHHA 3A0aY
HA BiOWYKAHHA TMT

Posp’sszyBanua 3amau Ha Bimmyxkanus I'MT 3a momoMororo MeTomy
KOOpAnHAT Iependadae ABa OCHOBHI eTaIru:

1) cknagaHHa PiBHAHHA 3 JBOMAa HeBijoMmMu X i y, AKe 3a10BOJIBL-
HAIOTHL KOOpAHHATU OyAb-sikol Toukm imyxkamoro I'MT. Ha mpomy erami
OOI'DYHTOBYETBCA IPAME TBEPIMKEHHA: AKIO Touka M(x; y) — HOBiaIb-
Ha Touka mrykanoro I'MT, To ii KoopauHATH 3a0BOJBHSAIOTH 3HAliIEHE
PiBHAHHS;

2) noBemeHHs 00ePHEHOT'0 TBEPAKEeHH: OyAb-AKa TOYKa, KOOpAnHA-
TU AKOI 3aJ0BOJILHAIOTDH 3HAlIeHE PIBHAHHA, HAJEKUTH IryKanomy I'MT.



§ 8. Meton koopgmHat

3aanaua ﬁ

HaHo Toukm A i B. 3HalifiTh reometpuuHe micue TO- y Nty
YOK MNOWMHKU, ANS aKux pisHuus MA? - MB? popisHroe
cTanomy uucny k.

Posg'azaHHs

Bubepemo cuctemy KOOpAUHAT Tak, Wob Touku A i B / x
flexanu Ha oci abcuuc, a cepeauHa Biapiska AB 36ira- A(_l; )O B(i;o)
naca 3 noyatkom koopauHat (puc. 41). Hexah AB=gq, 2

Puc. 41

TOAI AGHI TOYKU MATUMYTb KOOPAUHATU A(—%:O) i B(%;O).

Ons poeinbHOT Toukum M(x;y) 3a ymoBoro 3aaavi
MA? - MB? = k. 3anucaBwu LK YMOBY B KOOpAUHATAX,

2 2
MAEMO: (x+%) +y2—(x—%) -y =k

Cnpollyroum Ueli BUpas, oaepkumo: 2ax =k, 10610 x=21.
a

. k
OTxe, KOXHa Touka WwykaHoro MT Hanexutb RApamin x=2—, aKka napa-
a
JlenbHa oci opAnHaT (TO6TO NepreHAUKyYnapHa A0 npamoi AB) i npoxoauTs uYepes

— k
TOYKY (ZLO) T Hanaku: aKkWwo Touka M(x;y) nexuTb Ha ﬂpﬂMlMXZZ, TO i
a

KOOpAUHATU 3aA0BONbHAKOTL piBHAHHS MAZ - MB? = k, oTxe, Touka M Hanexutb
wykaHomy TMT.

3anumaHHa i 3a0avi

‘. YcHi Bnpasu

247. Ksazpar 3i cToponoio 1 posmimienuit y cucreMi KOOpAmHAT
TakK, III0 TPU HOTO BEPINHWHU JIeKATh Ha OCAX KOOPAWHAT, a ueTBep-
Ta — B NEpIHIiil KoopauHaTHi uBepTi. HasBiTh KoOpamHATU BEPIITUH
KBajpara.

248. Powm6 i3 miaronansamu 6 i 8 posmimenuil y cucreMi KoopauHAT
Tak, II[0 Or0 MiaroHAaJIi JiesKaTh Ha OCAX KOOPAWHAT, IIPUUOMY OiJb-
I1a giaroHaJb — Ha oci abciuc. HasBiTh KoopauHATH BepIIXH pomba.
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249. Haspits KyTOBUil Koe®ilieHT mpamoi, axa:
a) mapaJjesbHa npamiui y = —-0,5x + T
0) mepneHAMKYyJIApHA a0 npamoi y = —0,5x + 7.
¢” 250. Onna 3 ocmos Tpamemii JexuTh Ha oci abenuc. SIKUM DiBHAHHAM
3aJJa€ThCA MPsMa, [0 MICTUTH APYrY OCHOBY, AKIIIO BHCOTA Tparerii mo-
piBHIOE 8? CKiJbKHU PO3B’sI3KiB Mae 3amadua?

‘L MNpadiuHi BNpasm

251. Poswmicrite y cucremi koopauHAT piBHO-
OenpeHnil TPUKYTHUK 3 OCHOBOIO 6 i OiuHOIO
CTOPOHOIO 5 Tak, 106 OCHOBA i BepIIMHA, IIPO-
THJIeKHA OCHOBI TPUKYTHUKA, JIeKaJl Ha 0CAX
KOOpAMHAT. BU3HAuUTe KOOPAMHATHU BepIINH
TPUKYTHHUKA.

" 252. Posmicrits y cucTemi KoopAZuMHAT NIpA-
MOKYTHY TpaIlleiiro 3 ocuoBaMu a i b (a < b)
i Bucorowo h Tak, 00 ABiI CTOPOHU TpaIelrii
JIe)KaJim Ha OocAX KoopawHaT. BuaHauTe KOOp-
OIUHATYU BEPIIUH Tpalelrii.

w NMucbmoBi Bnpasu

PiseHb A
253. Cxrnagits piBHAHHSA mpAMOi, AKAa:
a) mapaJiesbHa npamii 2x + 3y + 1 = 0inpoxogutsk yepes Toury (1; 1);
0) mapasesbHa mpaMii x + y — 14 = 0 i TPOXoaAUTH Yepe3 IMOYATOK
KOOpAUHAT.

4 254. Nano mpamy 2x — y+4 =0 1iroury A(1; 1). Yepes Touky A mpo-
BeIeHO MpAMY, HapajiebHy HaHill, i mpaAMy, NepHeHAUKYIAPHY OO0 TAaHOI.
CkJaamiTh PiBHAHHSA IIUX OPIMUX.

255. losexiTs MeTomOM KOOpAMHAT, IO IapaJejorpaM, AKuii Mae piBHIi
IiaroHati, € IPAMOKYTHHUKOM.

256. loBeniTe MeTOOM KOOpAMHAT, IO CyMa KBaJpaTiB AiaroHaseil mapa-
JiejiorpaMa JOPiBHIOE CyMi KBaJApaTiB ycix HOro CTOpiH.

> 257. IlosexiTs MeTOmOM KOOpAMHAT, IO CepefHSA JiHiA Tpamernii mapasennb-
Ha 11 OCHOBaM.
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&k

258. Cxrnagits pipaamma I'MT:
a) piBHOBigmasieHWUX BiJ moyaTKy KoopamHAaT i Touku (—4; 2);
0) cyma KBajaparTiB BigcraHed Bim axux mo Touok (—1; 0) i (1; 0) mo-
piBHiOE 12.
259. Ckanaxites piBramma I'MT, pisHuma kBagpariB BizcTamed Bij axmx
mo Touok (1; 0) i (-1; 2) mopiBHioe 1.

PiBeHb b

260. CxnagiTs piBHAHHA NIpPAMOI, AKAa:
a) HaxwmJeHa M0 JoAaTHOI miBoci oci abcruc mig xyTom 60° i mpoxo-
nuth uepes Touky (0; 1);
0) HaxwmJyeHa A0 AoAaTHOI miBoci oci abcmme mix Kytom 135° i mpo-
xoauTh yepe3 Toukry (0; —1).
261. Cxnazits piBHAHHA AOTMYHUX 10 Koja x? + y? = 25 y Tourax (3; 4)
i (-3; —4). loBexitp, 110 IIi JOTUYHI HapaJiesibHi.
262. Tpu cTopoHM KBajpaTa JekaTh Ha OpaMux 3x +y + 1 = 0,
3x+y—-9=0, x - 3y — 3 = 0. Cxkaazniry piBHAHHA NpAMOi, Ha AKiU Je-
JKHUTh YeTBepTa cTopoHa KBaapara. CKiJIbKHM po3B’si3KiB Mae 3amaua?
263. Jlo crinu BepTUKaJIBHO IpHUCTaBJIeHO apabuny. Ha cepenniii cxommHIi
IpabuHU CUAUTDH KilmKa. XJIONMEIlb IMIOUYMHAE PyXaTu ApabuHy TaK, IO OJUH
i1 KiHeIb mepeMiniyeTbCesa IPAMOJIIHIHO IO 3eMJIi, a iHIIIUA — BEePTUKAJIBLHO
BHUB y310B:K cTiHu. Ilo AKiil TpaeKTOpil pyxaTuMeTbCca KilllKa, SAKIMO BOHA
BeChb Yac CHUIiTMMe mocepefuHi mpabunu? 3acTocyiiTe IJs PO3B’A3yBaHHA
3a7a4i MeToa KOOpAMHAT.
264. TIpama BigmaneHa Bif menTpa kojaa pajgiyca R Ha Bigcrams d. Jo-
CIifgiTh B3aeMHe PO3MIiIlleHHs KoJa i mpsaMoi 3ajekHo Bix sHauens d i R.
265. Bigcrans mix memTpamMu Kin 3 pagiycamu R i r mopismioe d. Ilocii-
IiTh B3a€EMHe PO3MIIlIeHHS KiJ 3aJiesXKHO Binm 3Hauenb d, R i r.

PiseHb B
266 (onopHa). PisusaHHA mpaMOl, 10 NPOXOIUTH Yepe3 TOYKH (X5 Y,)
-%, _ Y-y,
xZ - xl y2 - yl
267 (onopHa). Ipami ax + by + ¢, =01i a,x + b,y + ¢, = 0 mepmen-
AUKYAAPHi TOAL ¥ TiIBKM TOHi, Kouu a,a, + b,b, = 0. [losexirs.

i (x,; y,), Mmae Buraag . HoBemiTs.

268. Karer i rinorenysa NpsaMOKYTHOIO TPHKYTHUKA JOPiBHIOIOTH BifIoO-
BigHO a\/§ i av/3 . HoBenits, 110 MeqiaHuW, TPOBENEHI A0 IIMX CTOPiH, B3a-
€MHO TePIeHIUKYJIAPHI.
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<

269. V npamorytaury ABCD AB = 2a, AD = 5a. Ha croponi AD mosHaue-
HO Touky K Tak, mo AK = a. [oBexits, 1mo BK 1 KC.

% 270. Ha xoui pazxiyca R mosHaueHO TOUKy A. BHaAimiTh reoMeTpryYHe Micie

<

cepeluH YCiX XOpJ SAHOIO KO0JIa, IKi BUXOTATHL i3 TOuKu A.

271. YV npamoxyTHOMY TpuKyTHUKY ABC Z/C = 90°. 3HaiigiTs reomeTpuy-
He Mmicie Touok M Takux, mo MA? + MB? = 2MC?.

@ NoBTOpeHHA nepep BUBYEHHAM § 9

TeopeTnyHnn martepian

e akcioma BuMiploBaHHSA Bifpiskis; (C 7 kiac, 1. 2-2)
e pisHi girypu. [C 7 Kjac, I. 7.2)
3apaui

272. [iarouani pisHoGenpewoi Tpamenii ABCD (AD|| BC) TepeTHHAIOTHCH
B Tourli O. HoBeniTek piBHicTs, TpukyTHUKiIB AOB i DOC.
273. Bepmunu tpuxkyTtHuka ABC MmaioTh koopauHatu A(-2; 1), B(-1; 4),
C(1; 4). 3uaiigiTs Ha KOOPAMHATHIN IJOMIMHI TOuKy D Taky, IIO:

a) AABC=AADC; 6) AABC=ACDA.

(i,' OHﬂaﬁH-TeCTYBaHHﬂ ana HiArOTOBKI/I

80

AO KOHTPOJIbHOI po6oTu N2 2

3apavi gna nigrotoBKU A0 KOHTPONbHOI po6oTn N2 2
1. Bigpisox BD — wmegiama TpukyTHuKa ABC. 3HaiiTh KOOpAHHATHU
Bepmiuau C, akmio A(-1; 7), D(3; 1).
2. Touxu A(-3; -1) i B(5; 5) — kimni miamerpa kosa. 3HalgiTh pamiyc
IIHOT'0 KOJIA.

3. CkxaazniTs piBHAHHS KoJa 3 IeHTpoM (3; —4), AKe IPOXOJUTH Uepes II0-
YaTOK KOODAWHAT.

4. 3mnaiigiTh Touky nmepeTuHy npamoi 2x — 5y + 20 = 0 3 ocAMU KOOPAMHAT.
5. Busnaure, uu € Bigpizok AB miamerpom Kosa x? + 6x + y? = 0, AKIO
A(-15), B(-5;—5).

6. JloseniTs, 1m0 YoTUPUKYTHUK ABCD — NIPAMOKYTHUK, akio A(-2; 0),
B@4; 3), C(5; 1), D(-1; -2).



niocymku po3diny i

HAMNPOCTILWI 3A0AYI A PIBHAHHA ®IFYP Y KOOPAUHATAX

Koopdunamu
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cepedunu 6idpi3ka

Biocmano
MidHC MOUKAMU

N
]

B
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Yif--s

A : S
Xy X, x
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Uiy
o Eed, >
X, +X +
x= 1 Z,y:yl yZ
2 2

ABz\/(x1 —x2)2 +(y, —y2)2

Pienannsa
Kona
yT M(x; y)
R
b k C
(0] a %

(x—a)2 +(y—b)2 =R’

vt

/

Pienanna npamoi

/

k=tga

/o

ax+by+c=0
(a i b He NOPiIBHIOIOTH HYJIIO OMHOYACHO)

RV

Pienanna neeepmukxanvHoi npamor

el

N

U

S

(0]
y=kx+m, k=tga

KRV

OKPEMI BUNAAKWU PO3MILLEHHA MPIMOI B CUCTEMI KOOPAUHAT

I'pagiune 3HaveHnHA Koediyienmia Ocob6nueocmi
nodanns ma éuznnd pi6HAHHA po3miujenns
y? a=0, b=0. IIpsama mapaenabHa oci
abcruc abo 36iraeTnes
by+c=0abo y=
_ Y Y=Y 3 Helo.
Yo Y=Y, ey c
A€ Yo =" — . .
b Pienannsa oci abeyuc
S nesKe 4KCJIo y=0
o x
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OKPEMI BUMAAKW PO3MILLEHHA NPAMOI B CUCTEMI KOOPAUHAT

I'pagiune 3HaveHnHs Koediyienmia Ocob6nueocmi
nodanns ma éuznnd pi6HAHHA po3miuenna
1 a=0, b=0. IIpsama mapajeabHa oci
opauHAT abo 30iraeTbcsa
5e=57, ax+c=0abo x=x, PA
. 3 Helo.
ae X, =—— —
a Pignanns oci
N nedKe YncJjio opaunam
(0] Xy X
x=0
y a#0, b0, c=0.
ax+by=0 abo y==~kx,
a IIpsama mpoxoguTh
ne k= — — yepes MoYaToK
KOOpAMHAT
JleTKe YMCJIO0
0) X

B3AEMHE PO3MILLEHHA NMPAMUX Y CUCTEMI KOOPANHAT

Kpumepiil napanenvnocmi
npamux y cucmemi KoopouHam

Kpumepiil nepnendurkyaaprnocmi
npamux y cucmemi Koopounam

IMpawmil, il,, sanani piBHAHEAMY

ITpawmil, il,, sanani piBHAHHAMY

y=kx+m iy=Fk,x+m,Bignosina-
HO, IapaJieJbHi TOAi # TiAbKU TOM1,
Konu k,=k,im, #m,

y

oY X
l/ 1

Do

y=kx+m iy=k,x+m,Bignosingxo,
MePIeHANKYIAPHL Toal U TIIbKYT
TOAL, Koo K, - k,=—1

N

y

N\O
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Migcymkn po3giny |l

KoHTponbHi 3anutaHHA Ao pospainy I

OnuIriTh TPAMOKYTHY CHUCTEMY KOODAWHAT HA IJIOIWHI.
HoBenits hopMynm KOOPAMHAT CEPeIWHM Bimpiska.
IoBeniTh (hopmyay BimcTaHi MisK TBOMa TOUKAMU.

3anuIriTh piBHAHHS KoJa Yy MPAMOKYTHIN cucTeMi KOOpAuWHAT.

w.h.wrv.ﬂﬁ

3anuiriTh PiBHAHHA IPSAMOI V IPAMOKYTHIM CHCTEMi KOOPAMHAT.

( HopaTtkosi 3apgavi no pospiny Il

274. iaromani mapauenorpama ABCD meperuHaloThca B Toumi O, mpu-
yomy A(-3; —1), B(0; 4), O(2; 1). 3uaiigites koopauaatu BepiiuH C i D.
275. Josenits, I110:
a) cyma alOCIiiC cepefuH CTOPiH TPUKYTHUKA MOPiBHIOE cyMmi aberuc
HOro BEpIIUH;
0) TOUKa IIepeTUHY MeAiaH TPUKYTHUKA, YTBOPEHOTO CepeqHiMu JIiHi-
SMH I[BOT'0 TPUKYTHUKA, 30ira€ThCsA 3 TOUKOIO IIEPETUHY MeAiaH I[bOT0
TPUKYTHUKA.
276. Ha oci opauHAT 3HaHAITH TOUKY, BifcTaHb Bif AKoi mo Touku A(l; 3)
yaBiui menmia, Hixk g0 Touku B(2; —3).
277. Iawmo touku A(-3; 1) i B(7; 1). CknazfiTh piBHAHHA IeOMeTPUYHOTO
micra Touok C Takux, 10 TpuKyTHUK ABC:
a) IPAMOKYTHUH 3 rimoreHys3oi0 AB;
0) mpAMOKYTHUII 3 KareTom AB.
278. Komo moTukaeTbcs O ocell KOODAMHAT, a HOTO IEeHTpP JeKUTb V APY-
rifli KoopAWHATHiIN uBepTi ¥ BigmaJeHWH Bim IIOYATKy KOOpPAMHAT Ha 242 .
CraagiTh piBHAHHSA IIHOT0 KOJIA.
279. Bepmuuu tpukyTHuUKa ABC MaloTh KoopauHatu A(2; —6), B(4; 2),
C(0; —4). CxaanmiTh piBHAHHA OPAMOI, SKa MICTHUTh CepPeaHIO JiHiio Tpu-
KYTHUKAa, mapaJjeabHy cropoHi AC.
280. [oseniTs, mo npami ax + 2y — 6 = 0i bx — y + 5 = 0 mepeTUHAIOTD-
cs 3a ymoBu a + 2b # 0.
281. CxrnagiTh piBHAHHSA IPAMOI, AKA IMepeTHHAE Koo x2 + y? = 25 y Tou-
Kax 3 abcrucamu —4 i 3 Ta Bick Oy y Toulli 3 HaAGiIBINIOIL 13 MOMKJIUBUX
OPAUHATOIO.
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3apauyi nigBULWEHOI CKNAaaHOCTI
282. CxriagiTh piBHAHHA KO0JIa, SKe IPOXOAUTEL uepesd Touku (3; 0) i (-1; 2),
AKIIO IIEHTP KoJia JIEeKUTh Ha mpaminn x — y + 2 = 0.
283. 3maiiniTs BifcTaHb BiJ IOUATKY KOOPAMHAT I0 mpaMoi 3x + 2y — 13 = 0.
284. Cknanits piBHAHHS KoJIa, OMMCAHOTO HABKOJO TPUKYTHUKA 3 Bep-
muaamu (3; —7), (8; —2) i (6; 2).
285 (onopHa). Bixcrans Bix Toukn M (x,; y,) 1o npamoiax + by + ¢ =0

|ax0 +by, + c| .
BU3HAYAEThCA 3a dopmynoro d=————— J[oBeaiTh.
Va®+b*

286. 3maiizith yci smauenHs k, 3a AKuX OpaMa y = kx + 5 Biggamena Bif
IOYaTKy KOOPAWHAT HA 3 ONWHUILL.

287. Touka M — TouKa IepeTHMHY MefAiaH TPUKYyTHHKa ABC, mpudomy
A(-1; 2), B(2; 3), M (1; 2). 3uaiigite roopaguuatu BepruHu C.

288. HaBkos0 PiBHOCTOPOHHLOI'O TPHKYTHUKA 31 CTOPOHOIO @ OIMKCAHO KO-
Jgo. oBenmiTs, 1110 cyMa KBaJApaTiB BificTaHel BijJ AOBiJILHOI TOUKMW KOJa IO
BEPIIVH TPUKYTHUKA MOPiBHIOE 2a2.

289. Ha nyomuni nmossHaueno touku A i B. JloBefiTh, II0 reOMeTPUUYHUM

. MA
miciieM Touox M, Oasd AKUX E:k (>0, E#1), € KOO 3 IIEHTPOM

Ha npamiit AB (koo Anoanaonis).



IcTopuyHa posiaka

IctropuyHa posigka

Po3BuTok TOpriBii i mMopemnJiaBaHHSA, 3POCTAHHSA IIPO-
MUCJIOBOCTi ¥ TexHiKwH, m1o Bigmbysaauck y XVII cr., crrpus-
J1I BUHUKHEHHIO HOBUX MaTeMaTUUYHUX ifel i MeTomiB, AKi
Bigmosimanu Bumoram uacy. OQHUM i3 MPOBIiAHUKIB MuX imei
o0yB Pemne [lexapt (1596-1650) — BumaTHuii (ppaHIy3bKUI
yueHu#t i ¢imocod. IMupora iHTepeciB 1miei JroguHM Bpa-
JKae: OKpiM MaTeMaTHKU, BiH 30araTwB CBOIMHU BiIKpUTT-
MU acCTPOHOMIiI0, (pisuKy, Oiosorito, meguiiuuy. AJjie yHiBep-
CaJBbHOIO HAYKOIO, 3MaTHOIO MOACHUTY BCi ABUIIA PeasIbHOTO Pene Jlekapm
cBiTy, llerkapr BBaskaB (isocodiro. Bin craB 3acHOBHHUKOM
BJIacHOTO (hiocodchbKOro BUueHHs — KapTesiaHcTBa (Kapre-
3i1 — JsaTuHi3oBaHe mpis3Buile [lexkapra), y SKOMY BUKJIA-

JIEeHO IOTJISA Ha PO3BUTOK IIPUPOSHUUYNX HAYKOBUX TEOPiil. uiif:;,f:ciij
ES

A0001857 Gullied o,
% Thai s :v";',‘?f“" e

Biorpagia lekapra € B3ipiieM caMOBiIIaHOTO CJIY-
JKiHHA Hayli # 00poThOM 3a CBOOOAY AYMKH. 3a3HABIIU
yTHUCKiB Ha OaTbKiBIINHI, ¥ 1629 p. [lekapT samyIiieHuii 6yB
nepeixaru no Nonnauaii. Came Tam y 1637 p. Brepie moba-
YuB CBiT #ioro rosioBHui TBip — «MipKyBaHHSA IIPO METO[,
10 03BOJIAE CIPAMOBYBATH PO3YM i BiIIITyKyBaT! icTUHY
B HayKax». ¥ IIifi poboTi [lekapT BUKJAB YOTUPU OCHOBHI
MIPUHITUIINA HAYKOBOTO ITi3HAHHS:

1) HiKOJIM He cOpuiiMaTH 3a iCTUHY Te, IO € He-
IOCTaTHLO OOT'PYHTOBAHUM; 2) HiJIUTH KOMKHY Ipo0IeMy
Ha YaCTUHU, 11100 posB’sa3yBaTtu ii mociizoBHO; 3) py-
XaTHCA B MOpoIleci midHaHHSA BijJg HAWOPOCTIIIIOrO 0
OinbII CKJIamHOTO; 4) CYIPOBOAKYBATH TOCJIiIMKEHHS
mepesikaMu ¥ orisgaMu, 100 HiYoro He IPOIYCTHUTH.

«MipkyBaHHS IIPO METOX...» MAaJi0 TPU I0IaT-
ku: «[iontpuka», «Mereopu» Ta «[eomerpis». Came
B OCTAHHBOMY BUKJIAJEHO METOH KOOPAWHAT, IKUU ITi3-
Hillle CKJIaB OCHOBY aHaJiTuuHOi reomerpii. Ilikaso,
10 B IIith pobori [lekapT ymepiiie 3aIIpoOIIOHYBaB cydac-
Hi MO3HaUeHHsS 3MiHHUX i CTEIleHiB, a TaKOK MHEPIITUM
CTaB IIOJaBaTH PiBHAHHA y BUIVIALi, KOJU B TIpaBiit
YacTUHI CcTOITh HyJb. «['eoMeTpis» Ie 3a KUTTA aB-
Tawamnur Pene TOpa MaJjia YOTHMPU MepPeBUAAHHS 1 cTaja HACTiILHOIO
Herxapmy 6 T'aasi KHHUTOI0 MaTeMaTUKiB TOTO dacy.

TR
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@ MaTtemaTtuyHi onimniagu
Muxanno Mocunosuu fAppenko (1932-2004)

SIK BUABIAETHCS MaTEeMATUUYHUH TaJaHT YUHA?
Yu mMo:kJIMBe 1Ie B yMOBaxX MacoBoil mkoau? Yu miticHo
cepesl IEPEMOJKI[IB MaTeMaTUUYHUX OJiMmiaj Tparid-
I0ThCA MaMOyTHI BugaTHI BueHi Ta megaroru? Bigmosini
Ha IIi 3aIUTAHHS MOKHAa 3HaWTH B Oiorpadii smamoro
MareMaTHKa Ta OopraHisaropa MaTeMaTUYHOI'O OJIiMIIi-
agHOro pyxXy B Vkpaini M. M. fInpenka.

Muxaiino Mocunosuu npenko Hapoausca B Uep-
HiriBcbKil o6iacti, B ceni IpimaiiniBka Hemomaik Hi-
JKMHA. 3a BJIACHUMU CIIOTaaMHU, IMiJPYIHUKAMU IOHOT'O
Muxaiina Oyau OyxsBap Ta «KoGsap» T. I. IlleBuenka.
Vike B 9 Kaaci Muxaiijo BUpPIIlye cTaTH MaTeMaTUKOM.
Y 1950 pori Bin mumie aucta 10 KUiBChKOro Aep:KaBHOTO YHiBEPCUTETY
3 OTPOXAHHAM JIONYCTUTU HMOTO A0 ydyacTi B MichKi#l osimmiaxmi. FOHar
OTPUMYE 3ampOIleHHs, MpuiKIKae mo KueBa, po3p’sdye woTupu samadi
3 I’'sATU Ta oTpuMye apyre micie! Ase cam Mwuxaiino ige He3aI0BOJEHUHA
THUM, IO He BCEe PO3B’A3aB...

3rogoM BiH 3aKiHUye IIKOJIY i3 30JI0TOI0 MeOAJJal0 i BCTyIae
Ha MexaHiKo-mMareMaTuuuHuii (aryiabrer KwuiBcbKoro yHiBepcurery
im. T. I. IIleBuenka. TyT mOBHOIO MipOI0 PO3KPUBCA TAJAHT YUEHOTO.




Bauckyumii 3axXmCT KaHAUZATCBKOI Ta MOOKTOPCHKOI
auceprTaiiii, 3aBigyBaHHA Kadeapoio Teopil MWMOBIip-
HOCTell Ta MaTeMaTUYHOI CTATHUCTUKHU, CTBOPEHHSA HO-
BIUX MaTeMaTHYHHX TeOopill Ta MmiApyYyHUWKiIB — O0OChb
JaJeKo He Bci HambaHHsA Iiel HaA3BUUYANHOI JIIOLMHMU.
Muxaiiio Mocunosuy SnpeHKo BigoMuii AK Yymo-
Buit memaror. Moro sexmii BUPISHAJINCA MaTEMATUYHOIO
YiTKiCTIO, JIOTIYHOIO TOCJIiTOBHICTIO, BUCOKUM HAYKO-
BMM DPiBHEM Ta Pas3oM i3 THUM AOCTYITHICTIO BUKJIaZAHHSA
marepiasy. MosxkHa 6e3 mepebiIbIlieH s CKa3aTH, 1110 3HaU-
HA YaCcTWHA BiloMUX yKPaTHCBKUX CHeIiaJricTiB 3 Teopii
WMOBipHOCTEN Ta MaTeMaTUYHOTO aHAJIi3y IO3HAMOMUJINCH
i3 MMM posmijiaMu MaTeMaTUKU Ha JeKIiaxX SapeHKa.
Ane Muxaiino Mocunosuu He 3a0yB, AK caMe Ma-
TeMaTUYHi oJiMOiagy MigIITOBXHYJINU HMOTO A0 CepPo3HOL
Hayku. Bim Bigmae 6arato cmy Ta eHeprii po3BUTKOBI
MIKiJIbHOI MaTeMaTH4YHOlI OoCBiTM B YKpaiwHi, opramisarrii
MaTeMaTUYHUX OJIiMIIiaj, BUJAHHIO Cy4YaCHUX IIOCiOHU-
KiB 3 ejleMeHTapHOI MaTeMaTHUKW, a TaK0K 30ipHUKIB
3ajmau i3 maremMaTuuHux oximmiazn. ¥ 1968 pori Axgpernko
3aCHYBaB TEPIOAMYHUN HAYKOBO-TIONMYJAPHUUN 30ipHUK
«Y cBiTi MmaTemaTtukuy, AKui 3 1995 pory nepeTBopmBCA
Ha YHIKaJbHUUA HAYKOBO-TIONYJISPHUU JKypHAJ.
ITonax 40 pokis Muxaitmo Mocumosuu 6yB mocTiii-
HUM OpraHizaTOpOM IMKiJbHUX MaTeMaTUYHUX OJIiMITias
pPi3HOTO PiBHSA Ta MaTeMaTUYHUX T'YPTKIiB JJId IIKOJAPIB
i crymeutiB, 3 1970 pory ouosroBaB Kypi Bceykpain-
CbKUX oJimmiajg ajd ImKoJaApiB. [iaa poboTw y ckaanmi
JKYpPi BiH 3ajiyuyaB CIOYATKY CBOiX ApPy3iB-MaTeMaTHKIiB,
OisHiIe — KOJHUIMHIX «OoJiMOiagHUKiB», IPOBIAHUX HAa-
VKOBIIiB — MaJIKUX €HTY3iacTiB OJIiMITiagHOTO PYXY.
Bararo pokiB SIapeHKO0 BUCTYIIAB 3 JIEKITIAMHY IJIA IITKO-
JIAPiB Ha YKpaiHChbKOMY TeJsiebaueHHi, OyB KepiBHIKOM Bceey-
KpaiHCBKOI 3a0uHOi (hisuko-MaTemarnuHoi orimmmiaau. Haka-
3oM MinicTepcerBa ocBitu i Hayku Ykpainm y 2010 porri Bee-
YEKpaTHCLKUM TypHipaM IOHMX MaTeMaTUKiB IIPUCBOEHO iM’s
BUJATHOT'O BUEHOTrO i mejmarora, (hyHaTopa BITYN3HAHOI CHC-
TeMu POOOTU 3 06APOBAHUMY IOHMMY MaTeMaTUKaMu, dJjie-
Ha-KopecnoHeHTa Akagemii Hayk Yxpainu M. Y. fInpenka.

MA

Y CBIT]

TEMATHKY
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=4

lfotyemocb po AMA

Tect 2

Bubepimb 00HYy npasuavHy, Ha éauly 0YymKY, 8i0nosidv.

1. Baxinuires peyeHHs Tak, 06 yTBOPUJIOCS INPABUILHE TBEPAKEHHS.
Touka (-2;1) HAJIEKUTE...
A oci a6cruc. B meprriit KoopauHATHIH UBepTi.

b oci opguHAaT. I gpyrifi KoopAWHATHIN YBEPTi.

2. 3mHaiiniTe KOOPAUHATH cepeuHM Binpiska AB, axmo A (0;-3), B(8;-5).
A (8;-8) B (4-4) B (8-1) r(4-1)

3. 3maiigirs Bigcrane Mix rToukamm A(2;-3) i B(-1;1).

A4 B 5 B 6 ri1o

4. Cepex HaBefeHUX DIBHAHb YKaKiTh PIBHAHHA Kosa 3 meHTpoM (—2;1)
i pagiycom 4.

A (x+2) +(y-1)"=16 B (x-2)"+(y+1)' =16

B (x+2)+(y-1) =4 M (x-2)+(y+1)" =4

5. Ilpama, samaHa piBHAHHAM ax+by+c=0, mapajejlbHa oci OpAUHAT.
Cepen HaBeJeHUX PiBHOCTEH YKaMiTh NpPaBUJILHY.

A a=0 b b=0 B ¢c=0 Ma=»b

6. Cepexuna Binpiska 8 kinmamu A(3;-3) i B(1;m) mesxuts Ha oci a6-

cruc. 3HAUIITEL m.
A 2 b3 B1 ro

7. Cepen HaBefeHUX PiBHAHDb YKAKiTh DIBHAHHS IPAMOI, AKA IPOXOLUTH
yepes IeHTP Koja x°+y° =16.

A 2x-3y=0 B 3x-8=0 B x+2y+3=0 r 3y+12=0

8. CKiTbKM CHIJIBHEX TOYOK 3 OCAMHU KOOPAMHAT Ma€ KOJO, 3aJaHe piB-
HSAHHAM (x—l)2 +(y+1)2 =2?

A HKomuoi b Yorupnu B IIBi I Tpu

9. Cepen HaBefleHUX PiBHAHDb VKAKITh PIBHAHHSA IIPAMOI, KA € JOTHYHOIO
o Kosa x° +(y—1)2 =9,

A y+3=0 b y+4=0 B x-4=0 N x+3=0



§ 9. MNepemiwieHHs
§ 10. LUeHmpanbHAa ma o0cboBA cumMempii

§ 11. NoBopom i napaneibHe nepeHeceHHA

§ 12. NodibHicmb icyp

§ 13. Memod 2eoMempuvyHuUxX nepemsopeHb
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T'eomeTpisa € mpoobpasoM Kpacu CBiTy.

Hozann Kenaep, HimeuybKUuil acmpoHom
i mamemamur

VaBiTh cobi, 1110 B KMJaeTe KaMiHeIb y IJIecO THXOrO CTaBKa i IIo
BOZAi KoJIaMM PO30iraioTbCsi XBUJi, IIPUYOMY IIEHTP KOKHOTO KOJIa PO3-
MillleHUii caMe TaM, e KaMiHellb TOPKHYBCA BOAu. A Temep MigHiMITH
mepemHe KOJIECO BeJOCHUIlea i MOKPYTITH HOT0 — KOJIECO He 3PYIIUTH
i3 micigs, aJje #oro cmmuili 3aKpPYKJIAIOTH y IHajieHoMy TaHIili. Crambre
mepen A3epKajioM, TPUMAaIOUM B IIPABill PyIIi OJIiBeIb — i I3epKaJjo «mepe-
TBOPUTH» Bac Ha JIIBINY, aJsKe Balll ABIMHUK TPUMAaTHMe OJIiBellb y JiBi#
pyii. ¥ myxJsai BaIioro CTOJIY JIEKUTh KOCHHEIIb: BU TPOXU BUCYHYJIN
MyXJasany — 1 KOCuHeIb mepeMicTuBCA pas3oMm i3 Hero. Tak uwm iHakime,
B KO;KHOMY 3 IIMX BUOAAKiB Qirypu, mpo AKi HaeThCs, 3a3HAIOTH IIeBHUX
3MiH, IIEPEeTBOPEHb.

Iness mepeTBOpPeHb € OMHIEIO 3 MPOBIAHMX iflell cyuacHOl MaTeMaTu-
Ku. 3a Iii JOIIOMOTro0 3 YCIIiXOM JOBOLATH CKJAAHI TBEPIKEHHS 3 PisHUX
poszniniB reomerpii, AKi BUXOZATH JaJeKO 3a MeXKi HIKiJIBHOTO KypCy.
3a [OIIOMOrO0 I'eOMETPUYHHX IIePEeTBOPEeHb i KOMMI'IoTepHOI rpadiku
KiHemaTorpagicTu 3aXOIIIOIOTh YABY IUIsghada IWBOBIIKHUMU 00pasaMu
i He3sBMUYAWHMMU IlepeBTijieHHAMU Ha ekpaHi. IlepeTBopeHHsa momoma-
raloTh XYAOKHUKAM IIPABUJIBHO OyAyBaTHM KOMIIOBUITII KapTwH, a Ximi-
KaM i (pismkaM — IOCJIiMKyBaTH CTPYKTYPY KpPHCTAJiB.

Y npomy posmisi Mu pPO3TISHEMO OCHOBHI BUAMW IeOMETPUUYHUX IIe-
PeTBOpeHb Ha TIJIOIIMHI.




§ g | MepemiweHHs

91. MoHAMMS npo 2eomMempuyHe
nepemBopeHHs

Bynb-aKky reomerpuuny (irypy MoKHa pPO3-
TIAgaT AK MHOMKUHY TOUOK: HAIIPUKJIAL, Ha IIJO-
IIMHI KOJI0O € MHOKMHOI0 BCiX TOYOK, piBHOBimma-
JeHux Bix manol Touku. KpiMm Toro, mMik Toukamum
IBOX TreoMeTpHUUYHHX (Giryp MOKHA BCTAHOBJIIOBATI
BigmoBigHOCTI.

Posrisimemo miBkosio 3 mentpom O i gia-
meTpoMm AB (puc. 42). 3 m0oBiabHOI TOUKHK IiBKOJIA
IIpOBeIeMO IIePIeHAUKYIIp A0 npamoi AB i BBaka-
THMEMO, IO KOMKHiM Toumi miBkosa X BigmoBizae
Touka X' — OCHOBa IIEPIEHANKYJIAPA, IPOBEIEHOTO
3 Toukn X 5o npamoi AB. 3a Teopemoro IIpo icHyBaH-
HS i €IWHICTD NMEPHIeHAUKYJIApa A0 HPAMOI KOXKHIN
TOUIIi ITiBKOJIAa B TaKOMYy pasi Bigmosimatume enu-
Ha TouKa miamerpa AB, i HaBmaku: KOMKHill TouIri
miameTrpa mocTaBJieHA y BiANOBiMHICTL €qmHaA TOUKA
niBroJsia. KpiMm Toro, pisHmM TOUKaM IIiBKOJa Bin-
moBiaroTh pisHi Toukm miamerpa AB (Touku A i B,
AKi BigmoBimaroTh cami cobi, HaJeXaThb AK IIiBKOJY,
Tak i mgiamerpy). ¥ TaKOMy BHUIIAAKY KaKyTbh, IO
BCTAHOBJIEHA BiJIOBiHICTH € IMEePETBOPEHHSIM ITiB-
KoJa y nriametp.

O3Ha4eHHSA

TTepeteopeHHam oirypu F y oirypy F' Hasuea-
€TbCA TAKA BIAMNOBIAHICTb, 3a AKOI:

1) KoxHil Touui irypu F Bianosiaae eamMHa Touka
pirypu F'

2) KOXHiW Touui irypu F' Bianosiaae nesHa Touka
pirypu F.

3) pi3HUM Toukam irypu F BianosiaaroTb PpisHi
TOYKU @irypu F'.

A X 0

B

Puc. 42. BignosigHicTs
MiK TOUKaMU HiBKoOJIa

i miamerpa

o 2 . e
Moo

-
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Puc. 43. [To o3HaueHHA
nepeMimieHHs
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®dirypa F' HasuBaeTbca obpasom odirypu F
IpU JaHOMY IIePEeTBOPEHHi.

Y mkiabHOMY Kypci reomeTpii posriisamaTu-
MYThCs T€OMETPUYHI HepeTBOpPeHHs, AKi He 3MiHIO-
10Th (popmu manHoi Qirypu. B oxkpemwuii Buja BUIiIA-
IOThCA TIEPETBOPEHHA, AKi 3aJMINTAI0OTh HE3MiHHUMU
i posmipu ¢irypu.

9.2. epemMiujeHHs ma 1020 BAACMUBOCMI
O3HAYeHHA

TTepemiuwieHHam (a6o pyxom) Ha3UBAETbCA Nepe-
TBOPEHHA irypuy, BHACNIAOK AKOro 36epiraroTbes
BiACTAHI MiX TOYKAMMU L€ Qirypu.

ITe osmauae: akio ¢irypa F' € obGpasom i-
rypu F, oTpuMaHUM YHACJTiJJOK IepeMillleHHs, TO
Oyab-aki aBi Toukum X i Y ¢irypu F mepexondaThb
yrourku X' 1Y’ girypu F' rak, mo XY = X'Y’ (puc. 43).

3ayBasKMMO, 1110 TIOHATTS TepeMileHHA (PyxXy)
3ycTpivaerbed i y ¢isurri, aje TaM BOHO Ma€ iHIHUH
3micT. PisUUHUI PYX XapaKTePU3yeThCI TPAEKTOPIEO,
mBHUIKicTIO ToIo. HaromicTs y reomerpii MaroTh 3Ha-
YeHHs JINIITe IIOUaTKOBe 1 KiHIeBe IoJI0KeHHA (hirypu.

Chopmysroemo nesaxki enacmueéocmi nepemi-
WeHHA.

OueBugHO, 10 KoJau Girypy F' oTpumaHo
neAKUM Iepemimnenuam ¢pirypu F, a ¢irypy F" —
iHmmM mepemimensaaM ¢irypu F', To BigcraHi mimxk
BigmoBiguuMu Toukamu ¢iryp F, F' i F" piBHi, TOGTO
06a nocnidoeni nepemiujeHHA 3HO6Y 0arombv nepe-
MileHHA.

SIK110 TIEBHE TIEPeTBOPEHHS ITEPEeBOAUTE Pirypy F
y ¢irypy F', To icHye mepeTBOpPEHHS, IKe MEePEeBOAUTH
dirypy F' y ¢irypy F. Take mepeTBOpeHHS Ha3WBa-
I0Tb 00epHeHuM [0 TAaHOro. SIKIo JaHe IepPeTBOPEHH
3bepirae BificTaHb MiK TOUKaMM, TO OOEpHEHE TAKOIK
Mae 1110 BiractuBicTbs. e o3Hauae, 110 nepemeopenns,
obGeprene 00 nepemiujeHH s, MAKONC € NePeMilleHHAM.



§ 9. MNepeMiLLeHHs

JloBeleMO OCHOBHY BJIACTHBICTH IT€pPEMillleHHd.

TeopeMa (OCHOBHA BACMUBICMb nepemiljeHHsl)

YHacnifgok nepemilieHHs TOYKM, WO nexatb Ha nps-
MilA, NepexoaaTb Yy TOYUKU, WO NexaTb Ha NpsSMmil,
i NMOPAAOK X B3AEMHOTO PO3MillleHHs 36epiraeTbes.

JloBedeHHs

O Hexait Ha nmpamiit AC Touka B JeXUTh MiK
Toukamu A i C, a rouku A’, B' i C' — o6pasu TOUOK A,
B i C, orpuMaHni B pesysbrari mepemienss (puc. 44).
HoBememo, 110 Touka B’ jexuTh Ha npamiit A'C' mix
Toukamu A' i C'.

Axrimio Touka B jgexuTh Midk Toukamu A i C, To
3a axciomorn BuMipioBaHHA BimpiskiB AC =AB+ BC.
3a osmaueHHAM nepemimnenus AC=A'C', AB=AB/,
BC=B'C', otaxe, A'C'=A'B'+ B'C'. 3a HacaigkoMm
3 HEpPiBHOCTI TPUKYTHUKA Iie O3Hauae, IMo0 Touka B’
JgexuTh Ha npamiin A'C' mixk Toukamu A’ i C’, To6TO
Touku A', B' i C' nexxkartsb Ha ogHiil npamiii. Teopemy
noBeneHo. W

Hacniook 1

YHacnigok nepemillleHHs nNpsmi nepexoasaTb y nps-
Mi, NPOMeHi — y MpOMeHi, BiApi3KM — Yy BIAPI3KW.

Hacniook 2

YHacnifnok nepemillieHHs 36epirarotbca KyTU MixX
NPOMEHAMMN.

Cuopasnai, Hexaii mpomeni AB i AC, 1o He Je-
JKaTh Ha ONHIN HpAMi#f, YHACTiZOK IIepeMilleHHsd
nmepexonaTs y upomeHi A'B’ i A'C’ BigmosimHO
(puc. 45). OckinbKu BificTaHI MidK TOUKaMU BHACJiOK
nepeminienHs 36epiratoreed, To AABC= AAB'C' 3a
TphoMa ctopoHamu. Orixe, £ BAC =/ BA'C’, T00TO
rpagycHi Mipm KyTiB yHACJiJOK IepeMilieHHs 306e-
piraroTbcs.

A!

B’

Cl

Puc. 44. [To noBeneHHs
OCHOBHOI BJIACTUBOCTI
nepeMiIeHHa

Puc. 45
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(

3aaava

Hosenitb, WO BHACNIAOK NepeMmillleHHs napafienbHi

npami nepexoasaTb y napanenbHi npsami.
Po3g'azaHHA

Hexali yHacnifnok nepemilleHHs napanenbHi Npami a
i b nepexoaate y npami a' i b’ sianosiaHo. [osenemo
BiA CYMpOTUBHOTO, WO a’| b’.

Hexai npami @' i b’ nepeTuHaroTbes B Aedkili Touui O’
(puc. 46). Ha npsamili a icHye Touka O,, a Ha npamiit b —
Touka O,, TaKi, WO BHACMIAOK MepemilleHHs obuagi Ui
TOYKM nepexoadtb y Touky O'. Ockinbku toukum O, i O,
JlexaTb Ha napanenbHUX NpaAmMux, TO BiACTAHb MiX HUMU
He [AOpiBHFOE HYNHO. Ane BiACTAHb MiX TXHIMMU 06pasamwu
LOpPIBHIOE HYJHO, WO CynepevmuTb O3HAYeHHHO MepeMmillieH-
Ha. OTxe, Hawe npunyleHHa xubHe, To6To a’||b’.

Haranaemo, 110 aBi (hirypm HasmBarmTbCA PiB-
HUMU, AKIIO0O BOHU CYyMiIamThcd HaKJAJaHHAM,
OpUYOMY TOHATTA HAKJIAaJaHHSA BBOAWJIOCSA Ha Ha-
OYHUX NIPUKJIaLAX.

BBenennsa reomeTpmuYHUX IIEPEeTBOPEHb, 30Kpe-
Ma TepeMiIeHHs, T03BOJIAE OTOTOKHUTU HaKJAJaH-
Ha Qirypu F Ha dirypy F' i3 nepemimiennam, mifg gac
sakoro ¢girypa F mepexoguts y Qirypy F'.

Teopema (npo 3B°30K nepemiuleHHs i HAKNAOAHHS)

Byab-sike HakNAAGHHS € NepeMmillleHHaM, | HaBNAaKK:
6yAb-sKe nepemillleHHs € HaKNAaAAHHAM.

OOr'pyHTYyBaHHA ITUX TBEPIKEeHb HagaHo B [lo-
maTry 2.

Hacnidok
PisHi irypu nepesoasaTbcs oaHa B OAHY nepe-

MilLlgHHaM, i HABMNAKWU: BHACNIAOK MepemillieHHs
6yAb-9Ka irypa nepexoAuTb y PiBHY A qirypy.



§ 9. MNepeMiLLeHHs

TaxuMm umHOM, MOMKHA JaTH TaKe O3HAUeHHA piBHUX (Giryp.
O3HAYeHHA

[Bi irypu Ha3MBarOTLCS PiIBHUMU, SKLLO BOHU CYMILLGHOTLCS MepPeMillieHHSM.

3anumaHHa i 3a0a4i

“ YcHi BnpaBu

¢ 290. Uu moxxe mepeMilieHHS HepeBOUTH:
a) CTOpPOHY IlapaJejiorpaMa B IPOTHJIEKHY HOT'0 CTOPOHY;
0) omHy 3 OCHOB Tpamerii B iHIIy;
B) OIWH i3 KyTiB IIpU OCHOBi PiBHOOEIPEHOr0 TPUKYTHUKA B iHIIINIM;
r) OAWH i3 KyTiB PiBHOCTOPOHHBLOTO TPUKYTHUKA B iHIINUII?
291. Bigpisox AC i fioro cepenuHa B BHACIIJOK IepeMillleHHS IepPeXONAThb
y Bigpisox A'C' i Touxky B’ BigmoBigmHo. SHAUAITL OOBKUHY Bigpiska A'C', SKIIT0
AB = 20 cwm.
292. IIig uac mepemimeHHS 4YOTHUPUKYTHHKAa ABCD oTpumaIum KBaj-
patr A'B'C'D'. Busnaure moB:kuHy giaronaji BD, akiio A'C' = 4 cwm.
k’ 293. Tpukyrauk A'B'C’' € 06pa3oM PiBHOCTOPOHHLOTO TPUKYTHUKA ABC,

OTPUMAHNM y pPe3yJbTaTi mepemilneHHsa. BusHauTe KyTHU TPUKYTHH-
ka A'B'C'.

‘L MNpadiuHi BNpasm

294. Haxpecrits gBa Koja 3i cnigbHEUM 1eHTpoM O. ONUIIiTE reOMeTpUYHe
IIePEeTBOPEHHSA, AKe IePEeBOAUTH MEHIIIe K0JIo B Oisbire. Uu € Take mepeTso-
PeHHs mepeMimieHHaAM?

C 295. Haxkpecrits npamorkyTHuK ABCD i moszauTe Touky O IepeTHHY
oro giaromaJjieii. OmUIIIiITE reoMeTpPHUUYHE IEePETBOPEHHs, sIKe IIepeBo-
1uTh TPUKYTHUK AOB y tpukyTHuk DOC. Yu € 1ie mepeTBOPEHHSA IIepe-
mimenusaMm?
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PiBeHb A

296. Touku A, B i C He nexaTh Ha OfHiil mpaAMiii i mix uac mepemimenHas
nepexonaTs y Touku A, B’ i C' BigmoBigmo. oBeniTs piBHICTHL TPUKYTHU-
kiB ABC i A'B'C'.

297. JosexiTs, 10 BHACTIZOK HepeMillleHHA CYMiKHi KyTH IepexogaTh
Y CYMiKHI KyTH.

298. loBeniTh, 110 BHACIIOK IepeMiIlleHHSA BePTUKAJIbHI KyTH MePeXoAATh
Y BEPTUKAJIBbHI KyTH.

299. Vmacnizok mepemimeHHsA pisHOCTOPOHHIi# TpukyTHHK ABC mepexo-
InTh y TpuKyTHUK MNK, npuuomy LA = /N, /B = 70°% £ M = 20°. 3uaii-
mite kytu N i K.

300. Tpuxkyrauk MNK — ob6pas TpukyTHuka ABC, oTpuMaHuii y pe-
3yJIbTaTi mepeMimneHHda. 3HAUAITh KyTu TpukKyTHUKa ABC, sximo AB = BC,
a "HaubOinpmuit Kyt TpukyTHUKa MNK nopiBaioe 100°.

PiBeHb b
301. osexirs, 1m0 BHACIIZOK IepeMillleHHA HOAIOHI TPUKYTHUKHU Ilepe-
XOOATh y HMOAiIOHI TPUKYTHUKMN.
302. [osexiTs, 1m0 Koau 00pazoM AAHOTO YOTHUPUKYTHHKA, OTPUMAHUM
YVHaCJiOK IlepeMillleHHs, € Tpallelis, TO JaHUN YOTUPUKYTHUK TaKOK
€ TparteIllieio.
303. [osexiTs, 10 BHACIINOK IepeMillleHHS IapaJiejorpaM IepexoiuThb
y mapaJjeJjiorpaM.

304. Vuacrigorx mnepemimenna pom6 ABCD mepexXoZUTh y UYOTHUPHU-
KyTHuUK A'B'C'D’'. 3HalgiTh KYTU OTPUMAHOTO UOTHPUKYTHUKA, SAKIIIO
AB = AC.

305. Vrmacrigox mepemimernns worupukyTHuUK ABCD IepeXOOUTb y UO-
TupukyTHUK A'B'C'D'. 3maigite Kytu udoTupukyTHura ABCD, sKIIo
A’'D’||B’C’, AB' = C'D', £/B' = 140° (posriiAHBTE [Ba BUIAJKN).

PiBeHb B

306. Vmacmimox mepemimenua ¢irypu F, i F, ta ixHa coigsHa Touka O
nepexonATs y Girypu F/' i F,' ta Toury O’ Bipmosizno. [losexirs, 1m0 Tou-
ka O' — coisbHa Touka iryp F|' i F.



§ 9. lMepeMmiLLieHHs

4 307. Hosenits osHaky piBHOCTI TapasesorpaMiB 3a ABOMAa AiarOHAJIAMY
i KyToOM MixK HUMWH.

( 308. Ilosenirs, mo BHACTIZOK IEPEMilLeHHS KOJIO IIEPEXOAUTD Y KOJIO 3 THM
caMUM PaIiycoM.

4 309. Chopmysoiite i moBeAiTH GYIL-AKY O3HAKY DIBHOCTI DPOMGIB.

'@

NoBTOpeHHA nepep BUBYEHHAM § 10

TeopeTnyHnn marepian
O 8 xkinac, § 2 )

° ImapaJiejiorpamMm Ta tioro BJIaCTI/IBOCTi;

®  BUIU TPUKYTHUKIB; (S 7 kaac, § 16 )

e BUAM YOTHUPUKYTHUKIB.
A picy S 8 xnac, § 4, 5

3apaui
310. osenirts, 110 Bifpi3oK, AKMI Mae KiHIi Ha cTOpoHaX IapaJesorpama
i mpoxoauTh Uepe3 TOUKY MHEepPeTHHY JaiaroHaJei, AiJIUTHCA ITi€I0 TOYKOIO
HaBITiJI.
311. Bigpisok i3 kimmamy Ha 6iUHHX CTOpOHAX PiBHOGEAPEHOTO TPUKYT-
HUKAa, NePIeHINKYJIAPHUN 10 BUCOTH, IIPOBEAEHOI 0 OCHOBU, MiJHUTLCA IIi€0
BUCOTOIO HaBmij. HoBemiTs.
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cumeTpia — Bif,
peubKoro <<cvumeTp|a» T
\j3|'O)1>KeHlCTb pO3MlplB
OﬂHaKOBICTb Yy pO3Ml-
U_LeHHl yacTUH.

X

Puc. 47. Touku X i X' cume-
TpUYHi BigHocHO Touku O

F

X

X!

Puc. 48. ®irypu F i F' cume-
TpuUYHi BigHOCHO TOUuKU O

N7/
AN

X'

Puc. 49. Touka mepeTuny
miaroHasei — IeHTD
cumetpii mapasesorpama

98

10.1. Cumempis BiIOHOCHO MOYKU

Hexait O — ¢ikcoBana Touka, X — [IOBiJibHA
Touka mJomuHu (puc. 47). Bigkmamzemo Ha mpome-
Hi XO Bigpisox OX', axkuii nopisaioe XO. Mu orpuma-
Jau TouKky X', cumerpuuHy TouIti X BigHOCHO TOuKHU O.

O3Ha4eHHA

Touku X i X' HA3UBAFOTLCA CUMETPUYHUMU BIAHOCHO
Touku O, akwo Touka O — cepeauHa Biapiska XX

OueBUIHO, IO TOUKOIO, CUMETPHUYHOIO TouIlli X'
BimHocHOo Touku O, € Touka X. Touka O BBa)kaeTbCcA
CUMETPUYHOI0 caMiii cobi i HasWBaeThCAd IMEHTPOM
cuMeTpii.

IleperBOopenHsaM cuMeTpii (cuMeTpi€ro) Binm-
HOCHO ToukuM (O Ha3WBAIOThL TaKe IEPETBOPEHHSA
Girypu F y ¢irypy F', yHACIiIOK SKOTO KOKHA TOY-
ka X ¢irypu F mepexomuth y Toury X' Qirypm F',
cuMmerpuuHy Touni X BigHocHO Touku O (puc. 48).
ITpu nromy dirypu F i F' Ha3UBAIOTh CUMETPUYHHU-
MU BigHOCHO ToukHn O.

CumeTpiro BiZHOCHO TOYKM Ha3WBAIOTh TAKOMK
YEHMPANLbHOI0 CUMEempPIEro.

SArIio mepeTBOpeHHs cuMeTpPii BiTHOCHO TOY-
Ku O mepeBomuThb Qirypy F y cebe, To Taka ¢iry-
pa HaA3WBAETHCSA IEHTPAJBHO-CHMETPHUUYHOIO, a TOY-
ka O — ueHTpoM cumeTtpii dirypu F.

Hanpukaana, Touka IIepeTHWHY HOiaroHaJjen
rmapaJjieJjorpamMa € IleHTPOM CUMeTpii mapaJsiesorpama
(puc. 49), oCKRiTBbKYM IIeHTpaJbHA CUMETPiA BiTHOCHO
Imiei TOYKM TepeBOAUWTH mapaJiejiorpaM y cebe (Bia-
TOBiTHA OIOPHA 3aJada poarignaJjaca y 8 Kjaci).
Teopema
(ocHoBHA Bnacmusicmb UeHmMpanbHoOi cumempii)

LleHTpanbHa cumeTpia € nepemilieHHaMm.
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JloBedeHHs

O Hexaii yHaACJigOK IeHTPaJbHOI cuMeTpii Bim-
HOocHO TouKu O Touku X i Y nmepexondaTh y Touku X'
i Y' Bigmosigmo. PoariasmemMo 3arajJbHUN BUIAL0K
(puc. 50), xoau Touku O, X i Y He Je:KaThb Ha OOHIiN
npAMii (IHmMIUA BUOAOK PO3IVISHBTE CAMOCTiHHO).
Tpuxkyrauku XOY i X'OY’ piBHi 3a mepIrow0 03HAKOIO
(XO = X'01iYO = YO 3a o3HaueHHAM IIeHTPaJbHOI
cumerpii, £ XO0Y = ZX'OY' aK BepTUKaJbHI), OTIKeE,
XY = X'Y'. Takum yuHOM, IEeHTpaJibHA CUMETPid
30epirae BiAcTaHR MiXK TOUKaMM, OTXKe, € IepeMi-
meHHAM. W

I3 noBeneHOI TeopeMu BUIIIUBAE, 1110 Y eHMPALb-
Ha cumempia Ma€ 6Ci 61aCMUB0CMI nepemiu,eHHA.

3aaava

Hosepitb, WO UeHTpanbHa cuUMeTpia nepeBoAUTH

npsmy B napanenbHy npsmy abo B cebe.
Po3g'azaHHs

Hexati naHo Touky O i npamy a. PosrnsHemo cnouat-
Ky BUNAAOK, KOnu Touka O He NexuTb Ha AGHIK npsamiia
(puc. 51, @). Ockinbku LeHTpanbHa cUMeTpis € nepemi-
WeHHaM, TO 3a OCHOBHOKO BIIGCTUBICTHO MepemillleHHs
LeHTpanbHa cumeTpis BiAHOCHO Touku O nepeBOAUTH
npsamy a B AesKy npsmy a. Hexan todku X' i Y' npamoi
a — o6pasu Touok X i Y npamoi a. Toai A XOY= A X'OY'
30 Nepworo 03Hakoro, 3eiaku ZOXY=/0X'Y. Ui kytn
€ BHYTPILWHIMW Pi3HOCTOPOHHIMU NpU NpIMUX a i @' Ta cid-
Hil XX'. OTxe, 3a 03HAKOO NapanesibHOCTI npamux alla’.

Y Bunaaky, konu Touka O nexuTb Ha Mpami a
(puc. b1, 6), cumeTpia BIAHOCHO LI€l TOYKU MNepeBOAUTDL
AOBINbHY TOYKy Xy Touky X' npamoi a, a camy Touky O —
B cebe. OTxe, npama a — 06pas Npsamoi a — NPoOXoaAUTb
yepes Touku O i X'. A OCKiNbKU 4Yepe3 ABi TOUKU MOXHA
npoBecTU nulie OAHY Mpamy, TO npsama a 36iraeTbes
3 NpSAMOKO a. TaKUM YUHOM, CUMeTpis BIAHOCHO ToYku O
nepesoaAuTb MpsSmy a B cebe.

X!

X

Puc. 50. To noBenenHs
OCHOBHOI BJIaCTUBOCTi
IeHTPaIbHOI cuMeTpii

[

a’ Y/ X/
[0)
a
X Y
a
X @) X' a
0
Puc. 51
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Puc. 52. Touku X i X’
CUMEeTPUYHI BiTHOCHO

apsamoi [

F!

gl

(0]
l

|17

Puc. 53. ®irypu F i F'
CUMEeTPUYHi BiTHOCHO

apsamoi [

100

ITikaBo, 110 TpsMa € IeHTPaJbHO-CUMETPUY-
HOI0 (piryporo, mpuyoMy IIeHTPOM CHUMeTpii mpamoi
e Oymp-axa ii Touka (moBemiTh Ile caMoOCTiiiHO). K
IpaBMJIO, TEOMETPUYHI (pirypu MaioTh He OiJIBIIT Hixk
OJIVH IIEHTP CUMeTpii.

10.2. Cumempisi BiIOHOCHO NpsIMOI

Hexaii ma nomumui 3agikcoBano mnpamy [
i mosHaueHo moBimbHY TOuKy X (puc. 52). IIpose-
memMo 3 Touku X uepneHgukyaap XO mo mnpsamoi [
i Bigxmamemo Ha mpomeni XO Bimpisoxk OX', axuii
nopiBaioe XO. Mu orpumasu ToUuKy X', CHMETPUUYHY
Tourni X BigHOCHO TIpsaMoi .

O3HaAYeHHA

Touku X i X' HA3MBAFOTLCA CUMETPUMHUMMU BiA-
HOCHO MpAMOIT [, KO LS Npsma nepneHAuKynapHa
Ao Biapiska XX' i NnpoxoauTb Yepes MOro cepeauHy.

OueBUIHO, IO TOYKOK, CUMETPUUYHOIO TOY-
i X' BigHOCHO mpaAmoi [, € Touka X. Tourku mpsa-
Moi [ BBaKaroThCcA cUMeTpuYHUMH cami cobi. I[Ipsama [
€ CepeVHHUM NEePHeHAUKYJIApPOM A0 Bimpiska XX’
i Ha3WBAETHCA BiCCIO cCMMeETpii.

IleperBOopeHHAM cuMeTpii (cuMeTpiero) Bin-
HOCHO TpPAMOI [ Ha3WBalOTHh TaKe IIEPEeTBOPEHHS
dirypu F y ¢irypy F', yHaACTiIOK SKOTO KOKHAa TOY-
ka X Qirypu F mepexomautb y Touky X' ¢irypu F',
cumerpuuny X BimmocHo mpsamoi [ (puc. 53). Ilpmu
npomy ¢irypu F i F' HasuBamoOTh CUMETPUYHUMU
BiTHOCHO TpAMOT /.

CumeTpito BiJHOCHO IIPAMOI HA3UBAIOTh TAKOMK
0CHOBOI0 CHMETPi€Io0.

SKio meperBOpeHHA cUMeTpii BiJHOCHO TpA-
moi [ mepeBoauTh Qirypy F y cebe, To Taka ¢irypa
Ha3WBAETHCA CUMETPUYHOIO BiJTHOCHO IPSAMOi [, a ca-
Ma npama [ — Biccro cumetpii ¢irypu F.

Hanpuknan, Biccio cumerpii piBHOOempeHOrO
TpukyTHUKa ABC € mpsMa, I0 IIPOXOAUTH UYepes



§ 10. LleHTpanbHa Ta ocboOBa CUMETPIi

BepIInHy B mNepuneHAUKYJApPHO A0 ocHoBu AC
(puc. 54), ocKiNbKM cuMeTpiss BifHOCHO IIi€ei mpaMOil
MepPeBOIUTL AAaHUM TPUKYTHUK y cebe (moBemiTh Iie
CaMOCTiIiHO).

Teopema (0CHOBHA BNnACMuBgicmb 0CbOBOI CUuMempii)

OcboBa cumeTpis € nepemillleHHAM.

JoBedeHHs

O Hexail yHacigoK 0oChOBOI cmMeTpii BimgHOC-
HO mpamoi ! toukm X i Y mepexomAaTh y Touku X'
i Y' BimmoBimmo. BBememo cucremMy KOOpAMHAT TakK,
mo6 mpama [ sb6irmacsa 3 Bicco Oy (puc. 55). Toxi
BHACJiIOK cuMeTpili BigHOCHO Iriei mpsaMoi TOUKHU
X(x;5 y) i Y(x,; y,) nepeiinyts y Touku X' (—x;; y,)
i Y'(-x,; y,) Binmosiguo. 3a opmysio0 BifcTaHi Mix
TOUKAMU MAa€EMO:

XY:\/(xz_xl)z +(y2_y1)2 ’

XY'= \/(_xz _(_x1))2 +(yz _y1)2 = \/(xz _x1)2 +(y2 _.1/1)2 ’
oTxke, XY=X'Y".

TakuM YMHOM, OChbOBA CHMeETPis 30epirae Bin-
CTaHb Mi)X TOUKaMu, TOOTO € mepemimieHHAM. Teo-
pemy moBeneno. H

Iz moBemenoi TeopeMu BHIOJINBAE, IO OCHOBA
CHMEeTPisi Ma€ BCi BJIACTUBOCTI HepeMiIlleHHs.

3aaaua

HoseaiTh, Wo npsma, aKka micTUTb bicekTpucy KyTa,

€ Biccro 1ioro cumerpii.
Posg'azaHHs

Hexali npama | mictuTb 6icekTpucy aaHoro kyta BAC
(puc. 56). TTosHaUUMMO Ha CTOpOHI AB LbOro KyTa AOBINb-
Hy Touky X. OCKinbKM OCbOBAG CUMETPIS € MepeMillieHHaM,
BOHG MepeBOAUTbL MpOMiHb AB y feskulh npomiHb AB',
a Touky X — y Touky X' npomeHs AB'. Hexait O — TOuka
nepetuHy Biapiska XX' 3 npamoro I. TTpamokyTHi Tpu-
KyTHUKM AOX i AOX' piBHi 3a ABOMa KateTamwu, 3BiAKW

A D C

Puc. 54. IIpama BD —
Bichk cumeTpii piBHOOGET-
penoro TpukyTHuka ABC

Y255 %) | Y(xy; )

X'(=x35 yy) X(x3; yy)
(0] x

Puc. 55. [To noBenenus
OCHOBHOI BJIaCTHUBOCTI
0ChOBOI cuMeTpii

Puc. 56
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ﬁ ZOAX=Z0AX'. Ane 3a aKkciomoro BiaknaaaHHa kyTie KyT OAX' mae 36iratucs
3 kytom OAC, oTxe, npomiHb AB' 36iratumertbca 3 npomeHem AC. Ockinbku X —
AOBINbHA TOYKA NpomeHs AB, To nia uac cumeTpii BiAHOCHO npamoi [ npomiHb AB
nepexoauTb y NpomiHb AC. Takum YuHOM, npsma [ — Bicb cumeTpii KyTa BAC.

3anumaHHa i 3a0adi

“ YcHi BnpaBu

312. Cuwmetpia BigHOCHO Touku O IepeBOAUTH TOUKY A B Touky B. e pos-
mimmena touxka O?
313. Vmacruizox cumerpii BimHOCHO Toukum O Touku A i B IepexomAThb
y Touku A’ i B’ BigmoBimmo. Cepen piBHOcTell a—2 BUOEpPiThH pPiBHICTH, dKa
He 000B’SI3KOBO CIIPaBIKYETHCS:

a) AB=AB’; 0) AO=A'0O; B) AO=BO; 1) BO=B0.
314. dxi npami mig uac merTpaJspHOI cuMeTpii mepexogaTs cami B cebe?
315. dxi 3 diryp ma puc. 57 maioTs meHTp cumerpii? Ile BiH posmimenuii?

OAQO S % e

a 0 I e €

Puc. 57

316. Cumerpisa BimHOCHO mpamoi | mepeBOIUTH TOUKYy A B Touky B. fIk
poswmirteni npawmi [ i AB?
¢ 317. Vmacnizox cumerpii BigHOCHO mpamoi [ Binpizok AB, KiHIi AKoro He
JexkaThb Ha IpAMin [, mepexomuTh y Bigpisok A'B'. Cepen TBepI:KeHb a—2
00epiTh TBEPIKEHHs, AKe He 000B’A3KOBO CIIPABIKYETHCS:
a) AB = AB; 0) AA' LI B) AA’||BB’; r) AB||A'B.
¢ 318. Cxinpku oceii cumerpii mMae Bimpisok; mpama? s KOKHOI 3 IIUX
Qiryp ommIriThr B3aEMHE PO3MIIIEHHS Ocell cuMeTpii.
¢ 319. §xi i3 ¢iryp Ha puc. 57 maroTs oci cumerpii? Ckinbku oceii cumerpii
Mae KoskHa ¢irypa? K BoHu posmimreni?
(& 320. Hagsexirs npukaag dirypu, sxa:
a) He Mae€ Hi IeHTpa, Hi oceli cumeTpii;
0) Mae IEHTP CUMeTpii, aje He Mae oceill cuMeTpii;
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B) He Mae€ IeHTpa CUMeTpii, aje Mae Bicb cuMeTpii;
) Mae€ IeHTp cuMeTpii i mekinbka (0essiu) oceir cumeTpii.

‘L MNpadiuHi BNpaBm

321. Haxpecairs Tpuxkytauk ABC. Ilo6yayiite TpukyTHuk AB'C’, cume-
TpuuHuil TpuKyTHUKY ABC BigHOCHO TOuKu A. BusHaure Bujm wyotupu-
kytHuka CBC'B'.

 322. Haxpecuaits xBagpar ABCD. Ilo6ynyiiTe KBaJpaT, CHMETPUUHHI Aa-
HOMY KBajapaTy BimHocHO cepenuuu ctopouu CD. CKiJIbKM BepIUH JaHOTO
KBaJpara € TaKoK BepITMHAMHU Iioro oopasy?

323. Ha mani Ykpainu nobyzayiiTe Bigpisok, kinmamu axoro € micra JIbBiB
i Xapkis. 3HaiifiTh IIeHTP cuMeTpii mboro Bigpiska. ¥ #AKiit objgacTi pos-
TarmoBaHa 3HalgeHa Touka? I1061By AKOro BEJIMKOTO HACEJIEHOr'0 IYHKTY?

C 324. Ha mami Vkpainu mobyznyiiTe npamy, BigHocHo axoi JIbBiB Ta IBaHO-

dpaHKiBCBK € cumeTpuuyHEMHU. IKi obJsiacTi meperuHae 1 npsama?
325. Haxpecrite piBHOGempenuii TpukyTHuK ABC 3 ocuosoio AC. Ilo-
oynyiite TpukyTHUK AB'C, cumerpuunuii TpukyTHUKY ABC BimHOCHO IIps-
moi AC. 3uaiigite Touky O, BHACIiZOK cuMeTpii BiTHOCHO AKOI TPUKYTHUK
ABC mepexonutb v TpukyTHUK AB'C.

" 326. Haxpecrits rocrpuit Kyt ABC. ITo6ynyiite kyT ABC', cuMeTpUUHMI

KyTy ABC BimHOCHO TIpAMOi AB. ¥ AKOMY BigHOIIeHHI mpoMiHb AB AiiuTh
Kyt CAC?
327. Haxpecaits npaMokyTHIK ABCD i mpoBemiTs oci ioro cumerpii. Cro-
JYYITh IIOCJIiTOBHO TOUKHU IIePEeTUHY IIUX OCEeH 3i CTOpOHAMHU HPAMOKYTHUKA.
Axry dirypy Bu orpumasnu? Yu € oci cumeTpil IpAMOKYTHHUKA OCAMU CHMe-
Tpii orpumaHoi Girypu?

" 328. HaxkpecuiTh piBHOCTOPOHHI# TPUKYTHUK i IPOBEAiTH OCi i0ro cuMeTpii.
Yu Oyme TOUKa IXHBOTO IIEPETHHY IEHTPOM CHUMETpii IIbOro TPUKYTHUKA?

w MucbmoBsi Bnpasu

PiseHb A
329. 3naiiniTe TOUKY, CUMETPUUHY:
a) Touri (2; 9) BimTHOCHO TMOYATKy KOOPAWHAT;
6) rTourmi (2; —7) BigHOCHO TOouku (1; 1);
B) IIOYATKy KOOPAWHAT BiJTHOCHO TOUKMU MIEPETHUHY HPAMHUX X = —2
iy =3.
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<
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330. 3HaiifiTs TOUKy, CHUMETPUUHY:
a) toumi (2; 9) BizHOCHO TOUKHU (—1; 3);
6) Touri (a; b) BiZHOCHO MoOYATKy KOOPAUHAT.
331. JosexiTsh, 10 IeHTP PiBHOCTOPOHHBLOI'O TPUKYTHUKA He € IIeHTPOM
oro cumetpii. Uum MoKe HMpPOMiHB MaTH IeHTP cuMeTpii? Bigmoriab 06-
I'PYHTYHTE.
332. JloeniTs, 110 IeHTP KOJA € IEHTPOM HOro cuMeTpii.
333. 3naiixiTh TOUKY, CHUMETPHUHY:
a) rouri (—3; 9) BigHOCHO OCi OopAMHAT;
6) Touri (—2; —5) BigHOCHO OCi abcIiuc;
B) IIOYATKY KOOpPAMHAT BiZHOCHO mpAmMoi x = 4.
334. 3naiigite TOUKy, cuMeTpHUHY Touli (a; b) BimHOCHO:
a) oci abcruc;
0) oci opguHAT.
335. CkrnagiTh piBHAHHA IPAMOI, CHMETPUYHOI OpAMil y = X BigHOCHO:
a) oci abcruc;
0) oci opguHAaT;
B) NOYATKY KOOPAWHAT.
336. 3maiigite y migpyuyHMKax i3 pisHMX HaBUAJIBLHUX JUCHUILTIH (260
B Mepe:ki IuTepHeT) 300pasKeHHS IIPEeIMETiB, IO MAIOTH IIEHTP CHUMeTpii,
Bich cuMeTpii, MeKiJbKa ocell cuMeTpii.

PiBeHb b
337. Kono zamane pisaaaaam (x — 4) + (y — 3)? = 25. CkiagiTs piBHAHHSA
KoJIa, CHMETPUYHOTO JaHOMY KOJIY BiJHOCHO:
a) IoYaTKy KOOpPAMHAT; 0) Tourku (—1; 4).
338. CxrnaziTh piBHAHHSA IPAMOI, CUMETPUYHOI:
a) mpawmiii y = 8 BigHOCHO Touku (1; 3);
06) mpaMmiit y = —x + 1 BiZHOCHO IOYATKy KOOPAUHAT.
339. osexirs, 1m10:
a) JKOJeH TPUKYTHUK He Ma€ IeHTpa CUMeTpii;
0) TPUKYTHUK, AKUII Mae Bich cuMeTpii, € piBHOGeAPEHUM.
340. oBeniTs, 0 YOTMPUKYTHUK, AKUH Mae IeHTP cHMeTpii, € mapa-
JIeJIOrPaMOM.
341. Cknazits piBHAHHSA:
a) KoJa, cuMeTpuuHOro Koay (x — 4)? + (y — 3)? = 25 BigHOCHO IpH-
Mol x = —6;
0) mpAMOi, CUMETPUYHOI MPAMill y = —2 BiAHOCHO HpAMOI Yy = X.
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4 342. Cxnagits piBusEES:
a) KoJjia, CUMETPUYHOro Koiay x2 + y? = 4
BigHOCHO mpaMoi y = 3;
0) mpAmMoi, cuMeTpuYHOI oci abcruc Bif-
HOCHO IIPAMOL J = X.
343. Josenirs, mo npami, AKi micTaTs giaroxa-
Ji pomba, € ociMu HOTO cHUMeTpii.
" 344. [losexirs, M0 OpAMi, AKi IPOXOAATH Uepes
cepeqUHN MMPOTUJIEIKHUX CTOPIiH IPAMOKYTHHKA,
€ ocsaMHU HOro cuMeTpii.

PiBeHb B

345. osenirs, mo xomHa Girypa He MoKe MaTH PiBHO JBa IEHTPU CHU-
MeTpii.
346. [osesiTs, 0 TOYKa, CHMeTPUYHA TOuIli (@; b) BiZHOCHO mpaMoi y = X,
Mmae xkoopauHatu (b; a).

" 347. Iosenirs, 1o Tpamenis, ska Mae Bick cumeTpii, € piBHOGIuHOI. Chop-
MYJIIONTE i moBemiTh o0epHeHe TBEepPI KeHHS.
348. JloBeniTh, 110 TOYKM, CUMETPUYHi OPTOIEHTPY T'OCTPOKYTHOIO TPU-
KYTHHKa BiTHOCHO HMOTO CTOPiH, Jie:KaTh Ha KOJi, OIIMCAHOMY HAaBKOJIO
TPUKYTHUKA.

"~ 349. Iosexits, mo ¢irypa, AxKa Mae ABi B3aeMHO IepHeHIUKYIAPHI oci
cumeTpii, Mae IEHTp cuMeTpii.

Q MNoBTOpeHHA nepen BUBYEHHAM § 11

TeopeTnyHnn martepian

° aKcioMu BiKJaJZaHHA BifPi3KiB O 7 xiac, § 2, 3)
i KyTiB;
e OBHAKHU ITapaJjiejiorpama. O 8 xkinac, § 3 )
3apaui
350. Touka O — meHTp piBHOCTOPOHHBLOrO TpUKyTHHKA ABC. JloBediTh

piBaicTh KyTiB AOB, BOC i AOC.

351. [IBi BepmMHN IPAMOKYTHHKA JIeXKaTh Ha OCi abCIlMC, TPeTd BepIInHA
mae KoopaumHatu (—4; —4), a Touka (0; —2) — ToUKa IepeTUHY AiaroHaJen
NPAMOKYTHHKA. SHAHAITP KOOPAUHATH PEINTU BEPIINH.
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0]

Puc. 58. IToBopor
TouKu X HAaBKOJIO
Touku O Ha KyT O
TPOTHU TOAUHHUKOBOIL
CTPiIKM;

Puc. 59. ITosopor

dirypu F HaBKOJIO
Touku O Ha KYT O

3a TOAUHHUKOBOIO
CTPiJIKOIO0
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11.1. NMoBopom

3agirkcyemo Ha miomuHi Touky O Ta o6epeMo
noBismbHY Touky X (puc. 58). Bigkimamemo Bim mpome-
Ha OX y 3ajaHOMY HANpPAMI KyT i3 3aJaH00 rpagyc-
HOIO Mipoi0 o i mo3HaUMMO Ha APYTifl CTOPOHI KyTa
Touky X' Tak, mo OX' = 0X. Takuii mepexig Touxku X
y Touky X' € nogopomom HaBKoJIO TouKu O Ha KYT O.

O3HAYeHHA

TToeopoTom irypu F Haskono Touku O Ha KyT o Ha-
3UBAETLCA NepeTBOpeHHa Pirypu Fy girypy F', yHa-
CNifOK 9KOro KoxHa Touka X irypu F nepexoautb
y Touky X' oirypu F' tak, wo OX'= OX i ZXOX' = a.

Toury O Ha3WBAOTL IEHTPOM IOBOPOTY,
a KyT oo — KyTom mosopory”. OKpim meHTpa i KyTa,
IIOBOPOT 3aa€ETHCA TAKOXK HANPAMOM — 334 TOTUHHU-
KOBOIO CTPiJIKOIO0 ab0 IIPOTH TOAMHHUKOBOI CTPiJIKU.

Yuacaigoxk moBopoTy ¢irypu F HaBKOJO
Touk O Ha KyT O KOXHa Touka X gaHoi (irypwu
3Minryernses mo aysi koJia 3 meraTpom O i pagiycom OX
(puc. 59). OueBuAHO, IIJ0 BHACIIZOK OyAB-AKOIrO IIO-
BOPOTY IIOJIOJKEHHS IIeHTPa IIOBOPOTY He 3MiHIOETHCH.

Teopema (0OCHOBHA BAGCMUBICMb NoBOpOMY)

TToBopoT € nepemilleHHaM.

JloBedeHHs

O PosmisimeMO BHUIIAJOK, KOJH KYT IIOBOPOTY
menmui Big 180°. Hexaii yHacJ/iOK IIOBOPOTY HaB-
Koo Touku O Ha KyT o TOuKu X i Y mepexomaTh
y Touku X' i Y' BigmoBigHo. PosrissmeMo 3arajbHU
Bumaiok (puc. 60), xoau Touku O, X i Y He Jexarb

*

V mkigbHOMY Kypci reomMeTpil po3raagaTuMyThCsa KYTH
moBOpOTY B Mexkax Bim 0° mo 360°.
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Ha OAHIiW npaMmiin (IHIIMA BUIIAJOK POSTIAHBTE
CaMOCTiHfHO).

Tpuryrauku XOY i X'OY' piBHi 3a mepIroio
osHakoio: OX =0X' i OY =0Y' 3a 03HAUEHHAM IIO-
Bopotry, ZXO0Y =/X'0Y' (y BUDAAKY, IIOZAHOMY
Ha pwuc. 60, KoKeH i3 MWX KyTiB AOPiBHIOE cyMmi
(puc. 60, a) abo pisHuIi (puc. 60, 6) KyTa ITOBOPOTY O
i xyra X'OY). I3 piBHOCTI TPUKYTHUKIB BUILIMUBAE,
mo XY =X'Y'. Ormxke, moBOpOT 30epirae BicTaHb MiK
TOUKaMI, TOOTO € IepeMillleHHAM. Bumagku, Koaun
180° < o< 360°, posrisubTe caMocTitizo. M

3 mepeTBOPEHHAM MOBOPOTY TAKOXK IIOB’SI3aHUI
neBHu Buj cuMeTpii. SAKINO BHACJIIZOK IIOBOPOTY
HaBKoJIo mesakoi Toukum O Ha KyT o (0°<a<180°)
dirypa F mepexomuth y cebe, TO KaKyTh, IO IIA
(irypa mMae mMOBOPOTHY cuMeTpito (abo cumeTpiro
o0epraunua). Hanpukiazi, IIOBOPOTHY CHUMETPil0 Mae
PiBHOCTOPOHHI TPUKYTHUK: CIIPABJi, BiH IEPEXOIUTH
y cebe BHACJHiZOK moBopoTy Ha KyT 120° HaBKOJIO
Toukn O — IleHTpa JaHOro TPUKYTHUKA (puc.61).

11.2. CniBHanpsiMNieHi nhpoMeHi.
MapanenbHe nepeHeceHHA

IIpo morsirm abo aBTOMOOiNi, AKiI pPyXarmTbCs
OIOUH 3a OJHUM a00 IMapajieIbHUMU IILJIAXaMU, Hallpu-
KJagn, 3 Xapkosa 1o KueBa, KaKyTh, 110 BOHU HOYTH
B ogfHOMY HampAMi. 'eomeTpuuHMii BiAIOBiIHUK ITi€l
mo0yTOBOI cuUTyaIlii gae MOHATTS CIIiBHAIPAMJIECHOCTI.

O3Ha4eHHA

Hea npomeHi HA3MBArOTLCS CRIBHANPAMNEHUMMU
(a60 onHAKOBO HaNpAMMEHUMMU), AKLIO BUKOHY-
€TbCA OAHA 3 ABOX YMOB:

1) aaHi NnpomeHi NapanesnbHi 1 nexaTb NO 0AWH 6ik BiA
NpAMOoT, WO NPOXOAUTb Yepes IXHi NOYATKOBI TOYUKU;
2) AGHI NpOMeHi NexaTb Ha OAHIM Npamil, npu-
YOMY OAUH i3 HUX € YACTUHOKO (HWOTO.

Puc. 60. o noBenenusa
OCHOBHOI BJIaCTHUBOCTI
IIOBOPOTY

Puc. 61. IToBopoTHa
cuMeTpisA PiBHOCTOPOH-
HBOTO TPUKYTHUKA
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—

B

Puc. 62. CniBrHanpamieni
i mpoTuaeKHO HATPpAMJIEH]
IIpOMeHi

Puc. 63. ITapanxenbue
nepeHeceHHA TOUKU X

y Hanpami npomens OA Ha
BimcTaHb

a

F F

(0] a A

Puc. 64. ITapasensHe mepe-
HeceHHdA dirypu F y Hampami
npomens: OA Ha BiicTaHb a

108

Ha puc. 62, a npomeri AB i CD mapaJjenbHi
i nexxaTh mo ommH OiK Bim mpsamoi AC; Ha puc. 62,0
npomias CD e yactuHO npomena AB. B o06ox
mux BUNagkax mpomeHi AB i CD cmiBHAIIpAMJIEHi.
3ayBaKuMO, IO ABa IPOMEHi a i b, cuiBHanpsaMJeHi
3 TUM CaMUM TIPOMEHEM C, TAKOXK CIIiBHAIPAMJIEHI
(puc. 62, 8).

O3HAYeHHA

[Ba npomeHi HA3MBAFOTLCS MPOTUNMEKHO HANPAM-
NeHUMMU, AKWO OAUH i3 HUX CRiBHANPSMIEHUU
3 NpOMeHeM, AOMOBHANbBHUM [0 iHWOrO.

Ha puc. 62, a, 6 npomeni AB, i CD e nIpoTHIeKHO
HAIIPAMJIEHUMHA.

Hexaii Ha miomiuui 3agamo npomiab OA, mpu-
yoMy noB:KmHa Bimpiska OA nmopiBuioe a (puc. 63).
Bub6epemo moBinbHy TOuky X i mobyayemo Toury X'
Tak, 11100 npomeri XX' i OA Gyiu ciiBHAIIPAMJICHU-
mu i Bigpisoxk X X' nmopiBuioBaB a. Tarke mepeTBOpeHHS
Touku X y TouKy X' € IapaJjieJIbHUM TIepeHeCeHHAM
y Hampami nmpomensa OA Ha BiacTaHb a.

O3Ha4YeHHA

TlapanensHUM nepeHeceHHaM irypu F y Hanpami
npomeHs OA Ha BIACTAHb a HG3UBGETLCA MepeTBo-
peHHs irypu Fy irypy F', yHacnifok Skoro KoxHa
Touka X irypu F nepexoautb y Touky X' qirypu F'
TaK, Wwo npomeHi XX' i OA cnisHanpamneHi i XX' = a.

Ha puc. 64 dirypa F' orpumana 3 ¢girypu F
VHaCJIiJOK mapaJyieIbHOTO IepeHEecCeHHA B HaIIpAMi
npomenss OA Ha BificTaHb a.

Ona 6yab-akux OBOX TouoK A i B icuye ma-
paJiesibHe TIepeHEeCeHHSA, SKe NePEeBOJUTH TOUKYy A
B Touky B, i Tinmbku omme. Cmpaspi, 3a axcioMoio
BiIKJamaHHS BigpiskiB Ha mpomeni AB Big Touku A
MOJKHA BiIKJaCTH €IMHUI Bimpisox 3aBHoB:KKU AB,
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TOOTO LIyKaHe IapaJjieibHe IepeHeCeHHs 3aJa€ThCs
npomeneM AB i moB:kuHOIO Bigpiska AB.

Teopema
(ocHOBHA BRAacmusicmb napanenbHo20 nepeHeceHHs)

TTapanensHe nepeHeceHHs € MNepeMmillleHHsM.

JloBedeHHs

O Hexait yHacaijok mapaJjieIbHOTO IIepeHeceH-
Ha B HanpaMmi npomens OA Ha Bigctaub a Touku X i Y
nepexonAaTh y Touku X' 1 Y' BigmoBiguo. Posriauemo
3araJbHUMN BUOamok (puc.65), Koam Bigpisox XY
He mapaJieTbHUHA npoMeH:o OA i He JeKUTh Ha HbOMY
(iumi BUmagKuM PO3IVIAHBTE CAMOCTiIHO).

3a o3HaUeHHAM IIapajieIbHOTO IIepPeHEeCEeHHI
XX'YY’', XX'=YY'=a. TakuMm 4YMHOM, YOTHUPHU-
KyTHUK XX'Y'Y, IBi CTOPOHU AKOTO IIapaJiejibHi i piB-
Hi, — mapaJejorpam, 3Bigku XY =X'Y'. Omxke, na-
pajesibHe HepeHeceHHs 30epirae BigcTaHb MiK TOU-
Kamu, ToOTO € mepeminienuam. Teopemy moemeHo. H

SIKIII0 BHACJIIIOK [EAKOTO mapajieibHOTO Iepe-
HeceHHA (irypa F mepexoquTtsb y cebe, TO KayKyTh, 110
s girypa mae mepeHocHy cumertpiro. Cepen diryp,
AK1 BUBYAIOTLCA B IIKIJIBHOMY KypcCi IaHimeTpii,
TaKy BJIACTMBICTL Mae JuIle mpaMa. AJje IPUKJIagu
ePeHOCHOI cuMeTpil MOJKHA 3HAWTH B iHIINX HAyKaX,
MUCTEITBI ¥ moBcaAkgeHHOMY KuTTi. Ha puc. 66 mo-
IaHO ecKis rpadika QyHKIil y=sinx, aKy Bu Oyzere
BMBYATH B Kypci ajaredpu; meii rpadik Mae IepeHoCHY
cuMeTpilo B HampaMi oci aberruc.

y

Y

Puc. 65. [To noBegenHus
OCHOBHOI BJIaCTHUBOCTi
mapaJjejJbHOrO IepeHeCeHH s

N 0 RN
N

Puc. 66. Eckis rpadika QyHKIil y=sinx

\\_/ *
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y M'(x+a; y+b) Y NpAMOKYTHi cucTeMi KOOpIMHAT mmapa-
JeJbHE IEePeHeCeHHs, SIKe MePeBOAUTH TOUKY (X; V)
y TouRy (x5 y'), 3amaerbcsa opmyraMu
M(x;y)
x'=x+a,y =y+b,
O x . . . .
me a i b — pmeski umciia, OMHAKOBI AJIsT BCiX TOYOK
Puc. 67. ITapanenasHe miaoniman (puc. 67). OOrpyHTyBaHHA IIHOTO (PAaKTy
IepeHeceHHsA B IPAMO- noxauo B Jomarky 1.
KYTHI cucTeMi KOOpAMHAT
3anaua

D
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YHacnifnok napanenbHoro nepeHeceHHs Touka (—2; 1) nepexoauTb y Tou-
Ky (3: —6). Y sKy TOUKY BHACMIAOK TAKOTO MepeHecCeHHs MnepexoAuTb MouaTok
KoopAuHat?

Po3s'asaHHs
Hexalh napanenbHe nepeHeceHHs 3aAAHO QOpMynamu X' =x+a, y =y +b,
Ockinbku Touka (—2; 1) nepexoauts y Touky (3; —6), T0 3=-2+a, -6=1+b.
3siacu a=5, b=-7, T06TO0 AaHe napanenbHe nepeHeCeHHs MAE POPMYSU
x'=x+5, y'=y—7 TliacTaBuBIWWN B Ui POPMYNU KOOPAUHATU MOYATKY KOOpAM-
HaT x=0, y=0, maemo: x'=0+5=5, y'=0-7=~7. OTxe, NOYaTOK KOOpAUHAT
nepexoautb y Touky (5; 7).
Bianosiab: (5; 7).

11.3. Cumempisi B npupodi, Hayuyi Ui Mucmeymsi

V¥V mporeci BUBUeHHS MHOTOKYTHHKIB MU IIopasy BUIIJIAJIU 3 IIEB-
HOro KJacy (iryp Ti, 110 MaloTh eJeMeHTH cUMeTpii: cepea TPUKYTHU-
KiB — piBHOOenpeHi I pPiBHOCTOPOHHi, cepej IlapaJjejorpaMiB — IIps-
MOKYTHHMKM, poMOM i1 KBaapaTu. I Ile He BUIAAKOBO, alKe CBIT, AKMH
Hac OTOUYy€E, CIOBHEHUMN CcHMMETpPii: cuMeTpuYHMMMN € KBiTm i JmcTs,
Tijla TBApWMH i KOMax, CHIKMHKHU I KpHUCTaJX IIPUPOIHUX MiHepaJis.
Te, 110 CTBOpeHe JIOAWHOI0, TAKOK 3/e0iJIbIIIOro CHMeTPHYHEe — apXi-
TeKTYyPHi coopyau (puc. 68, 69), mebuti, mocya, aBToM00LIi, JiTaku Toro. Mu
3HAXOAVMMO CHMETDPII0 B MY3WYHUX 1 JIiTEpATYypPHUX TBOPAX, CIOPTUBHUX
irpax. Himenprkuii marematuk I. Beiinp (1885—1955) crBepm:KkyBaB, IO
«Kpaca HEPO3PUBHO TOB’sA3aHA 3 CHMETPIE0».
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Puc. 69. CodiiicbKuii cobop
y Kuesi

Puc. 68. Mapiincekuii nanarn y Kuesi

CuMmeTpiad HpUCYTHA B PisHUX po3Aijax Ma-
TeMaTHUKU, 30KpeMa B anrebpi. Hampukrimax, mMHO-
rouseHu BUAY ax?+ bxy+ay?, AKi He 3MiHIOIOTH-
cA BiJ mepecTaHOBKM 3MIiHHMX X i y, Ha3WBaAIOTh
CUMETPUUYHUMHU — [IJIs TAKUX MHOTOUJIEHIB iCHYIOTH
cIeIriajJbHI CIIOCOOM PO3KJIAJAHHS HA MHOMKHUKHN. Y
Haounum mpukJiagom cumeTrpii B anredpi € rpadikm
eJleMeHTapHUX (QYHKIiN: Tak, mapabosa y=x2 cume-
TpUYHA BiHOCHO oci opauHar (puc. 70, a), a rimep6oJa X X'

y:l — BigHOCHO mouaTKy Koopauuar (puc. 70, 6).

xBionorn OINIIJINM BHUCHOBKY, IO IIepeBa’KHa

OiIBIIICTE OpradisMiB «CIpPoOEKTOBaHA» 3a UiTKOIO I'eo-
METPUYHOI CXEMOIO, i BUAIIAIOTHL OKPEMi BUAU ITPO- a
CTOPOBOI cMMeTpPil, XapaKTepHi AJId POCJIUH i TBapuH. Y4

3 Kypey xXimii BamM Bimomo, IO UMMAaJO IIPH-
POIHUX PEUOBUH CKJAMAETHCSI 3 KPUCTAJIIB, AKi AB- X'
JISIOTH CO00I0 MHOTOTPAHHUKY (3 HUMM BU JOKJIaTHi-
e IMO3HAMOMUTECh HA YPOKaX reoMeTpii B cTapIInx o x
KJacax). HaykoBii BcTaHoBHMJIM, II0 icHye 32 BuIn X
cumeTpii KpucraJis.

YV mapuHi MUCTEITB HAMOiJIBIII HAOYHO CHMe-
TPifd IPOABJIAETHCI B apXiTeKTypi. 3a mepeKoHaHHIM
IaBHBOTPEIIbKUX apXiTeKTOpiB, CUMETpPid yoco0Jioe Puc. 70. Cumerpis
3aKOHOMIipHICTh, HOIIIJNIBHICTHL i rapmoHip. Pacagum rpadikiB eIeMeHTapHUX
f0ararboxX iCTOPUYHMX i cyuyacHUX OyaiBesib MAIOThH GyHRIik

6

einemeHTu cuMeTpii. MoTuBu cumerpii mepeBaka-
Jau B 00pasoTBOpUOMy MucTenTBi JlaBHBOTO €rUNTY,

m
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Ipentii i Pumy. Ha oco6yinBy yBary 3aciiyroBye BUKOPHUCTAHHS CUMETPil
B J€KOPATUBHO-IPUKJIATHOMY MUCTEITBi: CTPYKTypa i po3MiIlieHHA opHAa-
MEeHTiB Ha YKPaiHChKUX PYIIHMKAaX i BUIIMBAaHKAX — SCKpaBe CBiJUEeHHSA
OPOHUKHEHHA CHUMeTPil B HapoAHy TBOpPUicTh (puc. 71).

Meandp Buwusanka
Puc. 71. OpaameHTu

IToetnuni pumum Ta posmipm — THIOBLI IIpoO-

ABU cuMeTpil B JiTeparymyépi. ¥YBary MOBO3HABILiB

3laBHA MPUBEPTAIOTH MAJIHAPOMU («II€PEBEPTHI») —

«CUMeTpUYHi» cJjioBa, (pasu abdo BipImi, mo omgHAa-

KOBO UMTAIOTLCS ¥ 3JIiBa HAIpaBO ¥ cIIpaBa HaJIiBO:

«OKO», «3apas», «pajap»; HaWBigomimwuii 3 yKpaiH-

_— cbruX nagingpomis «I 1o cano? Jlacormrily mpugymas

noer O. IpBanens. HeBuuepHi MOKJIUBOCTI cuMeTPil

—- ¥ chOrogHi mpuBabJIIOIOTL YUEHUX 1 MUTIIIB, HagUXa-
IouM iX Ha HOBi 3JIeTHM TBOPUOI AYMKM.

3anumaHHa i 3adadi

k YcHi BnpaBu

352. Yu icHye moBOpOT, YHACTINOK AKOTO:
a) CTOpoHA MPSIMOKYTHHKA, IO HE € KBAAPaTOM, II€PEeXOJUTh Y CyCi-
HIO CTOPOHY;
0) omHa miaroHajib IPAMOKYTHHKA NEPEXOAUTH B iHIITY;
B) OJMH i3 BHYTPIIIHiX Pi3HOCTOPOHHIX KyTiB IIpU MapaieIbHUX IIPs-
MUX i CiuHill mmepexoauTh B iHIINI;
) OAMH i3 BiATOBIAHMX KYTiB IpPH HapaieJlbHUX HIPAMHUX i ciuHin
IIepexXoauTh B iHIIuUi?
353. Touka O nmexurs Ha mpawmiii [. Ha axuit KyT Tpe6a IOBEPHYTH IIpH-
My [ HaBKOJIO TouKH O, 11100 OTpUMATH IIPAMY, siKa 30iraerbcs 3 [?

354. Touka O mHe mexuts Ha npawmii . Ha axuii KyT Tpeba IOBepHYTHU
npamy ! HaBKoJsio Touku O, 1100 oTpUMAaTH MPAMY, HapajeabHy [?
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¢ 355. Sxi 3 diryp Ha puc. 72 MAOTL CUMeTpio 00epTaHHA?

[AONG % e

a €
Puc. 72
356. [iaromani napanenorpama ABCD mepeTuna- B c
oTbea B Toulli O (puc. 73). HasBiTh mpominb: v
a) cIiBHAIIPAMJIEHHN 3 mpomeHeM AB;
0) IIPOTHUJIEKHO HaIpAMJIeHUH 3 mpomeHeM CB; A
B) crmiBHampaMJaeHu# 3 npomeneMm AO; A D

r) IPOTUJIEKHO HampsaMmJjeHuir 3 mpomenem OD.

357. IIpomeni AB i CD cmiBranpsamieri. Uu cmis-
HanpsamiaeHi npomeHi AB i EF, akio:

a) mpomeni CD i EF cuiBHaIpsaMJIeHi;

6) mpomeni CD i EF mpoTuUIeKHO HATIPAMJIECHi?

358. Yu icmye mapaiesnbHe IepeHeceHHs, BHACTIZOK AKOTO:
a) OHA CTOPOHA MPAMOKYTHUKA IIEPEXONUTH B iHIITY;
0) ogHa AiaroHaJb MPAMOKYTHUKA MEPEXOAUTh B iHIITY;
B) OJWH i3 BHYTPIiIITHiX Pi3HOCTOPOHHIX KYTiB IpU IapaJjeJbHUX TPA-
MUX 1 CiuHIA HmepexoAuUTh B iHIIINIL;
) OAWH i3 BiAMOBiAHWMX KYTiB IpM IapajieIbHUX MPAMUX i CciuHii
epexXoauTh B iHIIUN?
359. [iaromasi napanenorpama ABCD neperunaioThcs B Touni O (puc. 73).
Busuaurte o6pas Touku A 1pu mapaJieIbHOMY IIepeHeceHHi, BHACJIIOK sSKOro:
a) Touka D mepexomuth y TOUKy C;
6) Touxka O mepexomauTh y TOuKy C.

‘L MNpadiuHi BNpaBm

360. Haxpecuirs Bigpisox AB. IlosHaure Ha nmpawmiii AB Touky O, 10 He
JIe;KUTHh Ha Biapisky AB, i Touxky C — cepenuny Biapiska AB. IloOyxyiiTe
dirypy, B AKYy IIepeXOoauTh Bipi3oK AB BHAaCJiJJOK IIOBOPOTY:

a) Ha 60° mIpoTH TOAMHHUKOBOI CTPiJIKM HAaBKOJO Touku O);

6) Ha 90° 3a rOAMHHUKOBOIO CTPiJIKOI0 HaBK0JO Touku C.
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361. Ilo6ynyiiTe ¢irypy, B Ky IepexXOAUTbh PiBHOCTOPOHHiH TPUKYT-
HUK ABC BHaCJIiIOK IIOBOPOTY:

a) Ha 60° mpoTHM TOAZWHHUKOBOI CTPiKM HAaBKOJO Touku C;

6) ma 180° HaBKOJIO TOUKU B.
362. Ilo6yayiite dirypy, B Ky IepexoquTh KBagpaT ABCD BHacCIiZOK 1O-
BOPOTY:

a) ma 90° 3a rOCMHHWKOBOIO CTPiJIKOIO HABKOJIO TOUYKU D;

6) Ha 90° mpoTHM TOAMHHMKOBOI CTPiJIKM HaBKOJIO TOUKMU IMEPETUHY

IiaroHaJjiei.
363. Ha mani Ykpainu nobyayiiTe Kojo, Ke Mae IeHTPOM MicTo Samopix-
KA 1 mpoxoguTh ueped micto Mukoaais. Ha AKuii KyT moTpidHO MOBEPHYTH
Bimpisok «3amopixk:xsa — MwurosaiB» HaBKOJO II€HTPa KoJia IPOTH T'OMUH-
HUKOBOI CTPiJIKM, 1100 TOYKAa, IIT0 BiAmoBimae micty MwukoJais, mepeiiia
Yy TOUKY, IO BifmoBigae micty Xapkis?
364. Ilo6ynyiite nmapasenorpam ABCD, v sxomy AB = 2 cm, BC = 4 cwm.
IToOynyiiTe dirypy, B Ky IIepeXOauTh Lei mapaJiejiorpaM yHACJIiJOK mmapa-
JIEJTBHOT'O TIEpEeHECEeHHS:

a) B mampami nmpomens DC ma 2 cwm;

0) B Hampawmi mpomensa AD Ha 2 cMm.
365. ITo6yayiiTe Girypy, B AKy IepexXOoJUTh PiBHOCTOPOHHIN TPHUKYT-
HUK ABC BHaCJiIOK IIapaJjieIbHOTO IIepeHeceHHs B Hampsami npomens CB
Ha BificTaHb, II[0 AOPiBHIOE TPETHHi IIepuMeTpa TPUKYTHUKA.

a [Mucbmosi Bnpasu

PiseHb A

366. Vuaciifok meBHOTo HOBOPOTY AaHUII IPAMUI KYT IePeXOAUTh Y KYT,
CYMiKHUY i3 manuM. BusHauTe IEHTP i KyT TOBOPOTY.
367. Busnaure, 4Yu MalOTh IOBOPOTHY CHMeTPilO Bifpi3ok, KBaxpar. ¥ pasi
CTBEpAHOI BiATIOBifi Bu3HauTe IEHTP i HaWMEHINTWN KyT obepTaHHsS, BHA-
CIiIOK sAKOro maHa (irypa mepexomuThb y cede.
368. Touka O mexuTh Ha OpaAMiii [. YHACIIZOK IOBOPOTY HABKOJO TOUKHU O
I IpAMa IMepexonuTh y cebe. BusHaure KyT ITOBOPOTY.
369. IlapanennHe mepeHeceHHs 3amaHo Gopmyntamu x' = x — 1,y = y + 2.
3HaNAiTL KOOpAMHATH:

a) TOYKH, B AKY IIePeXOAUTh Touka (—3; —1);

0) Touku, oOpasdoM AKOi € Touka (4; —2).
370. IlapaienbHe epeHeceHHS 3afaHo dopmynamu x' = x + 4, y' = y. Bu-
3HAUTE HANPSM i BicTaHb, AKMMHU 3aJAE€ThCS Ile TepeHeCeHH.
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4 371. Napanennue meperecenns sanamo GopMyiamu x' = x — 2, y=y+T.
3HaaiTL KOOpAMHATH:
a) TOYKH, B IKY IEPEeXONUTDb IeHTp Koua (x + 12 + y2 = 9;
6) TOuKM, 00pasoM SKOI € TOUKa IEPEeTHUHY NpAMHUX y = 2x i x = 3.
372. Yu icHye mapaJjiesbHe IepeHeCeHHS, BHACTIJOK SKOTro:
a) Touka (—2; 3) mepexoauthb y Touky (1; —1), a Touka (0; —1) — y Tou-
Ky (35 3);
6) Touka (1; —4) IepexoaAuTh y MOYAaTOK KOOPAMHAT, a IIOYATOK KOOp-
ouHAT — v TOUKRy (—1; 4)?
" 373. BapaiiTe opmynamMu mapasesabHe TepeHeCeHHA, BHACIILOK AKOTO TOU-
Ka (8; 3) mepexoauTs y cepenuHy Bimpiska 3 Kimmamu (—2; 0) i (0; 16).

PiBeHb b

374. Josenits, Mo mOBOPOT HaBKOJO Touku O Ha 180° € HmeHTPAJIBLHOIO
cumeTpiero BimHOocHO Touku O.

" 375. Vmacnimox mosoporTy HaBkogo Touku O Ha KyT o (0° < o < 180°)
TouKa A mepexomuTh y Touky A'. IloBexmiTh, 110 Touku A i A’ cumeTpuuHi
BiTHOCHO IIPAMOI, 110 MicTuTh GicekTpucy KyTa AOA'.

376. [losesniTs, 10 BHACJiZOK ITOBOPOTY HABKOJIO IEHTPa OMMCAHOIO KOJa
Ha KyT 90° KBajgpar mepexomuTh y cede.
377. Kimnsamu giamerpa kousa € Touku (2; 1) i (-4; 9). Ckaaznits dopmyan
IapaJieJbHOTO IlepeHeceHHs, BHACIIIOK AKOIo faHe KOJO IepexoquTh ¥ KOJIO
(x — 3)2 + y? = 25.

O 378. Vmacrnimox mapasenbHOro IepeHeceHHs Touka Koja x2 + y? = 86, aka
Mae HailMeHIIy OpAMHATY, IIePeXOAUTh y IEHTP IIboro Koja. CKJIAAiTh piB-
HAHHA 00pasy AaHOTO KOJIa.

379. Bepmwunu tpukytEKa ABC MaioTh KoopauHaTtu A(-3; —3), B(-2; 1),
C(0; —2). YHacxioK mapaJjieIbHOTO IIepeHeceH A TouKa B mepexoguts y Tou-
Ky B’, cumerpuuHy TouIlli A BiJHOCHO IIOYATKY KOOPAUHAT. ¥ SKi TOUKHU
BHACJIIJOK TAKOI'0 IIePEeHEeCeHHs IepexonATh BepinuHu A i C?

PiBeHb B
380. ®irypa F mae cumeTpito obepTaHHA Hopanky n (neN, n>2), axiio

o

BOHA TIEPEXOAUTH y cebe BHACJIOK TMOBOPOTY HA KYT

n
a) JloBemiTh, III0 PiBHOCTOPOHHiII TPUKYTHUK Ma€ CUMETPil0 obepTaH-

Hs TOPAIKY 3.
0) Busmaure mopsmok cuMeTpii obepTaHHSA AOBILIBLHOTO IIapaJjejorpa-
Ma HaBKOJIO TOUKMU MEPETUHY AiaroHaei.
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4 381. ano pismi sBigpiskm AB i A'B’

(puc. 74). IToGyxayiiTe 1eHTP MOBOPOTY, BHA- B
CHiIOK AKOTr0 OAWH i3 IIUX BiApis3KiB mepe-
XOOUTH B iHIIINIH. '
( 382. IIsa rpasui no uepsi KIaKyTH HA KPYT- A7 4 B
JIUIi CTiJTI MOHETH V II'SITh KOIIiHIOK TaK, 100
Puc. 74

BOHHM He HaKJaJaJliCch OJHA Ha oxHy. Bu-
rpae TOH TI'paBelb, AKUHA IIOKJAaJe MOHETY
ocTaHHIM. K Mae misTu mepIiuii rpaBelb,
1100 rapaHTOBAHO BUIDATH?

" 383. € 1Bi KOpPOOGKH IYKEpOK, IPUUOMY
KIJIBKiCTh IIYKEepPOK Y KOPOOKax OJHaKOBa.
KoxeH i3 mBoxX rpaBIiB 3a OoAMH Xim Mae
IpaBO B3ATHU JOBLJIBHY KiJBbKiCTH IIYKEPOK,
aJie Jquiie 3 ogHiel KopoObKu. Burpae Toii, XTO
BidbMe OCTaHHIO IYKEPKY. 1K Mae qiaTtu apy-
Tuil rpaBellb, IIT00 rapaHTOBAHO BUTPATU?

384. IIpami a i b nmepeTuHAIOTHLCA B TOU-
i O mig xKytom o. JloBemiTk, 10 mocyimoBHi
cuMeTpii BiZHOCHO ITUX HNPAMUX JAIOTh IIO-
BOPOT HaBKOJO TouKu O Ha KyT 2d.

Q NMoBTOpEHHA nepen BUBYEHHAM § 12

TeopeTuyHNN maTepian

e 1OAi0HI TPUKYTHUKW; [C 8 rac, § 10_12)
e  ILJTOIIi IOZIOHMX TPUKYTHHUKIiB. [C 8 kJiac, 1I. 18.1)
3apaui

385. Touxka E — cepeauna croporu BC mapanenorpama ABCD. JloBeniTs,
o upsama AE pinautes giaromans BD y BigHomienni 1 : 2.

386. Croponr TpUKYTHHMKa AOPiBHIOIOTHL 13 cM, 14 cm i 15 cm. BHafimits
IJIOIY TPUKYTHHKA, IIOLIOHOTO JaHOMY, SIKIIO HOro HaiiMeHIIIa CTOPOHA
mopiBHIOE 39 cM.
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§12 NodibHicmb dizyp

12.1. MepemsopeHHs nodibHoCM.
fomomemis

YoTupyu BUIU TeOMETPUUYHUX IIEePETBOPEHD,
POBIIIAHYTI B IomepenHix maparpadax, Oyam pisHO-
BUJaMU IIepeMilllenHsd, To0To 36epiraau Bigcrani mix
TOuKaMu. Po3risHeMo Telep reoMeTPHUUHE IIePeTBO-
PeHHs, AKe MOKe 3MiHIOBATH BificTaHI MiXK TOuKa-
MU, — IepeTBopeHHs noxioHocTi. IloHaTTs moxibHOCTI
ISl TPUKYTHUKIB BiKe 3HAoMe BaM 3 Kypcy 8 KJacy.
Bsegemo os3HaueHHs MOAiIOHOCTI AJIA JOBiIBHUX Qiryp.

O3Ha4YeHHsA

TTepetBopeHHaM noai6HOCTi (nNoai6HicTHO) Hasuea-
€TbCA TaKe nepeTBOpeHHs @irypu F y oirypy F',
YHACNiAOK SKOrO BIACTAHb MiX TOYKGMU 3MIHFOETbCS
B TOMy CaAMOMY BiaHOWeHHi k (k> 0).

ITe osHauae, 1110 Kou AoBiIbHI Touku X i Y diry-
pu F yHACIiIOK HepeTBOPeHHS IIOAi0HOCTI IIepexoaaThb
y Touku X' i Y’ qirypu F', to X'Y'=kXY (puc. 75).

Yucao k HasMBaIOTh KoediuieHTOM nogibHocTi.
OueBugno, 10 AKIO k=1, maemo X'Y' = XY, T0oOTO
Bimcraui Mmisk Toukamm Qirypu 36epirarorbcsa. Ile
O3HAuae, M0 nepemiujeHHs € OKpemum 6unadxKom
nodibnocmi, axwo k=1.

Haoune ysBJIeHHS IIPO IIepeTBOPEHHS ITOAiOHO-
CTi mae 300paskeHHs OiJMAHKMN MiCIIeBOCTI Ha ILIaHi,
BUKOHaHe B Maciuatabi (puc. 76). Macmitab y 1mbo-
My BUOaAKy € KoedimieHTom momibHOCTi i BKasye,
y CKiZbKM pasiB peasbHi BigcTraui MixK o0’ekTaMu
BiIpisHAIOTHCA BiJ BifcTaHeW Ha MJIaHIi.

AK 1 y BumagKy mepeMmilieHHs, HeBaKKO JTOBe-
CTHU, IIT0 BHACJiJIOK IIePeTBOPEHHS IIOAi0HOCTI TOUKH,
AK1 JlekaTh Ha IPAMIiH, IepexonsaTh y TOYKM, IO

Puc. 75. IlepeTrBopennsa
HoLi0HOCTI IepPeBOAUTH
Girypy F'y Qirypy F’

Puc. 76. I1nan
MicieBocTi
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B’ C/

Puc. 77. IlepeTBOopeHHs
moai6HOoCTI 30epirae
KYTH MiK IPOMEHAMUI

FI

’

X
0 X

Puc. 78. 'omoreTis
3 meurpom O

118

JeKaTh Ha NpPAMif, i DOPAJOK IXHLBOTO B3aE€EMHOTO
posMmilenHs 30epiraeTbes. I3 1boro BUILINBAE, 110 ne-
pemeéopenna nodibrocmi nepeodums npami 6 nps-
Mi, npomeni — 6 npomeni, 6i0pi3ku — y 6idpi3Ku.

Tak camo, AK 1 IepeMillleHHs, nepemeopeH-
HA nodibHocmi 30epizae Kymu Mmid NPOMEHAMU.
CrpaBpai, AKIITO BHACJTIIOK IIepPeTBOPEHHs IIOMi0OHOCTI
KyT ABC mepexomuth y KyT A'B'C' (puc. 77), To
AB'=kAB, B'C'=kBC, A'C' =kAC. OT:xe, TPUKYTHU-
Ku ABC i AB'C' nozmi6Hi 3a TphOMa ITPOIOPI[iMHUMU
cTopoHamu, 3Bigku LABC=/AB'C'.

Hexaii Ha momuHi 3adikcosano Tourky O, Tou-
ka X — poBinbHaA Touka (Qirypu F (puc. 78). Bin-
KJagemo Ha nmpomeni OX Bigpisox OX', mio gopiBHIOE
kOX (k — (dixcoBane momarue umcyo). [IpoBiBiu Taki
moOyI0BU [IJIs1 KOMKHOI Touku Girypu F, omepKuMo
dirypy F', axa € o6pasom ¢irypu F, oTpuMaHuM yHa-
CJiJOK IIePEeTBOPEHHS, 110 HA3WBAETHCSI TOMOTETIEI0.

O3HAYeHHA

Fomortertieto 3 LeHTpom O HA3UBAETHCA Take nepe-
TBOpeHHa oirypu F y oirypy F', yHacninok akoro
KoXHa Touka X qirypu F nepexoauTb y Touky X'
@irypu F' Tak, wo Touka X' nexuTb Ha NpomeHi
OX i OX'= kOX (k — oikcosaHe foAaTHe 4uUCIO).

Yucsio k£ HasmBaOTh KoeQilieHTOM romMorerii,
a cami ¢irypu F i F' — roMoTeTHYHUMH.

Teopema (0CHOBHA BAACMuUBicmb 20Momemii)

FomoTetia € nepeTBOpeHHAM MNoOAIGHOCTI.

JoBedeHHs

O PosriamemMo BHUOamok, Koy Touku O, X
i Y me smekarp Ha oxHiN mpaminn (IHIMWE BUIIATOK
POBIIIAHBTE CAMOCTiIHO).

Hexati ymacmimox romorerii 3 memTpom O
Touku X i Y nepexogars y Touku X' 1 Y' BigmoBimgHO
(puc. 79). 3a osmauenHam romorterii OX'=EkO0OX,



§ 12. MNopibHictb diryp

OY' = EkOY. Ot:xe, TpukyTHuku OXY i OX'Y’ moxi6-
Hi 3a ABOMAa IPOMNOPIiHHMMHU CTOPOHAMHU ¥ KYyTOM
Mixk HuMu. 3Bigcu Bunamsae, 1m0 X'Y' = kXY, ToO6TO
TOMOTETisA € mepeTBOPeHHAM moxioHocTi. M

12.2. Bhacmusocmi nodibHux dizyp
O3Ha4yeHHA

Hsi irypu Ha3MBaroTbCa NOAIGHUMM, AKLLO BOHU Ne-
peBoAATbCS OAHA B OAHY NepeTBOpeHHAM NOoAi6HOCTI.

3 oraAanxy Ha BJIACTHUBOCTI IIepETBOPEHHSIA
HOAiOHOCTI IIe O3HAUeHHS Y3TOAMKYETHCS 3 O3HAUEH-
HAM MOAIOHMX TPUKYTHUKIB, mogaHmM y 8 KJaci.
ITomibHicTs moBimbHUX (Qiryp F i F' mosHavaeTbhCs
TaKk caMo, K i MogiOHiCcTh, TPUKYTHUKIB: F © F',

ChopmyI0eMO [eKijJbKa BJIaCTHUBOCTEIl II0i0-
HuUX Giryp, AKi O6esmocepefHbO BUIIJIUBAIOTH 3 O3HA-
YeHHSA i BJIaCTHUBOCTell IIepeTBOPEHHS II0Li0HOCTi.

1) Byns-aka ¢irypa nmoxioHa camiii co6i: F ©F.

CupaBni, B IIbOMY BUIIaAKY KoedillieHT moaioHOCTI
MOKHA BBAsKaTHU TAKWHM, III0 AOpiBHIOE 1.

2) dAxmpo F,~F,, 10 F,oF,.
Cnopasai, axkmo F ©F, 3 Koediniearom £k, TO
X,Y,=kX Y, ne X, Y, — Touku ¢irypu F, X,,Y, —

1
. A . . 1
BiamoBiAHi ToukmM dirypu F,. Toxi XlYl=;X2Y2 ,

.. 1
To0TO F,» F, 3 KoepimienTOoOM P

3) dAxmo F ~F,, a F,>F,, To F ©F,.

Cuopasni, mexait X, Y, — Toukm oirypu F,.
ITeperBopenus moxmibHOCTI 3 KoediljieHTOM £k, AKe
nepesoguTh Girypy F, y dirypy F,, mepeBoguthb
ui touku B Toukm X,, Y, dirypu F,, mpuuomy
X,Y,=kXY,. Anajnoriuno, AKimo m — KoeQimieHt
nonibHoCTi, AKa mepeBoAuTh Pirypy F, y dirypy F,,
ro X.Y,=mX,Y,, ne X,, Y, — BianoBigui TouKwm
Girypu F,. Takum uyubom, X,Y,=mX)Y,=mkX Y,
ToOTo F, © F, 3 KoedinienTom km.

Y Y’

Puc. 79. [lo noBeneHHA
OCHOBHOI BJIACTHUBOCTL
romMoTeTil
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Puc. 80

Puec. 81
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4) BigHomieHHdA IJIOIN MOTiOHuUX ¢iryp mopiBHIOE

KBajapary Koedimienra mogiouocri: axmo F © F' 3 Ko-
.. S..

edimienrom k, To —=F? .

F
IIns TPUKYTHUKIB TaKe TBEPIKeHHsS OyJOo 10-

Begere y 8 kiaci. Akio Fi F' — onykui n-KyTHUKH *,
TO, IPOBiBIINM B KOKHOMY 3 HUX OiaroHaJIi 3 Bimmo-
Bimumx BepmuH (puc. 80), omep:xkumo (n — 2) mapu
Noxi0OHMX TPUKYTHUKIB (OOT'PYHTY#TE IIe caMOCTiii-
HO). Tonmi

S, =S8, +8 +...+8/ =K'S_+k’S_+..+E’S, =

An-2

=K (S, +S, +...+S, )=kS;,

TOOTO Se _ k2.

F
3aaaua

OcHoBU piBHO6IYHOT Tpanelii AOpiBHIOFOTE 8 cm
i 20 cm, a 6iuHa cTtopoHa 10 cm. 3HalaiTe nnowy Tpaneuit,
aKa noaibHa Ao AaHOT i mae BucoTy 12 cm.

Poss'a3aHHa

Hexan y Tpaneuii ABCD AD|BC, AB=CD=10 cm,
AD=20 cm, BC=8 cm (puc. 81). TTposeaemo sucotu BF
i CH. Ockinbku A ABF= ADCH 3a rinoTeHy3oro Ta ro-
CTpUM KyTOoM, TO AF=DH=(20-8):2=6 (cm). I3 npa-
MOKYTHOTO TpUKyTHUKa ABF 3a Teopemoro Tligparopa
BF =v10* -6 =8 (cm). Hexali A'B'C'D' — Tpaneuis, no-
AibHa aaHin. Bigpisok B'F' — o6pas Bucotn BF — e su-

cotoro Tpaneuii A'B'C'D, otxe, B'F =12 cm.
B'F! 12

i F'=k k=——1r k=—=15.
Ockinbku B'F BF, To BF To6TO 8 5
3Haliaemo nnouwy Tpaneuii ABCD: SABCD=/“>2;BC-BF,
SABCDzmT+8~8=112 (cm?). 3a BnacTtusicTo nnow

noai6HUx @iryp S,,.0 = K5 ,500. Sppen = (1,5)2- 112 =
- 2
=252 (em?). Bianosiab: 252 cm?.

VY BUNAAKy [OBiILHUX (PIryp OOBeJeHHA BUXOAUTHL 324
MeXKi IMKIIBHOTO KypCy.
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12.3. BAacmuBocmi BiOHOWEHb

ITouarTa momibmocTi, mapaJjeabHOCTi, cIiBHAa-
MPSAMJIEHOCTI TOINO MO3BOJSAIOTH YCTAHOBUTH Biamo-
BigHOCTI MiXXk meBHUMU 006’c¢KTaMU (reOMETPUUYHUMU
(dirypamu). Taki BigmOBiZHOCTI HA3UBAIOTH GiOHOULEH-
Hamu (TOuHile, OiHAPHMMU BiTHOIIIEHHAMM).

BigHomenna 3ycrpivaoTbCsa He TiJIBKM B reoMe-
Tpii, ase i B Gararbox iHIINX HAYKaxX Ta IIOBCAKIEH-
"HOMY KuTTi. Hanpukiaan, Misk dyuciiaMu MOYKHa BCTa-
HOBUTHU BiTHOINIEHHA «OiJIbIIe», «MEHIIIe», «IOPiBHIOE»,
Mi¥K iMEHHUKaMU YKPaiHCHhKOI MOBU — «MaTH! OJHAKOBI
3aKiHUeHHA», MK JIIOAbMU — «OyTH POAMUYEM» TOIIIO.

Bignomenusa, aKk i reomerpuuHi ¢irypu, ma-
I0Th TeBHi BiacTuBocTi. PosrigHeMo medaAKi 3 IuxX
BJIAaCTHMBOCTeIl Ha IpUKJagax.

1) Pegpnexcuenicmob. Taxka BJacTUBiCTL O3HAUAE,
o o6’eKT mepebyBa€e B JaHOMY BiJHOIIIEHHI 3 caMuM
coboro: FoF, TooTo Oyab-sika (irypa momiOHa camiit
co0i.

PedekcuBHIMU TaKOK € BiZHOIIIEHHS PiBHOCTIL
reomeTpuuyHux ¢Qiryp (0ymp-axa ¢irypa mopiBHIOE ca-
Mi#t cobi), momisbHOCTI HATypaJabHUX unces (Oyab-dKe
HaTypaJibHe UYHCJIO OiauThcsa Ha cebe). He e peduex-
CUBHUM BiJHOIIIEHHS HapaJjieIbHOCTI IpAMHUX (IpsaMma
He IapaJiesibHa caMiii co0i).

2) Cumempuunicme. 1l BiacTuBicTb O3HaAUae,
10 KOJIM TIEeBHUI 00’¢KT mepeOyBae B JaHOMY BiJHO-
IIeHHiI 3 APyruM O0’€KTOM, TO IPYyTruii 00’€KT Iepe-
OyBae B TOMY cCaMOMYy BiJHOIIIEHHi 3 HEpPIIUM: AKIIO
F oF,, To F,©oF,.

CuMeTpuYHUMU € PiBHiCTH ymces (AKIO a=0>b,
TO b=a) i poAVHHI BiZHOCHMHU Mi}K JIIOABMU (SAKIIIO
A — pomuu B, To B — poagumu A). He cumerpuu-
He BimgHOIIEHHS «Oijbie» mJsa uucea (TBepAKeHHS
«AKI0 a>b, To b>a» xubHe naa Oyob-AKUX a i b).

3) Tpansumueénicms. 110 BIacTUBiCTH MOXK-
Ha OIMCATH TaK: SKINO y JAaHOMY BiIHOIIEHHI mepe-
OyBaroThb 00’ekTu 1 i 2, a TakoK 00’eKTH 2 i 3, TO 00’€K-
™ 1 i 3 Tako:k mepebyBaioTh y IIbOMY BiJHOIIIEHHI;
HaOpUKJIag, SAKII0 FlmFZ, a F2<\>F3, TO F1<\>F3.

Peq)neKCVIBHiCTb —
Bif, NATUHCBHKOTO
«peq)neKcio» —
pinoOpaxeHHA.

TpaHsutuBHjcTy
BIA NaTuHcbkoro
“TpaH3uTyC» —
nepexig.
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TpaH3UTHUBHOIO € HapaJeJbHICTh NPAMUX (BiIOMY TEOPEeMY <«SIKIIIO
allb i bl|lec, To allc» wacTo HA3WMBAIOTHh BJIACTUBICTIO TPAH3UTUBHOCTI
mapaJieIbHUX IMPAMUX’). A 0Ch BiJHOIIEHHS IEPIEHIUKYIIPHOCTI IIPIMUX
He TPaH3UTWBHE: TBEPIKEHHA «dAKImo a 1. b i b 1L ¢, To a L ¢c» xubHe.

Ilpuknagym pediieKCMBHUX, CUMETPUYHUX i TPAaH3UTHUBHUX BiTHO-
IIeHb 3 iHIMUX HayK CIpoOyiiTe 3HAUTU CaMOCTiHHO.

Or:xe, BigHOIIIEHHsA Ta IXHi BJIaCTHBOCTI, II0 BUBYAIOTHCA B reoMe-
Tpii, MalOTh JOCUTh MINPOKE y3araJibHEHHSA, a BMiHHS 3HAXOAUTH CIiJIbHI
prcU MiK MOHATTAMH i MipKyYBaHHAMM B Pi3HUX rajy3AX JIOACHKOIL MifdJb-
HOCTi Jomomarae Kpallle po3yMiTucs Ha KOMKHIiN i3 HUX.

3anumaHHa i 3a0ayi

“ YcHi Bnpasu

¢” 387. Yu ¢ npasunpEUM, mI0:

¢” 388. Uu moxHa BBa)kaTH DiBHI (Qirypu momi6HUMu? A HaBmAKH?

GQ

122

a) Oynb-AKi nBi romoreTmuHi (hirypm momiomHi;
06) Oyab-AKi nBi momibHi (irypu romorermuHi?

B
389. Ha puc. 82 Bigpisok DE — cepenHs JiHig Tpu-
rkyTHuka ABC. HassiTh roMoTeTHYHI BiIpisKy Ha 1bO- D E
MY PHUCYHKY. YKaKiTh IIeHTP i Koe(irieHT romoTeTii.
390. Yu e noxi6HUMMU: A c
a) mapaJgesorpaMm i3 Kyrom 40° i mapaJseso- Puc. 82

rpam i3 kytom 135°%

6) pom6 iz KyTom 120° i pom06 3 miaroHaJiiio, IIT0 TOPiBHIOE CTOPOHI;

B) Oyab-Ki ABa KBajapaTtu?
391. [iamerp Micansa npubausHo mopisHIoe 3470 KM, a BijgcTaHb Mix IO-
BepxHAME 3emJi Ta Micama — 377200 km. Ha akiii Bigcrani (y cm) Bifg
cmocTepiraua Mmae OyTH poa3TallloBaHa MoOHeTa giameTpom 1 cwm, 11106 po3Mipu
moueTH i Micansa sgmaBasucs 6 I[bOMY cIiocTepirauy ogHaxkosumu? Biamosinn
OKPYTIJIiTh M0 I[iJIUX.

MNpadiuHi BNpaBm

392. Haxpecuits piBHOCTOpOHHIH TpuKyTHUK ABC 3 meatrpom O. ITobynyii-
Te TPUKYTHUK, V AKUNA HepexoauTh TPuKyTHUK ABC BHACIiOK roMoTeTii:
a) 3 meHTpoM A i KoedimienTom 3;
6) 3 meutrpoMm O i Koedimientom 2.

“ Haragmaewmo, 1110 y I1iif TeopeMi MoBa iime mpo Tpu pisHi mpami a, b i c.



§ 12. MopibHicTb diryp

4 393. Haxpecnirs kBagpar i axificHiTs fioro ToMoTeTio:
a) 3 IEeHTPOM B ONHIi# i3 BepmiuH i KoedimierTom 0,5;
0) 3 IEHTPOM y TOUIli MepeTHuHY AiaroHajel i KoegimienTom 3.

@ NMucobmoBi Bnpasu

PiBeHb A
394. Vracnizox romorerii 3 meaTpom O i KoedimierTom 4 Touka A mepe-
XOOUTh B TOUKY A,. 3HAWITh NOBXKUHY BiJpizKa:

a) OA,, axmo OA = 3 cm; 0) AA,, axmpo OA, = 24 cwm.

C 395. Vracrigzox romoterii 3 menTpoMm A TpukyTHuUK ABC IIepexomuThb
y TpukyTHUK AB C,. 3HaiifiTe KoedimieHT romoterii, aximo AB = 8 cwm,
AB, = 2 cwm.

396. Onykui MHOroKyTHHKH 3 momamu S, i S, mogi6Hi, mpuuoMy cTOpoHA
IIepIIoro MHOTOKYTHUKA B k pasiB 0ijbllla, Hi’K CTOPOHA APyroro. S3HANIITh:
a) k, axmo S, = 75 cm?, S, = 3 c™?;
6) S,, akmo S, = 4 cm?, k = 2.

"~ 397. Croponu aBOX KBajpaTiB BiiHOCATHCA AK 3 : 2.
3HaAWAITh MJIOITY OiJIBIIIOTO0 KBaapaTa, AKIIO IIJIOIA
MEHIIIOTO AOpiBHIOE 8 cm2.

398. Ha mami, 3pobueHiit y macmrabi 1 : 400, mio-
II1a 3eMeJIbHOI AiasaHKM craHoBuUTh 20 cm?. fAKy mio-
Iy Ma€ OiJdHKa Ha MicieBocTi?

O 399. Ilig 6ymiBHUIITBO BifBefeHO MiJIAHKY ILJIOIIEIO
40 a. 3HalAITH MJIOITY ITiel AiJISHKY HA MJAHi, MACII-
Tab akoro 1 : 1000.

PiseHb b
400. anmo Touku A i B. IlobynyiiTe meHTp roMoTeTii, BHACTIJOK AKOI TOU-
Ka A mepexonuTh y TOUKY B, AKMmI0 KoedilmieHT romoTreTii qopiBHIOE 3.
401. ITo6yayiiTe meHTp roMoTeTii, BHACAIIOK AKOi OZHA 3 OCHOB TpAIelii
HepexofuThb B iHIITY.
402. osenits, mo (irypa, mogibHa KBaApaTy, € KBaJpaTOM.
" 403. Iosexits, mo ¢irypa, mogiéHa KOIY, € KOJOM.
404. Yracuaizox romorerii 3 merTpoM (2; —1) Touka A(8; 7) ImepexomUTH
y Toury A'. 3HaHAITh KoedillieHT roMoTeTii, AKIIO:
a) A'(5; 3);
6) A'(14; 15).

123



Po3gin lll. TeoMeTpWYHI NepeTBOPeHHS

<

%
%

405. Vracraifox romorerii 3 IeHTpOM y HOYaTKy KOOpAMHAT i KoedimieH-
TOM k TOuKa A mepexoguTh y TOUKy A'. 3HAWIITHL KOOpAWHATH:

a) Touku A, akmo A'(-3; 15), k=3;

6) Tourku A', axmo A2; 8), £=0,5.
406. Cropona i giaromasp IPAMOKYTHHMKA JOPiBHIOITH BiAIOBiZHO 5 cM
i 13 cm. 3HaMgiTE IJIOINY HMOLIOHOr0 MOMY MPAMOKYTHHKA, IIEPUMETP SIKOT'0
mopiBuioe 170 cm.
407. 3maiizits muomy pomb6a 3 mepumerpoM 20 cM, AKINO BiH momi6HUIA
pom6y 3 miaronamamu 30 cm i 40 cwm.
408. Ilnoma kBajpaTa, BINCAHOTO B KOJO, JOpiBHIOE 36 cm2?. SHaiimiTh
ILIOINY KBajpaTra, OIMMCAHOIO HABKOJO I[HOT0 KOJA.
409. JToBexniTs, 170 IJIOIIA PiBHOCTOPOHHBOI'O TPUKYTHUKA, OIMCAHOI'O HAB-
KOJIO KOJIa, BUeTBEpO OijIbIla, HisK IJIOINA PiBHOCTOPOHHBOTO TPUKYTHUKA,
BIIMCAHOTO B T€ caMe KOJIO.

PiBeHb B

410. amo gBa moxi6Hi MHOroKyTHHKM. Jl0BEfiTh, IO OAMWH i3 HHUX MOXKe
0yTu HepeTBOPEHMI B iHINIMII 3a JAOTOMOI'OI0 IOMOTeTii i mepeMireHHs.
411. IIpama ginuTs mapajesjorpaM Ha fABi piBHI wacTwHH, MOAiOHI ZaHOMY
napaJejorpaMmy. SHaHUIiTh BiJHOIIIEHHS HOTO CTOPiH.

412. VYcramosiTh i moBexiTh o3HaKM moxibHOCTI mapaJesorpamiB, IpPSAMO-
KYTHUKiB, poM0iB, piBHOOEAPEeHUX Tpalmeliii. PesyapTaTu y3arajabHiTh y BU-
VIS JOCJimKeHHs.

@ NoBTOpeHHA nepep BUBYEHHAM § 13
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TeopeTnyHnn martepian

(29 xaac, § 10, 11

® BUAU IIEPEMIiIlIEHbB;

e  MeToj HOAIOHOCTI. (CS KJIac, I. 14.3)

3apaui
413. [IBa piBHi Koia MaioTh coitbHy Xopay AB. JloBeniTsh, 0 JaHI Kosa
CUMeTPUYHi BijHOCHO mpsamoi AB.
414. Tlo6yayiiTe TPUKYTHUK 3a ABOMA KyTaMHU i HaiOiJILIIOI BHCOTOIO.
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@ §13 Memod 2eoMempuy4HUX nepemsopeHb

22 13.1. PO3B’A3yBAHHA 30004 MemoooMm
2e0MEMPUYHUX NepemBOpeHb.
Memoo cumempii

CyTb memody zeomempuiHux nepemeopenbs
OJIsITa€ B PO3TJIAAL HOPAN 3 maHUMU (Qirypamu
ixHiX o0OpasiB, OTPMMAaAHUX 3a JOIOMOI'OI0 IEBHOI'O
IepeTBOPeHHA.

3aJie;KHOo Bi TOro, siKe IIepPeTBOPEHHS 3aCTOCO-

LA™y

@% BYETBHCS, PO3PiSHAIOTH METOIU CHUMETPii, IOBOPOTY,
£  TapaJeJbHOrO IMepeHeCeHH i mogifHoCT (I TPUKyT-

HUKIiB MeTOon moai0HOCTi O0yJI0 POsIIssHyTO vy 8 KJjaci).

Memod cumempii nepenbauae 3aMiHy IaHOL
B yMOBi irypu abo ii erleMeHTIB CUMETPUUYHUMH iM
BITHOCHO IIEBHOI TOUKHU a00 IIPSIMOi. &

) b7

3aaaua
Y nNpamoKyTHOMY TPUKYTHUKY MmepiaHa, mposeaeHa
A0 MeHLIOro KaTeTa, AOPIBHFOE M i YTBOPHOE 3 6inblUM

®

S
Soe

) kateTom KyT 15°. 3HalAiTe NNoLy TPUKYTHUKG. 1,4
Posg'azaHHs /L
/f Hexait y TpukyTHUKY ABC / B=90° BC< AB, AM=m — /
~5o megiaHa (puc. 83). Tlobyayemo Touky M, cumeTpuyHy Ifl
§ Toyui M BiaHOCHO npsmoi AB. Toai TpuxkyTHuku MAC //
i M,AB pisHOBeNUKi, OCKINbKU MArOTb CMiNbHY BUCOTY AB, lH ‘

@ a M,B=BM= MC 3a nobyaosoro. OTxe, M, B M S
Vs p SABC= SABM ¥ SMAC= SABM 4 MAB SMIAM' Puc. 83

3a nobyaoeoro TpuKyTHUK M AM pisHo6eapeHU
3 6iYHOFO CTOPOHOO M i KYTOM MiX 6iYHUMU CTOpOHGA-

A

Mu 30° Takum uYmHOM,
2

1 2 . o m
5MIAM:E”‘ -sin30 ==

0

2

. . m
Bianosiab: =7

e

ﬂ7o,>
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N
Meron cumeTpii 4acTO BUKOPUCTOBYETHLCSA B 3a-
Imauyax Ha 3HAXOMKEHHS HallMeHIIINX 3HAUEHb MeBHUX O

BeJIMYMH. %

oo~
Touka O nexutb ycepefuHi rocTporo kyta ABC. 3Ha- ‘

MAiTh Ha cTOopoHax KyTa Touku X i Y Taki, Wob nepumetp

)

X,
&

3aaaua

©

TPUKYTHUKa OXY 6yB HaUMEHLWUM.

Po3e'azaHHa
AHanis
TTpunyctumo, Wwo TpukyTHUK OX'Y' WwykaHun (puc. 84).
BepwuHu X' i Y', aki HeobxinHO nobyayBaTw, maroThb

a0 952 o

NexaTu Ha cTopoHax BA i BC kyta ABC. Tlobyayemo A+
Touku O, i O,, cumeTpuuHi Touui O BIAHOCHO UUX CTO-
piH. Toai 3a nobyaosorto OX' = O,X', OY' = O,Y". 3Haitaemo . )

nepumeTp LIYKAHOTO TPUKYTHUKA: e
Py = OX'+ X'Y'+Y'O=0 X +X'Y'+Y'O,,
10670 nepumetp aopisHroe O X'+ X'Y'+Y'O,.

Lla cyma 6yae HalimeHworo, skwo Touku O,, X', Y' i O,
NeXxaTUMyTb Ha OoAHiK npamin. OTxe, WyKaHi Toukn X'
i Y' marotb nexatu Ha npamii 0,0,, T06T0 Ha nepeTuHi
i€l npamoi 3i ctopoHamu KyTa ABC.

P AANR VS

TTo6ynosa
1. TTo6yayemo touku O, i O,, cumeTtpuyHi Touli O eia-

e
S2

HocHo npamux BA i BC sipnosigHo.

2. TTobyayemo npamy O,0, i nosHauumo Toukm Xi Y —
TOYKU nNepeTUHy Liei npamoi 3i cTtopoHamu Kyta ABC.

3. Cnonyuumo Toukm X i Y 3 Toukoro O. TpukyT-
HUK OXY — WyKaHWUiA.

Cnuparoumnch Ha BNACTUBOCTI FEOMETPUYHUX nepe-
TBOpeHb, BUKOPUCTAHUX Y npoleci nobyaosu, nerko Ao-
BeCTW, WO NO6yAOBAHI TOUKM LWYKaHi W BU3HAYArOTHCS
OAHO3HAYHO.

CRRNC N RIS
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§ 13.™ MeTof reoMeTpUYHIX MepeTBopeHb

13.2. MemoOu noBopomy i NApanenbHoO20
nepeHeceHHs!

Memo0d noéopomy OIiTbHO BUKOPUCTOBYBA-
TH B 3ajavax, y AKUX 3aJaHo Qirypu 3 piBHUMU
CTOPOHAMM ¥ BiJOMMMM KyTaMU — PiBHOCTOPOHHI
1 IpAMOKYTHI piBHOOeApEHI TPUKYTHUKM, KBaapa-
T Tomro. Ha mpakTuimi aJyig moBOPOTY HPAMOI a
HaBKoJI0 Touku O Ha maHiil npamiii odupaioTh ABi
TOUKM i 3AiHCHIOIOTH iX IIOBOPOT HABKOJIO TOUKH O
(puc. 85).

3anaua
TTobynyliTe piBHOCTOPOHHIW TPUKYTHUK, BEPLUIUHU AKO-
ro nexaTb Ha TPbOX AGHUX NAPANESIbBHUX MPAMUX.

Po3g'azaHHs

AHanis

Hexali piBHOCTOPOHHIW TPUKYTHUK ABC, BeplIUHU KO-
ro nexaTb Ha AGHUX NapaneflbHUX npamux a, b i c,
nobyaosaHo (puc. 86). PosrnsHemo mnoBOpOT Mpsmoi a
HABKOMO BepWWHU B Ha 60° MpOTU FOAMHHUKOBOT CTpin-
KU. YHacnifoK TaKOro nosopoTy Touka A mnepexoauTb
y Touky C, a npama a — B Aesky npamy a. OCKinbku Tou-
Ka A NexuTb Ha Npamili a, To Ti 06pa3 — Touka C — Mmae
Jlexatu Ha npsmiv a. Takum YMHOM, Touka C moxe 6yTu
3HaWAeHa 9K TOYKA MepeTUHy MpamMuX ¢ i a. AHANOriYHO
3aBASKM MOBOPOTY MPSMOI C HABKONMO Touku B Ha 60°
30 FOAWHHUKOBOIO CTPISIKOKO MOXHG BU3HAYUTU NONO-
KeHHs Touku A — 06pasy Touku C Npu TaKOMy MOBOPOTI.

TTo6ynoea

1. TTosHa4Mmo Ha npami b posinbHy TOuky B.

2. BukoHaemo noBopoT npsamoi a HaBkoslo TOYku B
Ha 60° NpPOTU rOAUHHUKOBOI CTpinku. Hexali € — Touka
nepeTuHy nNpamux ¢ i a.

Puc. 86
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cTpinkoro. Hexali A — Touka nepeTuHy Mpamoi a i Mpamoi ¢, OTPUMAHOI BHa-

CRifOK LbOrO MOBOPOTY. %

4. Cnonyuyumo Touku A, B i C. TpukyTHUK ABC WwykaHWit (Ue nerko obrpyH- /E
TYBATU, CNUPAFHOYUCH HA BMACTUBOCTI FEOMETPUYHUX MepeTBOpeHb). 5

Memod napanenvnozo nepenecenns ocobinBO eDEKTUBHUN Y BU- ®
magKax, Koaum esieMeHTH gmaHol ¢girypum (diryp) BigmaseHni ommeH Bif S
OHOr'0, BHACJiZOK YOT0 Ba’sKKO BimoOpasuTu Ha PUCYHKY HAaHiI yMOBH. @Q

3. BUKOHAeMO MOBOPOT MpSIMOI C HABKOMO ToukM B Ha 60° 3a roAUHHUKOBOO

30IMKeHHS eJIeMEeHTiB 3PYUYHO IIPOBOAUTHU IIJAXOM HapaJjeIbHOrO IIe- ”n»
peHeceHHd. %%
& 3aaaua ~
. . o . +
HaHo ABa Kona, gKi MarOTb 30BHIlWHIW AOTUK, i Mp4- A/f

my m. TTobyayWTe napanesnbHy m npsmy, Ha aKki AaHi
KOmNa BiATUHAIOTb piBHI XOpAW. P )
Po3s'a3aHHa | (ckopouyeHuM nnaH) &
Hexali aaHo kona 3 ueHTpamu O i O,, ki AOTUKa-
L totbea 308Hi, i npamy m (puc. 87). OnycTumo 3 UeHTpiB

AaHuX Kin nepneHaukynapu OC i O,C, Ha npamy m i Bu-
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B Hanpami npomeHs C,C Ha siacTaHb C,C. OTpumaHe Ko-
no 3 ueHtpom O', nepeTuHae AaHe Kono 3 uUeHTpom O
B Toukax A i B. Toai npama [, ska npoxoauTb Yepes Ui 2
TOUKM, NApanesibHa MpAMI m i nepeTUHae Apyre AaHe
Kono B Toukax A, i B, npuuomy A B = AB (poseaitb Ue
CAMOCTIWHO).

bz‘ci
&
C c, Mm KOHAeMO napanenbHe nepeHeceHHs Kona 3 uUeHTpom O, g
w7
@

13.3.finome3a 8 2e0MeMpUYHUX 3A0AYHAX

Y meAKuUX TeOMeTPHUUHUX 3ajgauax 3HaANTH
UIJIAX 00 PO3B’AI3aHHA JOIIOMAarae MPUIYIeHHs PO
icHyBaHHA JesaKol Qirypu abo AeAKOro CIIiBBiTHO-
IIeHHs, fAKe Ha MOMEHT MOYaTKy PO3B’sA3yBaHHIA



@ § 13.7 MeToq reoMeTpryHIX MepeTBopeHs

A
He € [OBeJeHUM 1 He BUIIJIMBAE 0e3I0CepPemHbO
3 maHux sagaui. Tak, y momepegHix sazaduax Mu

. A . . rinotesa — BiA
OpUIIyCKaJU icHyBaHHA mykaHol girypu i Ha mig-

LIbKOrO «rinoTesa” =

. . s sese rpe
cTaBi IIOKAJIBIIIOTO aHAJiI3y BH3HAUAJU CIOCiO il
A y nipcTasa, NpynywenHa.
o0y mOBMU.
IToxi6bui mpumyiieHHsa B HayIli Ha3WBaIOTBHCS
2zinomesamu.

3a3Buuail rimoresu B reoMeTpii BUKOPHUCTOBYIOTHCSA caMe Ha eTrari
aHaJIi3y yMOB 3aJaui ¥ BU3HAUEHHS IMJAHY i1 po3B’sA3yBaHHs. BoHH MO-
JKYTBh CTOCYBATUCA K OAHi€I, TaK i JeKiJIbKOX PO3IIAAYBaHUX (Piryp — 1e
HacaMIlepe] IPUIYIIeHHA IPo PiBHICTL (iryp ado iX oOKpeMuxX ejeMeHTiB,
PO MoAi0HicTh (hiryp, mapaJjesbHicTh ab0 IMepeTUuH IPIMUX, HaJeKHIiCTh

TOYOK ONHiN mpAmiit Tomro. HalimomupeHinumuy rimoresaMu B 3ajjauyax Ha

W= 0%

75

7

© &  I00YZOBY € MPUIYIIeHHS IPO icCHyBaHHA ITyKaHOI Qirypu. [ocuts yacto
&£» BHAWTH HeOOXigHY rimoTesy moIoMarae aHaJorid 3 paHille po3B’sI3aHUMU
bice 3amavamu. [lyske BasKJIMBO, MO0 y IMPOIlECI MOAAJBIINX MipKyBaHb BU-

CYHYTY rimoresy 0yJjo moBemeHo (ab0 CIIPOCTOBAHO).

TimoTes3m BifirpamTh BaKJIUBY POJb y Haylli. BcecBiTHRO Bimomuii
yuenuit M. B. JJoMOHOCOB BBasKaB IilloTe3y «EOUHUM IIJIAXOM, AKUM BU-
3HAUHI JIOAM OIiAMIAN A0 BiAKPUTTA HaWBaKJUBIiImMuX ictuH». [lificHo,
IedAKi rimore3w MOKOPiHHO 3MiHioBaaum I1ijgi Hayxu. KiacuuHuM Ipu-
KJaJOM TaKHUX PeBOJIONiMHuX 3MiH € Ilepiogmuna Tabamisa xiMiuHmx
enemeHTiB . 1. MeHeneeBa. ¥ Hill BUJZaTHUYN yueHUI BUCJOBUB IiloTesy
po icHyBaHHA 6araThb0oxX He BIJKPUTHUX Ha TOUM Yac XiMiUYHUX ejIeMeHTiB.
Opuak He BCi rimoresu 3aBKOY 3HAXOOWJIU IIiATBepIKeHHs. Tak, BuBua-
I0UM TIPOIleCH XapuyBaHHS KOHEH, MaBII, BOBKiB, yueui CepeqHboBiuusa
BUCJIOBUJIN TilOTe3y, IO B yCiX TBApWH IIiJ Yac JKYBaHHS PYXae€TbCs
JUIe HM)KHA IeJiena. AJie IOJAJBINI JOCTigKeHHsS BUABUJIN, IO, Ha-
TPUKJIAL, KPOKOAUJ KY€ BEPXHBOIO IIEJIETOI0.

q’éﬁ{f{@ @@
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Po3gin lll. TeoMeTpWYHI NepeTBOPeHHS

3HaUIITh caMOCTiliHO TpPUKJIaAU TimorTes
(He JsuIre WiATBEPIKEHUX, aJjie i CIPOCTOBA-
HUX) 3 icTopii pos3BuTKy 6iosorii, ¢isuku, Xi-
mii. Ix pismomamiTHicTs i HayKoBe 3HauYeHHS
CTaHYTh HAWIEPEKOHJMBIIIIIM apryMeHTOM Ha
KOPHUCTDH BasKJIMBOCTI rimoTes y mpolieci mmisHaH-
HA Ta HaBUaHHA.

3anumaHHa i 3a0audi

“ YcHi BnpaBsu

>
C

415. 3a nonoMOrow reoMeTpUYHUX IEepPeTBOPeHb HeoOXiHO IepeBecT OfUH
i3 KyTiB mapaJjejsorpamMa y OpPOTHUJEKHUN KyT. SIKi mepeTBOpeHHSA MOXKHA
IS IIbOTO BUKOPUCTATU?

416. 3a nomoMOro reoMeTPUYHHUX IepeTBOPeHb HeoOXiJHO OTPUMATU KO-

JIO, sIKe OPiBHIOE MaHOMY KOJIY i MTOTHUKAEThCS J0 Hboro. SIKi mepeTBopeHHs
MOJKHA [IJIsI IIbOI'0 BUKOPUCTATU?

&a MucbmoBi BnpaBu
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PiBeHb A

417. Binpisku AC i BD meperuHaooThcs B Toulli O, SKa € cepegUHOIO
KosxkHOro 3 Hux. Toukum M i N — cepenuuu Bixapiskis AB i CD. 3a mo-
IIOMOT0IO IIeHTPaJbHOI cuMeTpil moBemiTh, 1m0 Touka O — cepeamHa Bin-
pisxka MN.

418. 3a nomomoromo ockoBOI cuMeTpii ZoBemiTw, 1m0 MexiaHu piBHOGEmpeE-
HOTO TPUKYTHWKA, IPOBeAeHi M0 OiYHMX CTOPiH, PiBHI.

419. 3a momoMorom mapaJeJbHOTO IepeHeCeHHS IOBEeAiThb, IO KOJU OLHA
3 IBOX IIapajieIbHUX IIPAMUX IIEePIeHAUKYJIIPHA OO0 TPEeThbol MpPAMOi, TO
Ipyra TaKOXK MePIeHIUKYJIAPHA M0 Ifiel mpsamoi.

420. 3a gomomMoroo IOBOPOTY JOBEIIiTH, IO PiBHI XOpam Koja CTATYIOTH
BimmoBigHO piBHI Ayrm.

q

>




¢

%>W@%Qﬁ%©@@§ﬁ

&
o

N

P 0t

S

.13

%o:

<

§ 13.7 MeToq reoMeTpryHIX MepeTBopeHs

>

>

>

>

G

PiseHb b
421. TIo6ynyiiTe Binpisok i3 cepenmHoI0 B AaHiil Toumi i KiHIAME Ha IBOX
JaHUX HelapajeJbHUX MPAMHUX.
422. Touku A i B nesxarsb 1o pisui 60ku Big npamoi l. ITobynyiite kyT AOB
Tak, 1006 foro OiceKTpuca Jekasia Ha mpaMin [.
423. Touxka D mexurs ycepemusi rocrporo kyta ABC. ITo6ynyiiTe piBHO-
OeapeHU MPAMOKYTHUN TPUKYTHUK DEF Tak, 11100 BEPIIUHU HOTO0 TOCTPUX
KyTiB E i F nexxaau ma croponax Kyta ABC.
424. NTaro nBa piBHi kona 3 mertpamu O i O,, AKi He MAWTh CHIIBHUX
TouoK, OO, = 10 cm. Ilpama ! mapanenrbna OO, i mepeTwHae Ii KoJa IIO-
craimoBHO B TouKax A, B, C i D. 3HaimiTsy moB:KuHYy Bimpiska AC.

PiseHb B
425. TIo6yayiiTe TPUKYTHUK 3a ABOMAa CTOPOHAMM Ii Pi3HHUIIEI0 KYTiB, IIPO-
TUJIE}KHUX UM CTOPOHAM.
426. Tano gBa Koja 3i cuineEuUM IeHTpoM. IloOyayiiTe nmpamy, Ha akiif i
KoJia BiATHMHAIOTH TPHU PiBHI BiApisku.
427. Ha cropori CD kBangpara ABCD nosnaueno Tourky E. Bicekrpuca ky-
ta BAE mneperunae cropony BC B Touri F. JloBexmits, mo AE = ED + BF.
428. TIo6yxnyiiTe Tpamewiio 3a LiaroHAJAMHU, CepefHBLOIO JiHi€l0 i KyTom
IPU OCHOBI.

lNoBTOpEeHHA nepen BUBYEHHAM § 14

TeopeTnyHnn martepian

(39 KJac, II. 11.2)

L4 IIapaJjieJibHe IIepEeHEeCEHHd;

~ 9
. . KJjac, m. 6.3 )
e (popmyina BimcTaHl MiXX TOUKaMMU. (" i

3apaui
429. Yu nesxuts Touxka A(3; —5) Ha Biapisky BC, axmo B(1; —-2), C(5; —8)?

430. Tpu BepmuuHM napaseiorpama ABCD matorTs koopauHatu A(-1; 1),
B(2; 4), C(5; 4). Cxaanits ¢opMysiu ITapajeJbHOrO MePeHeceHHs, sIKe Iepe-
BOoOUTL cTOopoHy BC B cTopony AD, i 3HalAiTh KOOpPAUHATH TOUKH D.

131
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‘l OHnanH-TecTyBaHHA ANA NiAroTOBKU

132

[O KOHTPONbHOI po6otn N2 3

3apayi AnA nigroToBKM A0 KOHTPOJIbHOI po6oTtm N2 3

1. ano mpamoxyTtuuii tpukyTEur ABC 3 rinmotenysoio AC. ITo6ynyiiTe:
a) Bifpisok, cuMmerpuuHuii Karery AB BigHocHO TouKHU C;
0) KyT, cumeTpuuHuii Kyty ABC BigHocHo mpsamoi AC.

2. 3HalgiTh KOOPAWHATU TOUKM, cuMeTpuuHOi Touri A(-3; 1) BimHOCHO:
a) IoYaTKy KOOPIMHAT;
6) oci a0Ocmuc.

3. BuxomaiiTe MOBOPOT PiBHOOEAPEHOro MPAMOKYTHOTO TPUKyTHHUKA ABC
3 rimorenyso0 AC HaBKoJO Bepiiuau B Ha 90° mpoTH TOAMHHUKOBOI CTPiJI-
Ku. HasBiTh CTOPOHU TPUKYTHUKA, IKi IepPexXomATh OOHA B OIHY.

4. Cxknazpits GopMyan IapajeJbHOro IepeHeceHHs, AKe IePeBOAUTH IeHTD
roaa (x + 1)2 + (y — 7)2 = 4 B MOYATOK KOOPAHWHAT.

5. BiamosigHi cTOpoHH ABOX MOZIGHMX NPAMOKYTHHKIB BigHOCATbCA
Ak 3 : 5. 3HAHLITH IJIOIY OiJBIIIOr0 IPAMOKYTHHKA, AKINO IIJIOIA MEH-
moro mopisuioe 36 cm?.

6. [IBa Koja MalOTh BHYTPIIIHiN JOTHUK y TOUIl A, IPUIOMY MeEHIIE KOJIO
MTPOXOAUTH Uepes IeHTp Oiabiroro. [[oBeniTh, 1110 Oyab-AKa XopAa 6iJabIIoro
KoJIa, IKa BUXOOUTL i3 TOUKU A, OIIUTHCA MEHIINM KOJOM HaBIIiJ.



Niocymku po3adiny il

NEPEMILLEHHSA

Ilepemimennam (a60 pyxom) Ha3UBAETHCA
mepeTBOpeHHA (irypu, BHACTIZOK SKOTO
30epiramoThcd BigcTaHi MiK ToOuKaMu Iriel

dirypm.

IBi (irypm Ha3WBAIOTHCA PiBHUMH, SKIIIO
BOHHU CYMIiIIal0OThCS MePEeMill[eHHAM

CMMETPIA BIAHOCHO TOYKW

F
X
XI
X!

Toukm X i X' Ha3WBAIOTHCA CUMETPUYHHU-
M BigHOoCcHO TouKHu O, AKI10 Touka O — ce-
penuHa Bigpiska X X'

F

X

T
x

IleperBoperHsaM cumeTpil (I EeHTPAJIb-
HOI0 CUMeTpi€r) BimHocHO Touku O Haz3u-
BAa€ThCSI TaKe IIepeTBOpeHHs Qirypmu F
y ¢irypy F', yHacIiZoK AKOT0 KOKHa
rouka X Qirypu F mepexoquth y TOuky X'
¢irypu F', cumerpuuny X BiJHOCHO TOY-
ku O.

Ocnoéna énacmueéicms cumempii
610HOCHO MOYKU:

IeHTPaJbHa CUMETPiA € ITePeMillleHHAM

N7
L\

SKImo mepeTBOpeHHSA cHMeTPil BigHOCHO
Touku O mepeBoauThb Qirypy F y cede, To
Taka (irypa Ha3WMBAETHCSI IEHTPAJIBHO-
CHMETPUYHOI, a TouKa O — IIeHTpPOM
cumertpii ¢irypu F
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CUMETPISl BIBHOCHO MPAMOI

Toukn X i1 X' Ha3WBAIOTHCA CUMETPHUYHUMH
BiTHOCHO IIPAMOI [, AKIIO I TPAMa IIePHeHINKY-
JgpHa o Bigpiska X X' i mpoxXoauTh uepes Moro
cepenuHy

IleperBopenHsAM cumeTpil (0OCHOBOIO CHMETPi€I0)
BiTHOCHO IIPAMOi [ HA3WMBAETHCA TaKe IIEePEeTBO-
peuna ¢irypu F y dirypy F', yHACIiZOK AKOTO
KoskHa Touka X ¢irypu F mepexoauTh y Touky X'
dirypu F', cumerpuuHy X BiJHOCHO IPAMOI [.
Ocnoéna énacmueéicmdv 0cb060i cumempii:
0ChOBAa CMETPidA € IepeMilleHHIM

SAK1I0 TTEpeTBOPEHHA CHUMETPii BiTHOCHO IIPAMOIL
[ mepeBoguTh Qirypy F y cebe, To Taxa (irypa
HA3WBAETHCSI CHMETPUUYHOIO BiTHOCHO MPAMOI [,
a cama mpsaMa [ — Biccro cumerpii ¢irypu F

NOBOPOT

IloBopoTrom ¢irypu F HaABKOJO TOY-
ku O Ha KyT 0. HA3WUBAETHCA ITIEPETBOPEH-
Ha Qirypu F y Qpirypy F', yHacIigoK AKO-
ro KoskHa Touka X ¢irypu F nmepexoauTsb
y Ttoury X' ¢irypu F' Tak, mo OX'=0X
i/ X0X'=a.

Toury O Ha3MBaIOTH IEHTPOM IIOBOPOTY,

a KyT 0. — KYTOM IIOBOPOTY.
OcHnoéHa 6nacmueicms noéopomy:
IIOBOPOT € IepeMillleHHAM

SKIMO BHACIIZOK IIOBOPOTY HABKOJIO
nesaxol Touku O ¢irypa F mepexoguTthb
y cebe, TO KayThb, 110 IA Qirypa mae
noeopomny cumempito (ab6o cumempiro
obepmanns)
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Migcymkn posginy I

NAPAJIEJIbHE NMEPEHECEHHA

X' Ilapanenrsaum mepeHeceHHaAM ¢Qirypu F y Ha-
npsami mpomenss OA Ha BiicTaHb @ HA3WBAETHCA
neperBopeHHs Girypu F y dirypy F', yHacTigoK
SAKoro KokHa Touka X @irypm F mepexoauThb
F F y Toury X' dirypu F' tax, mo nmpomeni XX'i OA
crmiBHampAMIeHi i X X' = a.

Ocnoéna énacmugicmd napanenvbHozo nepexe-
CeHHA: TapaJiesIbHe IlepeHeCeHH € TIepeMillleHHAM

A

Qe
[}

M'(x+a; y+b) Y IpAMOKYTHiI cCTeMi KOOPAMHAT Iapajelb-
He TIepeHeceHHsd, IKe IIePEeBOJUTH TOUKY (X3 V)
y Toury (x'; y'), 3amaerncsa popmysamu
r__ r_
M(x; y) . X =knd,y=yih; .
Ieaib— meaxiumcia, 0MaKoOBi IJIA BCiX TOUOK
TLIOIITMHI

S
2>
X

MEPETBOPEHHA MOAIBEHOCTI. FTOMOTETISA

F IIeperBopenHAM MOmiOHOCTI (TMOXiOHiCTIO) HA3MBA-
€ThcA TaKe IlepeTBopeHHd pirypu Fy pirypy F', yHa-
Y CIIiJOK AKOT'0 BiZCTaHBb MiK TOUKaMU 3MiHIOETHCS
B TOMY caMOMYy BimHoIeHHi k (k> 0).
J Yucyo k£ Ha3uBaOTh Koe(illieHTOM MOXiOHOCTi.
X x Y' TIBi ¢irypm HasmBaoOThCA NOTIOHMMH, HKIIO
BOHU TIEPEBOAATHCSA OJHA B OJHY IE€PETBOPEHHAM
X'Y' =EXY nozxi6HOCTL

T'omotretiero 3 meaTpom O Ha3WMBAETHLCA TaKe Iepe-
TBOpeHHA Qirypu F y dirypy F', yHaCIiOK AKOTO
KoskHa Touka X (irypu F mepexoauTsb y TOUKy X'
¢irypu F' Tak, mo Touka X' JIEKUTH HA ITPOMEHi

7 0X i0X'=kOX (k — (dikcoBaHe nomzaTHE YKCJIO).
Yucimo k HasuBawOTh Koe(illieHTOM TroMoOTeTil,
X a cami @irypu F'i F' — romoTeTHUHUMH.
X
(o}

F!

OcHO6Ha 81LACMUBICIb 20 MOMEMIT:
TOMOTETIiS € TePETBOPEHHAM MO10HOCTL

Bionowenna naow, nodibHux gizyp

xuio FoF' 3 KoedimierTom &, TO SF’ =K
F
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Q KoHTponbHi 3anutaHHA go posginy Il

1. aiite o3HauenHs nepemimenHA. HasBiTh OCHOBHI BiacTHBOCTi Ilepe-
MimmenHd. Axuii 3B’sI30K IepeMilleHHsa Mae 3 piBHicTIO (iryp?

2. laiiTe o3HaueHHA cuMeTpii BigHOCHO Touku. SIKi Girypu HasuBaoOTHCA
IeHTpaJbHO-cuMeTpuuauMu? HaBeniTs mpukraamu.

3. [aiite o3HaueHHa cuMeTpii BimHOCHO mpsamoi. Illo Take Bich cumeTpii
dirypu? Hasenith mpukgamu Giryp, AKi MaioTh Bich cumeTpii.

4. [laiiTe 03HAUEHHA IIOBOPOTY.

5. [Jlaiire o3HaueHHS IapajeIbHOTO IepeHeceHHd. SIKMMHu (GopMyrIaMu
nmapaJiejibHe TIepeHeceHHsA 3aJaEThCA B MPAMOKYTHIil cucTeMi KoopamHaT?
6. [laiiTe o3HAUYeHHA IepeTBOPeHHA mofi6HocTi. HaspiTh ocHOBHI Bia-
CTUBOCTI MOmibHUX Qiryp.

7. OnumiTs mepeTBOPEHHA I'OMOTETII.

( AopaTtkosi 3agavi go posginy lli

136

431. [oseniTh, 0 BHACIiNOK IIepeMiIlleHHs MefiaHa TPHKYTHHKA IIepe-
XOAUTH yV BiANOBiAHY MemiaHy TPUKYTHUKAa-o6pasy.
432. BusnauTe mepeMileHHS, 32 JOIOMOTOI0 SKHX MOXKHA IE€PEBECTH:
a) omHy 3 GiUHMX CTOPiH piBHOGIUHOI Tpamerii B iHIITY;
0) OZHY 3 MPOTHUJEKHUX CTOPiH IapaJjiejorpaMa B iHIITY.
433. Pisni xoxa 3 merTpamu O i O, nepetuHaOTECA B TouKax A i B. Hassirs:
a) IEHTp cUMeTpii, AKa IMepeBOAUTH OfHE 3 MaHWX KiJ B iHIIe;
0) Bich cuMmerpii, AKa MEPEBOAUTH OJHE 3 JAaHUX KiJ B iHIIe;
B) IEHTP i KyT MMOBOPOTY, SKUIi ITePEeBOAUTH OfHE 3 JaHUX KiJ B iHIIe;
T) IIPOMiHB i BificTaHb, ITI0 3aJJal0Th ITapaJjejbHe IepeHeCceHHsd, AKe IIe-
PEeBOAUTH OfHEe 3 JaHUX KiJ B iHIIe. Bunraese

434. Henopanix Bix cesumy Bumnese Ta
SonyHeBe MPOXOAUTHL 3aJi3HUILA (OUB. PU- A6y Hese
cyHok). Craumia «Camodok» cmosyueHa is 10 &m K

ceJUIIaMU IPAMUMH goporamu. e pos- |5 KM
TalloBaHa CTAHILisA, AKIINO BiJOoMO, IO JIX-

CTOHOIIIA ITPOXOAUTH IIIAX Bifm BumnraeBoro ININENNNRNRNDENNNNRERERE
oo craumii # maiai go fI0aymeBoro 3a Haii-
MeHIIU# MoxkJauBuii yac? CKopucraiiTecs
MEeTOJIOM OChOBOI CHMeTpii.

@-------===
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Migcymkn posginy I

%
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435. Jlervmoidom HazsWBaeTbCA ONYKIWM YOTUPUKYTHHUK, IO MA€ €IUHY
Bichk cuMeTpii, AKa MicTuUTh foro miaroHaiyb. IloOynyiiTe AeJbTOI i OMUIIITE
HOT0 BJIACTUBOCTI.

436. Tano Koj0 i TouKky A Ha HbOMY. Touka B pyXaeTbcs IO JAHOMY KOJLY.
Axry niniro ommcye mig yac Takoro pyxy cepenuHa Bigpiska AB?

437. YV panunii TPUKYTHUK BIMIIITE PoM6 Tak, 1100 BiH MaB i3 JaHUM Tpu-
KYTHUKOM CIILJIBHUN KYT.

438. Josenits moxi6HicTL ABOX PoMOiB i3 BiANMOBigHO mpomopuifiHWUMU mia-
TOHAJIAMU.

439. [Isa kosa posmimeHi mo pisHi 60xu Bix mpamoi [. IlobymyiiTe Bin-
PisoKk i3 KiHIAMUN Ha JaHUX KoOJaX, IJd AKOro mpsma [ € Biccio cuMmeTpii.

3agavi NigBULLEHOT CKNAgHOCTI
440. [Isa piBHi KoJa MaOTh 30BHIMHI# foTUK. B ofiHe 3 Kij BOmMcaHO Tpu-
KYTHHUK. J{0OBeiTh, II[0 TPUKYTHUK, CUMETPUUYHUI JAaHOMY BiJHOCHO TOUKH
JIOTHKY, € BIACAHAM y ApPyre KOJO.
441. Kona, cuMeTpUYHi ONHCAHOMY HABKOJIO TPUKYTHHUKA KOJY BiZHOCHO
CTOpiH TPUKYTHHUKA, IPOXOJATHL 4epe3 OPTOLCHTP IILOT0 TPUKyTHHKAa. Io-
BeIiTh.
442. Tlo6ynyiiTe KBagpaT, TPU BepUIMHHU AKOTO JEKATh HA TPLOX TAHUX
napajeIbHUX NPSAMHIX.
443. Boumirts y ganuii TpukytHuk ABC KBajpaT, IBi BepPIIMHM SKOTO
Je:xkxaThb Ha ctopoHi AC, a nBi immii — ma cropoHax AB i BC Bigmosinmo.
444, TIo6ynyiiTe KoJIO, AKe BIMCAHE B JAaHUIl KYT i IPOXOAUTH Uepe3 TaHY
TOYKY BCepeJUHi IILOr0 KyTa.
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IctropuyHa poBigka

Teopist reOMETPUYHUX ITEPETBO-
peHb BUHUKJA y 3B’SA3KY 3 IMi3HAH-
HAM 3aKOHIB 300pa’KeHHs IIpeaMe-
TiB Ha myomuHi. Crrpodu mpaBUIbHO
BimoOpasuTH Ha IMJIOCKOMY PUCYHKY
OpuponaHi (opMm mpeaMeTiB 3miii-
CHIOBAJINCA 3aJ0BTO 0 BUHUKHEHHSA
THUCEMHOCTI — JIIOAW MaJII0BaJId Ha
cTiHax meuep, CKeJAX, HOCYOi pis-
HOMAHITHI POCJIWHU, TBApPUH TOIIIO.
TpuBasa mpakKTUKa IIifKasyBaJja
MUTISIM, AK IlepelaTu Ha PUCYHKY
300pasKyBaHUN MpeaMeT,— TaK 3a-
POMPKyBaJIOCs BUEHHSA IIPO BiATIOBiA-
HOCTi I meperTBopeHHsA. Panimie 3a
immri OyJio BCTAHOBJIEHO I BUBUYEHO
3akoHu mnepcnexktuBu. Crapomas-
Hi I'peKu JOTPUMYBAJHUCA IX YiKe
B V-1V cT. 10 H. e.

Spasorc HACKeJNbHO20 Husonucy

B emoxy Bigpomkennsa 3’saBuJINCS IIepIini (PyHIAMEHTAJIbHI TOCTiIyKeHHS
3 Teopii mepcreKTHBU, 30KpeMa poOOTHM BHUAATHUX XyNOKHUKIB JleomHapmo ma
Binui (1452-1519) #t Anan6pexta [iopepa (1471-1528). PospobHuKOM MaTeMa-
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IcTopnyHa posiaka

Jleonapdo 0a Binui Anvbpexm [[opep

TUYHUX OCHOB TeOopil IPOEKTHUBHUX IIePEeTBOPEHb
(Teopii mepcmexTuBU) cTaB (HPAHIY3bKUU iH)KEHED
i apxirekrop Kepap lesapr (1593-1662).

3aBAsAKU Teopil MmepcHeKTHUBU BAAJOCA IO-
CATHYTH MOCTATHLOI HAOYHOCTI 300parkeHb, OJHAK
TEeXHIYHUHA MPOrpec BUMAaraB TOYHOTO BiJITBOPEHHSA
00’eKTiB i3 moTpmmaHHAM posmipiB. Bararo Tasa-
HOBUTUX YUYEHUX AOKJAJU 3YCUJb OO0 CTBOPEHHS
Teopii B3a€eMHO OJHO3HAUHWX BiAIIOBigHOCTEN Ha
miIomuHi 1 y mpoctopi. Cepen Hux OyB, 30KpeMma,
dpaunyssruit maremaruk Mimens IHaas (1793—
1880), axkuii mOBiB (hyHIaMeHTAJbHY TEOpeMY IIPO
reoMeTPHUYHI mepeTBOPeHHs (HUHI BiToMy dK Teope-
ma Illansa). IligcymyBaB HayKOBi IOITYKHW B raJjysi
reoOMeTPUYHUX HePEeTBOPeHb (PPaHI[Y3bKU I'eOMeTp
Tacmap Mok (1746—1818), cTBOPUBIIN HOBUII PO3-
Iism reomeTpii — HaApPHCHY reoMeTpiro.

Miwenv Illano

T'acnap Mowaic

ITisHire Ha OCHOBi PO3MOAiy reOMeTPUUYHUX IEPETBOPEHb Ha IpyIu 0yJio
BHUIiJIEHO IIle JeKiJbKa po3aiiiB reomerpii — adinHa, MpoeKTMBHA Ta iHIII.
3100yTKY BUEHWX y BUBYEHHI IIePETBOPEHb CKJIAJIW MaTeMaTUYHY OCHOBY JJIA

PO3BUTKY 0araThbox rajiy3eil cydacHOI TEeXHiKH.
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@ MaremaTnyHi onimniagn
BaneHtuH Mukonanosuu Jlendypa (1947-2011)

B. M. Jleiipypa Hapomuscs B 1947 porri y cesuiii MicbKOro TH-
ny Bepesanmni MuxomnaiBeskoi o6macti. Mloro HeausaKy CXUIBHICTD
10 TOYHUX HaYK MOMITHJIU IITe B IIKiJIbHI POKH, i ToAaJIbIle HaBUaH-
HA B PecnyOriKaHCHKiN (DisMKo-MaTeMaTUYHIN TTIKOJIi-iHTepHATI Tpu
Kuiscbkomy nepsxaBHomy yHiBepcureti imeni T. I. IlleBuenka ocra-
TOYHO BUBHAUWJIO JIOJII0 TAJIAHOBUTOTO IOHAKA. BIMCKaBUYHO IIPO-
MaWHYJIM POKM HaABUaHHA Ha (pismKo-MareMaTHUYHOMY (PaKyIbTeTi
MukoJstaiBCbKOro mefarorivHoro iHCTUTYTY, Bi0y/I0Ca CTaHOBJIEHHS
HAyKOBIIA B acmipauTypi Ha Kadeapi Buirol MareMatTukyu KuiBCbKO-
ro memarorigHoro inctutyTty. Mosomoro kaunauaara ismKo-MareMa-
TUYHUX HAYK 3aMPOIIYIOTh A0 pigHOoro IIpmOy:K:ksa — mpaiioBaTu
B MuronaiBcbromy neparorivaomy inctutyti. Tyt B. M. Jlefipypa sromom ouosins
Kadenpy MaTeMaTHUYHOI'0 aHAJi3y, BiB ILIIAHY HAYKOBY Ta IIeAaroriuHy MisiIbHICTD.
HesabyTHi roHanbKi poku, cmoragu mpo Bubip MaiibyTHBOI mpodecii Ha-
nuxayaun BanentmHa MukosaiioBuya Ha pobOTy 3 MaTeMaTUYHO 00JapOBaHUMU
MIKOJIIpaMM, AKa cTaJja OJs HbOTO AYKe BaKJIMBOI YaCTHUHOKI JKUTTEBOTO
maaxy. TpuanaTh pokiB poboTu y ckJaani :xkypi BeceykpaiHchbKol MaTeMaTHYHOI
ojJimMmiazam, 4O AKOTO HOr0 3alpoCWB BUAATHUN MaTeMaTUK i memaror Mwuxaii-
gm0 Wocunosuu SIapenko, BuaBmancs nias npodecopa Jleiidypy 3HAKOBHMU.
B. M. Jleiipypa TakoK aKTUBHO ITPAIlIOBAB y CKJaOi »Kypi BceykpaiHChbKHX
TYPHipiB IOHMX MaTeMaTHuKiB, AKi mpoBogaTbeda 3 1998 poxky. Bim crBopus unm-
MaJi0 YyAOBUX OPUTIHAJBHUX 3ajad AJA YUYHIBCBKUX MaTeMaTHUUYHUX 3MaraHb.
Ochb ogHA 3 HUX — Ha 3aCTOCYBaHHA 3HaHb 3 TeMu «OcboBa CUMETPifA».
Touka M € cepeanHoI0 Tinmorenysu AB piBHOOeTpPEeHOT0 MPAMOKYTHOTO TPUKYT-
nuxka ABC, a touka K — rtaka Touka karera BC, mo BK =2KC. Touxky N
oopano Ha kareri AC Tak, mo aasa Ttouku L mepetruny BinpiskiB AK i MN
npominb LC € Gicekrpucoro kyra KLN. JloBenits, mo KN ||AB.
Jlosedennasa
Ha npomeni AC Bubepemo taky touky F, mo AC=CF . Toxi Touxka K
€ TOUYKOIO TIepeTUHy MeJiaH TpukyTHuKa ABF (puc. 88). 3asHauumo, 110 Touka C
piBHOBigmanena Bim npamux AK i MN, ockinbku JexXuTh Ha OicekTpmci LC
Kyta KLN. JTo Toro & Touka C piBHOBigmasiena Big npamux AK i MK. [lificHo,
KC — Bucora Tta meniana tTpukytuuka AKF. Tomy 1ieii TPUKYTHUK € piBHOOe-
aperum, a KC — #ioro Gicekrpuca. Takum umaoMm, Touka C piBHOBigmaseHa Bin
npamux MK i MN, a tomy npomiab MC e GicekTpucoro Kyta KMN.
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Posrianemo cumerpito BigHocHO mpamoi MC. IIpome- F
Hi CA i CB mepeii[yTh OOVWH B iHIIINH Tak caMo, K i mpome-
Hi MK i MN. Tomy TOYKM IlepeTUHY BKa3aHUX ITPOMeHiB N

i K nepetizyTs ogHa B iHITy. OTiKe, Touku K i N cumerpuuni N 9
BigHOCHO TWpAmoi CM, a tomy CK =CN. 3Bigcu BOuYeBHUIB J>
pumiuBae, mo KN || AB. /‘VA
CrpolyiiTe caMOCTIiIIHO PO3B’SI3aTH 1[I0 3aJauy B iHIIINHI A M B
cmoci6.
ITix uyac wmHampyskemol mpamni ma oaimmiagax Ba- Puc. 88

JeHTuH MuroJjaiioBu4 3aBKAM OyB CHOpaB:KHIM Baipiem

BUBAKEHOI'0, JOOPO3UUJIUBOTO, ajieé IMPUHIIUIIOBOTO I BUMOIVIMBOI'O CTaBJIEHHS
I0 yuHiB 1 BumTeniB. 3aBAAKM CHIJIKYBaHHIO 3 HUM MaliOyTHI MaTeMaTHUKU
HaO0yBaJau He3a0yTHHOTO JOCBiZy, a TOMY Ha oJiMmiagax i TypHipax mopyu is
HUM OysKe YacTo MOKHAa OyJ0 Mob0aumTH NMIKOJAPIB Ta iXHiX HACTABHUKIB, AKi
3BepTaauch A0 BajenTmrHa MukoJsaiioBuua i3 3alIUTaHHAMU, UYeKaJau IIOpam.

IIporarom 6ararsox pokis B. M. Jleiipypa kepyBaB cTBopeHUM HUM y Mu-
KOJIaEeBi ceMiHapoOM JJIsd MaTeMaTUYHO O0ZapoBaHUX YUYHIB, IO He MaB aHAJOTiB
B YKpaini. Ileii ceminap faB MOKJIMBICTH 3pOOUTH IIEPIITi KPOKU B «OJIiMITia HiMi
TBOPUYOCTi» Ta B MaTeMaTUIli 6araTbOM TaJaHOBUTUM OiTAM. 30KpeMa, yueHb
B. M. Jleiipypu nBiui BubGopioBaB cpibui memasi Ha MiKHapogZHMX MaTeMaTUU-
HuX oJsimmiazax. 3HauHy yBary BagenTun MukxosaioBud 3aB:KIN IPUIIIAB
He TiJIbKU «MaTeMaTHUYHOMY CIOPTY», aJjie M 3ajJydyeHHIO IOHAITBA OO OCHOB
cyTo HaykKoBoi pob6oru B Mauiii akamemii Hayk. Bararo pokis B. M. Jleiigpypa
OyB UJIEHOM pemaKIliliHOI pagu KypHaJy «¥Y CBiTi MareMaTHUKN», 3aCHOBAHOI'O
M. 1. Sapeuxom, miaroryBaB 6araTo craTeil Ta MOCIOHMKIB AJIA IOHMX TaJIAHO-
BUTUX MAaTeMaTUKiB.

Baromuii BHecok Basentmna MwukosatioBuua Jleiihypu B po3BUTOK HAaIli-
OHAJBHOI OCBiTH OYB BiJ3HAUEHUII IIOUYECHUM 3BAHHAM <«3aCHyKEeHHil BUNTE]b
Vipainu» y 2002 pomi. Taxko:xx y 2002 pormi memkanmi micta MukosgaeBa Bu-
3HaJI mpogecopa aep:kaBHoro yHiBepcurery iMm. Ilerpa Morunu B. M. Jletihpypy
«['opogsaamHOM pPOKY» y HOoMiHAIil «CepemHs IITKOJIA».

Bararopiune cminkysanHA 3 BamenTuroMm MukosatioBuueM HOro UMCJIEH-
HUX YYHIB i COpAaTHUKIB 3yMOBJIIOBAJIOCh HE TiJIBKHW HOT0 Ipo@peciiHmMU SAKO-
ctamu. BagerTun Mukosaiiosuu Jleiipypa OyB JIIOAMHOIO II[eAPOl AYIIi, Ha Horo
MYZAPIiCTb, :KUTTEBUHN MOCBiJ, DOIIOMOT'Y B CKJAAHUX CUTyaIliAX 3aBiKAU MOTJIUA
pO3paxoByBaTHU APY3i Ta KOJEru.

IIpodecop Jleiihypa € Bsiprem crmpaB:kHBOI JlloguHM, AKa IyKe JHO0MIa
JKUTTA 1 IMiHyBaJla B HbOMY BCe — i yKpaiHCbKi HapomHi micHi, i maremaruuni
oyimMmiazam, i BUCOKY HAYKY.
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Po3gin lll. TeoMeTpWYHI NepeTBOPeHHS

]

lforyemocb po AMNA

Tect 3
Buobepimv 00RYy npasuavhy, Ha 8awy 0YymKy, 8i0nosids.
1. Cepen maBemenux (iryp BubGepiTh Ty, SKa Mae Bich cuMeTpii.

A b B r

2. VYraxiTh reomeTpuuHy (Qirypy, B AKY IepeXOQUTh FTOCTPUIA KYT YHACiJOK
nepeMiIeHHs.

A Tynwmit KyT B PosropuyTuii KyT

b IIpomiusb I KyT, 1110 10piBHIOE JaHOMY

3. Ha pucysky BsobpaxxeHo mnapaJsenorpam ABCD. v
VraxiTh BiApisoK, y AKUHN IIepexoguThb Binpisox BO ﬁ
BHACJiIOK cumMeTpii BigHOCHO Touku O.

A BD b DO B AD r BC

4. Ha pucyuky sobpaskeHo kBagpar ABCD. VkaiTb B C
Bi/IpiBOK, Yy AKWHA mepexoauTh Biapidok AO BHACIiOK
TOBOPOTY HaBKOJIO TouKu O Ha 90° mpoTu rofMHHUKOBOI
CTPiIKM.

A BO B CO B DO rAB

5. Ha pucyHKy 300paxkeHo mnapaJeaorpam ABCD. YHa- B C
CIIZIOK TIapajeiabHOro IepeHeceHHs TOuKa B IepexoiuTh v
y Touky O. YKaxiTh TOUKY, B AKY BHACJiJIOK TaKOro

mepeHeceHHs mepexoauTshb Touxa O. A

AA 6 B B C roD A D

6. Cepen HaBeleHUX IlepeTBOPeHb YKaKiTh Te, 3a JOIIOMOIOI0 SKOI'O He-
MOKJIMBO IIEPEBECTH OAHY 3 ABOX IPOTHUJEKHHUX CTOPiH MapaJesorpaMma 3 Ky-
ToMm 30° B iHMIIY.

A IlenTpasbHa cuMeTpisa B IlapasesbHe mepeHeceHHS
b OcvoBa cumeTpisa I IloBopoT
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HocTym mo rambHIinx ITPUHITUIIOBUX ITPOOJIEeM
y isuIri Bumarae HaiBUTOHYEHIIIIX MaTeMaTUYHUX
MeTOIiB.

Anvbepm EillHwmeillH, 3aCHOBHUK CYLaCHOL Qi3uKU

JAK Bimomo 3 Kypcy (isuKm, medAKi BeJIWUYWHN, HAIPUKJIAL CUJIA,
MBUAKICTH, TPUCKOPEHHS TOIO, XapaKTEePU3YIOTHCA HE TiJTbKU YNCIOBUM
3HAUCHHAM, ajie i HanmpaMoM. HeoO0XimHicTh MaTEMaTUYHOTO MOIEJIIOBAH-
HS TaKUX BEJIWUYUH 3YMOBUJIA CTBOPEHHS TeOpii BEKTOPiB.

¥V cydacHii maTemMaTuIli OgWH i3 Po3AiNiB, Yy IKOMY BUBYAIOTH il
3 BEKTOpaMM, He BUIIaJKOBO Ha3WBAIOTh BEKTOPHOIO aJredporo, ajsKe ome-
paiiii Hag BeKTOpaMIU MaiOTh 0araTo CIiJILHOIO 3 ajarebpaiuHMMM TisiMIU.
BekTopu, K i KoopAmHATH, 3HAYHO POIIIKUPIOIOTH apCeHaJl CIIOCO0iB reo-
METPUUYHUX IOBEIeHb Ta O0UMCJIEHDb i CIPOIIYIOTh AedKi 3 HUX.

BekTopHi cHiBBigHOIIEHHS INMHNPOKO 3aCTOCOBYIOTHCS B IIPUPOIHI-
ynX HayKax i 6araTbox rajysdaxX TeXHiKu. 3aBAsSKU BUBUEHHIO BEKTOPiB
B 3MOJKeTe Kpallle OIaHyBaTH METOAN PO3B’sI3yBaHHSA He JIUIIEe IeoMe-
TPUYHUX, aje U (PisMuHUX 3ajmad.




§ 14| Nouamkosi sidomocmi npo Bekmopu

14.1. O3HA4eHHS BeKMopa.
Modynb i HaANpsM BeKMopa

Y nmpupogHWUYMX HayKaX 3yCTPiUalOThCA BeJIU-
YMHY, SAKi DOBHICTIO XapaKTepU3yHIOTHCA UYNCJIOBUM
3HAUYEHHAM, — [OBXKWHA, IJIOIIA, TEMIIepaTypa, Ma-
ca TOIO (TaKi BeJIWUYWHUW HA3WUBAIOTH CKAJAPHUMU).
AJle ynMaJs0 BeIWYMH 33JAaI0ThCA HE TIJIBKU YUC-
JIOBUM B3HaUeHHSM, ajie ¥ Hampamom. Hampurianm,
UL PO3B’sI3yBAaHHA 3aJadi PO PyX aBTOMOOiIsA HEmo-
CTaTHBO 3HATHM HOr0 MIBUAKIiCTHE — Tpeba yTOUHUTH,
B IKOMY HAIpAMi BiH pyxaerbcd. ¥ TaKOMY BUIAJKY
IIBUAKICTH aBTOMOOIJIA POSIVIALAETHCA AK BEKTOPHA
BesimurHa. OTiKe, BEKTOPDHA BeJIUYUHA XapaKTepusy-
€ThbCA YNCJOBUM 3HAUEHHAM i HAIIPAMOM.

¥V reometpii BeKTOpPHI BeJIWUYMHHU 300paKaioTh
3a JIOTIOMOI'0OI0 HAaNIPAMJIEHUX BifpisKis.

O3Ha4eHHSA

BekTOpOoM HA3UBAETHCA HAMPAMIIEHUM BiAPI3OK,
TO6TO BIApI3OK, ANA SKOrO BKA3GHO, AKA TOYKA €
MOro MOYATKOM, G KA — KiHLEM.

3asBuuyaii BEeKTOpP 300pa’kKailoTh BiApisKom
3i cTpinKOIO, AKA BKa3ye HaAmpaM BeKTopa. Ilis mo-
3HAUEHHs BEKTOPiB BMKOPUCTOBYIOTH MAaJli JIaTHH-
CbKi JiTepu (a, b, c...) abo ABiI BeJaWKi JaTMHCBKI
JiTepu, Iepiia 3 AKMX II03HAYAE MOYATOK BEKTOPA,
a Ipyra — KiHeIlb BEKTOpa. 3aMiCThb CJI0Ba «BEKTOD»
HaJ TMO3HAYEHHSM BEKTOpPa CTaBJATL cTpiaky. Tax,
BeKTOp 3 mouaTkom A i kimmem B (puc. 89) mosHa-
4aTh a a6o AB.

O3Ha4eHHA

DoexuHoro (a60 moaynem) esextopa AB Ha3uea-
€TbCA [OBXUHA BiApi3ka AB, Wo 306paxye BexTOp.

BeKTOp — Bif, NaTNH-
CHKOTO «BEKTOP» 7

Tom, Wo Hece.

Ql

A

Puc. 89. BexTop
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KonineapHuiA — BiA
AATUHCHKOTO «KO™» —
3, pa3OM | ((ﬂlH?a‘
picy — NiRIAHAV.

Puc. 90. Kosrineapsi
BEKTODU
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HoB:KkuHY BeKTOpa AB HO3HAYalOTh Tak: ‘AB‘

O3HAYeHHA

HynbosBum BeKTOpOM HA3UBAETHCA BEKTOP, MOYATOK
i KiHelUb aKoro 36iraroTbcs.

TakxuM YWHOM, OyOb-AKY TOUKY A IIJIOIIWHUI
MO’KHA BBAXKATH HYJIBOBHM BeKTOpoM AA. Hyiso-
BUil BEKTOp MO3HAualoTh Tak: 0. Hampsamy BiH He
Mae, a Horo JOBXKMHA MTOPiBHIOE HYJIO: |6|=0 .

O3Ha4YeHHA

HeHynboBi BeKTOpU HA3UBAFOTLCA KOMiHEAPHUMMU,
SKIWO BOHW NexaTb Ha OAHIM npsmiti abo Ha na-
panenbHUX MNpAMUX.

Ha puc. 90 BexTopu AB, CD i EF KoJrineap-
Hi. Hynb0BUiT BEKTODP BBasKalOTh KOJiHEapHUM OyIb-
SAKOMY BEKTODY.

O3HA4YeHHA

Bexktopu AB i CD HasuBaroTbCa cnisHanpammneHu-
MU (060 OAHAKOBO HANPAMIEHUMU), AKLLO NMpome-
Hi AB i CD cniBHanpamneHi.

Bexktopu AB i CD Ha3suBaroTbCa NpPOTUNEXHO

HanpsamneHUMu, gkwo npomeHi AB i CD npotu-
JIeXHO HanpsmJieHi.

Ha puc. 90 BexkTopu ABi CD CIIiBHATIPSIMJIEH
(KOPOTKO Lie Ho3HAualoTh Tak: AB11CD), a BeKTO-
pu EF i CD MIPOTHUJIECKHO HAIPAMJIIEHI (KOPOTKO Iie
HO3HAYAIOTh TaK: EﬁT lC_ﬁ ).

3as3HauYMMO, 1110 3aBAAKU ITONHO BBEIEHUM IIO-
HATTAM MOYKHA CIPOCTUTHU O3HAUEHHS MapaJiebHOTO

nepeHecenHs. Termep 3aMicTh mapaJjieIbHOTO IIepeHe-
CeHHs B HampaMmi npomeHsa AB Ha Bigcranb AB MoKHA

posriganaTtu napaieibHe nepeHeceHHa Ha 6eKmop AB.



§ 14. Tlo4aTKOBI BIZOMOCTI NPO BeKTOpPK

14.2. PiBHi BeKmopu
O3Ha4yeHHA

[Ba BeKTOpU HA3UBAHOTHLCA PIBHUMW, SKLO BOHU
CYMIlLarOTbCA NApaneslbHUM MnepeHeceHHsM.

ITle osmauae, 1m0 icHye mapaJjiesibHe IIepeHe-
CeHHS, BHACJIIIOK SKOI'0 IIOYaTOK i KiHeIb OJHOIO
BEKTOpa IepexXoATh BiAMOBiTHO B MOYATOK i KiHeIb
inmmoro. Ha puc. 91 3o0paskeHo piBHI BeKTOpHU AB
i CD. ix PiBHICTH ITO3HAUAIOTH TaK: AB=CD.

OOGIr'PYHTYEMO OCHOBHI 61Lacmueocmi i 03HAKU
piéHux éexmopie.

1) PiBHi BeKTOpM cHiBHANIPAMJIEHi Ta MalTh PiBHI
TOBKUHU.

IIs BaacTuBicTh, BUNJAHBaE 0e3mMOCepPeqHBO
3 O3HAUEHHS PiBHUX BEKTOPiB i BjlacTUBOCTEH mapa-
JIeJIbHOTO TI€pEeHeceHHs.

2) Axmo BeKTOpPH CIIiBHANIPAMJIEHiI i MalTh piBHI
JOBKWHHU, TO BOHU PiBHi.

Cropasni, Hexaili BeKTOpH AB i CD cmis-
HanpsMJIeHI Ta MaioTh piBHI moB:kuuu (puc. 92).
ITapasiesnibHE IEpEHECEHHA HA BEKTOP AC TIEPeBOAUTH
npomias AB y cuiBHanpsamaeHuit npomiab CD.
Ockinbkm Bigpisku AB i CD piBHi, TO BHacCIiIoK
TAaKOr0 IapajieIbHOTO IIepeHecCeHHA Touka A
nepexoauTh y Touky C, a Touka B — B TOukRy D.
OToKe, BeKTOPU AB1iCD CYMIIIAOTHCA HapaaeIbHIM
nepeHeceHHSIM, TOOTO PiBHI 3a O3HAUEHHSAM.

3) Big Oyab-aKol TOYKM MOJKHA BiIKJIACTH BEKTOD,
1[0 IOPiBHIOE TAHOMY, i IPUTOMY TiJIBKHM OJWH.

CmopaBgai, Hexaili maHo BeKTop AB i Touky M
(puc. 93). IcHye emmHe mapaJjiesibHe II€epeHECeHH,
BHACJIiJIOK AKOTO TOYKa A MepexoauTh y TOUKy M —

mapaJjejbHe HepeHeceHHsa Ha BeKTop AM. Ilimg uac
TaKoro IiepeHeceHHA BeKTOp AB IepexoiuTh Y BeK-

TOp MN, AKUHA 3a O3HAUEHHAM JOPiBHIOE AB.

A /D

C

Puc. 91. PiBHi BeKkTOPU

A C

Puc. 92. JTo o61pyHTY-
BaHHA 03HAKU PiBHUX
BEKTOPiB

M

Puc. 93. Bigknagauus
BEKTOpA, IO JOPiBHIOE
TaHOMY
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A mpaKTUYHOTO BigKJagaHHA Bif 3amaHol
TOYKU BEKTOpAa, IO JOPiBHIOE JaHOMY, BApTO 3a3Ha-
YUTH, [0 Y BUIAAKY, KOJU TouKa M He JeKUTh Ha
npamiin AB, yoTupukyTHuk ABNNM — mapaJjeiorpaM.

3ayBa)KIMO TAKOXK, IO PiBHiI BeKTOpH, Bin-
KJaJeHi BiJ pi3sHMX TOUYOK, YACTO IIO3HAYAIOTH Ti€IO
camoro Jritepoio. IIpo Taki BeKTOpU KaKyTh, IO Iie
TOW caMUU BEKTOP, BiAKJaaZeHU#N Bixg pidHUX TO-
yok. Takuit migxim € miJIKOM ITPHUPOTHUM: CIPAaBIi,
posTiamaioun mekisbka 3o00paskensb Bimui-Ilyxa, Mmu
raxkemo: «Ile — Bimui-Ilyx», a me «Ile — pisHi 30-
opakenna Bimui-Ilyxa».

14.3. KoopOuHamu BeKmMopa

Hoci ramyuym mpo KOOPAWHATH, MU MaJId Ha yBasdi KOOpAWHATH
TOUKHU, AKi OJMHO3HAYHO 3aJaI0Th Ii PO3MiIlleHHA B CHUCTEMi KOOpAHUHAT.
BuspnseTrbcs, 3a JOIIOMOTOI0 KOOPAWMHAT MOKHA OMMCYBATH i BEKTODPH.

O3Ha4eHHA

KoopauHatamu Bektopa 3 noyatkom A(x.: y,) i kiHuem B(x,: y,)
HA3UBAFOTb YUCNA A, = X, = X, | G, = Y,~ Y,

Inakme kaxydu, Koxwrna Kkoopdurama éexmopa 00pi6HIOE PisHUYL
6i0nogidHux xoopdunam 1020 KiHYa i nowamxy.

KoopauuaTty BeKTOpa 3amKUCyIOTh ¥ OYKKaX MOPAL i3 #oro OYKBEHUM
nosHaueHHAM: AB(a; a,). IHOAI [/ MO3HAUEHHSA BEKTOPA 3 KOODAHMHA-

TaMU @, 1 a4, BUKOPUCTOBYIOTh 3amnuc (a;; a,). O4eBUAHO, 110 HYJILOBUMN

BEeKTOp Mae HyJIboBi KoopamHaTtu: 0(0; 0).
Iz popmysnu BimcTaHi MiK TOUKaMU MaeMoO:

[IOBKMHA BEKTOPa a(a,; a,) 0GUHCIIOEThCA 3a (GOPMYIION0 |E|=\/a12 +a,’.

Teopema
(Bnacmusicmb i 03HAKA KOOPOUHAM PiBHUX BEKMOPIB)

PisHi BexTOpU MatOTb piBHIi KOOpPAMHATU, | HABMAKWU: SKIWO Yy BeKTOpiB
BIAMOBIAHI KOOPAUHATU PiBHi, TO Li BEKTOPU piBHiI.
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LoBedeHHs

O 1) Bracmusicmeo.
Hexait A(x; y,) i B(x2, Y,) — TOUYATOK i KiHelb NaHOTO BEKTOpA a.

BexTop a’, mo IOPIBHIOE @, MOJKHA OTPHMATH 3 BEKTOPA @ IapajelbHIM
nepenecennaM. Hexall nie mepeHeceHHs 3afaeTbes Gopmynamu x'=x +¢,
y'=y+d. Togi a' = 4’B’,_,ue A'(x, +c;y, +d), B'(x,+c;y,+d). OueBugHo,
III0 00UABA BEKTOPU a i @' MaloTh KOOpIUHATU x,—x, 1y,—y,, WO i Tpe-
06a OyJIO TOBECTH.

2) Osnaka. -

Hexait Temep BekTOpHU AB i A'B' wmamwors piBHiI KoopauHAa-
tu. SIKImo mouaTkoM i KiHiem apyroro Bexkropa € Touku A'(x'; y')
i B'(x'y; y',), To 3a ymoBow X,—x,=x',-x', y,~y,=y’,—y',. 3Biacu
x,=x,—x+x', y,=y,—y, +y',. llapanenrHe nepeHecenus, sagane op-
MyjaamMu X'=x-Xx,+x', Yy =y—y,+Y',, 1epeBoauTh TOYKy A B TOuKy A,
a Touky B — B Touky B’, TO6TO cymiIiiae BeKTOpU AB i A'B , 1110 ¥ Tpeba
0yJIO DOBECTH.

Teopemy moBemeno moBHicTO. M

3asHaunuMo, IO KOOPAMHATH BeKTopa He (iKCYIOTh HAIIPAMJICHUNA
BiZIpiBoK, a JuIle 3aJai0Th MOTO MOBXKHUHY 1 HAIIPAM.

SAx mpukaz 3acTocyBaHHSA PIiBHOCTI KOOPAWMHAT BEKTOPiB HaBene-
MO ITle OMWH CIOoci06 Po3B’A3yBaHHA BimoMOi 3amaui mpo MOIIYK UYeTBepTOl
BEPIIIMHU ITapaJejorpama.

3aaaua
3HaWAITE KOOPAUHATU YeTBepTOoi BeplUMHU napasiesno-
rpama ABCD, axwo A(-2; 1), B(0; 4), C(4: 1).

B
Po3g'asaHHa
Skwo ) HOTUPUKY THUK ABCD — napanenorpam (puc. 94),
70 AB=DC. Hexaii WwykaHa BEpUWMHA — D(x: y). 3Hanaemo
KOOpAWHATY BekTOpie AB i DC: AT D
AB=(0-(-2);4-1)=(2:3), DC=(4-x:1-y). Puc. 94

Otxe, 4—x=2, 1-y=3, 3BiokM x=2, y=-

Bianosiab: (2; -2).
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3anumaHHa i 3a0adi

‘. YcHi BnpaBu

445, Ha nnomuni nosHaueHo Touku A i B. Uu € NpaBUILHUM, 110 BEKTO-
pu AB i BA:
a) MaloTh OJHAKOBi JOBMKUHU; B) piBHi?

446.

0) cIriBHATpPAMJIEHI;
BexTopu AB i BC koaineapui. Um jgexuTh Touka B Ha npawmii AC;

Ha Bigpisky AC?

447.

Touka C — cepenuua Bigpiska AB. Yu € piBHUMU BeKTOPHU AC i BC?

Yu e piaumu Bektopu AC i CB?

<" 448.

449,
450.

¥ mapagenorpami ABCD (puc. 95) Has3BiTh BEKTOPU:

a) CIiBHANIPAMJIEHI 3 BEKTOPOM DC; B C
0) cuiBHampaMJEHI 3 BEKTOPOM AO; v
B) NPOTHJIE’KHO HAIPAMJIEHI 3 BeKTOpoM AD;

I) NIPOTHJIE’KHO HAIPSMIEHI 3 BeKTOpoM BD; A

I) IO ZOPiBHIOIOTH BEeKTOPY AB; D

e) II0 JOPiBHIOIOTH BEKTOPY OC; Puc. 95

€) IO JOPiBHIOIOTH BEKTODY BB.

Buszaure Buj gotnpukyTHHKAa ABCD, sikmo AB=DC .

I[aHo plBHo6e;[peHI/II/I TpurkyTHUK ABC 3 ocHOBOI0O AC. U1 € mpaBUIb-

HUM, III0 AB= BC‘7 qK € IIPaBUJIbHUM, II10 ‘AB‘—‘ BC“’

¢ 451

@

Bimomo, 110 a=b. Yn IpaBUJIbHO, IIO:

a) maHi BEKTOPU MalOTh BiAMOBiZHO piBHI KoopAuHATH;

0) Bimpiskwm, 110 300paKaioOTh AaHi BEKTOPU, 0O0B’A3K0OBO 30iratoThCs;
B) y pasi BigKJamaHHA Big omHiel TOUKM BiApisKwu, IO 300pasKaioTh
BigKJIameHi BeKTOpU, 0OOB’A3KOBO 30iraroTncsa?

MNpadiuHi BNpasm
452,

Haxpecuites napasenpri npsami a i b. ITosHauTe Ha npAMii a Touku A

i B, a Ha npamiii b — Touky C.
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a) Bigkaazite Bim Touku C BexTop CD , cuiBHampamJjeHuii 3 AB.

0) Biaxmazite Bim Touku C BexTop CE, IPOTHUJIEKHO HaIPSIMJIE-
HUYN 3 AB.

B) BimkmaazmiTe Big ToukKu B BEKTOpP BF, o JIOplBHIOG BeKTOpPY AB.
Yu € cuiBHAUPAMJIEHUMU BEKTOPHU BF i DE BF i ED?
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4 453. Haxpecairs pom6 ABCD.
a) Bigkmaaznite Big Touku B BeKTOP, IO JOPiBHIOE BEKTOPY CD.
6) Bigxaanits Bixg Touku B BEKTOD, IO JOPiBHIOE BEKTOPY AC.

B) BuxomnaiiTe mapaJjiesbHe IIepeHECEeHHs JaHOro pomba Ha BeKTop BD.

W NMucobmoBi Bnpasu

PiBeHb A

454. Y npamoxyrauky ABCD AB = 5, BC = 12, touka E — cepenuHa
cropoun BC. 3HalgiTh JOBKUHU BEKTOPIiB AD R CE R AC , AE .
4 455. v pom6i ABCD AC = 8, BD = 6, O — TouKa IepeTHHY JAiaroHaJeii.
3HANOITh HOBKUHU BEKTOPiB 66, §5, AB.
456. Tosexirs, mo B mapaseaorpami ABCD AD=BC.
C 457. Touxa O — cepemuHa Binpiska AB. HaspiTh mapu piBHEHX BeKTOpiB i3
KIHIIAMMW B JaHUX TOYKAX i JOBENITH IX PiBHICTE.
458. 3uaiixiTh KOOPAUHATH BEKTOpa AB, SKIIO:
a) A(-1; 4), B(3; 9);
0) A(2; -5), B(-1; -1);
B) AG3; 2), B(3; -2).
459, Bigomo, mo OA=d, d(2; -1), O — moYaTOK KOOpAWHAT. BHAHAITH
KOOPAWHATU TOUKU A.

460. 3naiiniTe moB:KUHY BeKTOpa AB, AKIIO:
a) AB (T7; 24);
6) A(0; -1), B(3; -5);
B) A(2; —4), B(2; -1).
¢ 461. 3muaiizite KoopaMHATH i JOBKHUHY BexTopa AB, SAKILO:
a) A(-3; 1), B(5; -5);
6) A(12; 0), B(0; -5).
462. Bigxnaxits Bix Touku D(1; 3) BekTopu a(2; —1) i b(-3; 4). BHalxiTH
KOOpAMHATH KiHIIIB IIMX BEKTOPiB.
O 463. Kiunem Bexropa a(-3; 7) € Toura (0; —2). BHAHAITH KOOPAUHATH IIO-
YaTKy BeKTopa i BiAKJIamiTh HOro B IPAMOKYTHilI cHCTeMi KOOpPAMHAT.

151



Po3gin IV. BekTopv Ha NaoWWHI
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464. 3a gomomMoromo BeKTOPiB LOBEIITH,
10 YoTUPUKYTHUK ABCD — mapaJeJo-
rpam, akiio A(-2; -1), B(1; 2), C(2; 2),
D(-1; -1).

465. 3naiigiTs KoopaAMHATH YeTBepPTOI
BepmuHMN mapaJjejgorpama ABCD, AKII0
B(3; 1), C(5; 0), D(2; —3).

PiBeHb b
466. Y npamokyrHiii Tpanenii ABCD AD| BC, AB =4, AD = 7, /D = 45°.
3HalaiTh JOBXKUHU BEKTOPiB @, CD i BD.

467. Y napanenorpami ABCD AB = 4, BC = 7, piaronans AC 6inbma
3a miaroumasb BD Ha 2. 3HaHOiTh HOBKUHU BEKTOPiB AC i DB.
468. Busnaute Bui 4oTUPUKYTHUKA ABCD, AKIIO:
) AB=DC i |4B|~| 4D
6) BC=AD i |R|=|ﬁ :
B) ETTE , a BekTopu AB i CD He KoJiHeapHi.
469. sfIxmo AB=CD, To cepesunu Bixpiskis AD i BC s6iraiorbcs. [o-
BeJIiTh.

.
2

470. ChopmymioiiTe i JoBeniTh TBepAKeHHSA, 00epHEHE A0 TBEPAKEHHS II0-
nepesHbOi 3amaui.

471. Jos:xuna Bekropa a(m—38; m—1) mopisaioe 10. 3HaigiTs m.

472. Dos:xuna BexTOpa AB nopiBHIOE 5. SBHANAITH KOOPAMHATH TOUKM B,
akmo A4; —2), a Touka B jexuTh Ha npAamin y = 2x.

473. Nos:xuna Bexropa a(m; 15) nopisuioe 17. 3maiinite m.

474. Binkmnazpits Bix nouarky KoopauHaT BeKTopu a(—2; 1)i b(1; 2). BHaii-
IiTh KOOPAMHATH i JOBXUHY BEKTOPA, IIOYATKOM AKOI0 € KiHeIlb BeKTopa a ,
a KiHmeM — KiHeIlb BeKTOpa b.

475. Bigkmnazite Big Touru (1; 3) Bexropum a(2; -1) i b(-4; 2). Yu xo-
JineapHi 1i BeKTOpPU?

PiBeHb B

476. Bexropu AB i CD xouineapi. Uu osHauae ne, mo ABCD — Tparme-
mig? Bigmosigbs oOr'pyuTyiiTe.
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4" 477. Nawno napanemorpamu ABCD i A,BC,D. Ilosexits, mo AA, =C,C.
478. Bing touku M, sKa JeKUTHh 1032 PiBHOCTOPOHHIM TPUKYTHU-
KoM ABC, Bigraameno Bexktopu MF, ME i MD, 1o IOpPiBHIOIOTH
BiITIOBiAHO BeKTOpaMm rB AC i BC. HoBenits, o MFED — powmo0.

4 479. Y xoni mposeneno miamerp AC i xopay AB. 3. Big Touxu M, mpo
JEKUTh yCcepeauHi KoJia, BiKJaIeHO BEKTOpH MD i ME, ski no-
PiBHIOIOTH BiAIIOBiZIHO BEKTOpam AB i AC. 3uanigite Kyt MDE.

@ NMoBTOpEHHA nepen BUBYEHHAM § 15

TeopeTuyHNN maTepian

e  HepiBHICTHL TPUKYTHHUKA; O 7 kiac, 1. 18.2)

. . . .
HafIpocTinti sajjaui B KOOpAMHATAX. [C 9 knac, § 6 )

3apaui

480. Iosexnits, mo Touku A, B i C nexarb Ha ofHill npaMiii, KO
AB = 8,3 cm, BC = 10,1 cm, AC = 1,8 cm. fIKa 3 MUX TOUYOK JIEIKUTH
MixK mBoMa iHIIIEMI?

481. Yu nesxars Ha omHiii mpamiit Touku A(-2; -2), B(-3; —4),
C(0; 2)? Posp’siakiTh 3ajauy aABOMa crocobaMu.
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B(x,5y,)

A(xy; yy) C(x33 Yy)

Puc. 96. o noBeneHHs
TeopeMH PO AOJaBAHHS
BEKTOPiB

154

15.1. 00aBaAHHA BeKMoOpiB

I BEeKTOpPiB, AK i AJya ymces, BU3HAUAIOTH
omeparrii mogaBaHHA 1 BifHIMaHHA, IPUYOMY PE3YJIb-
TaTaMU IIUX Oili TAKOXK € BEKTOPMU.

O3Ha4YeHHA

Cymoto sektopis d(a;; a,) i B(q; b,) HasueaeTbCH Bek-
Top ¢(¢: C,) 3 KOOpAMHaTamu ¢,=a,+b,, c,=a,+b,.

Taxum umHOM, (a;; a,)+(b;; b,)=(a,+b; a,+b,).

ChopmyaoemMo eracmugocmi 000a8aHHA GeK-
mopis.

- HAnsa Oyab-AKHX BeKTOpiB d(a; a,), B(bl; b,),
cles c,):

1) a+b=b+a;

2) (E+I;)+E=E+(I3+E);

3) a+0=a.

I moBeleHHA ITUX BJIACTUBOCTEIH MTOCTATHBO
HOPIBHATHU KOOPAWHATHU BEKTOPiB y IpaBiii i JaiBiit
YyacTUHAX KOMKHOI piBHOCTi. OueBHAHO, IO IIi KOOP-
OUHATHU PiBHi, OTiKe, PiBHI I caMi BeKTOpH.

Y axumii cmoci6 Mo:KHA MOOymyBaTu 300paskeHHS
BEKTOPa-CyMH 3a 300paKeHHSAMHN BEKTOPiB-IOZAaHKiB?
A BiATOBizi Ha Ile 3aTUTAHHS JOBEIEMO TaKy TEOPEMY.

Teopema (npo 000aBAHHA BEKMOpIB)

Ona 6yab-skux Touok A, B i C cnpasaxyeTtbcs
BEKTOpHA PiBHICTb

AB+BC = AC.

JoBedeHHs

O Hexait nano rouru A(x,; y,), B(x,; y,) 1 C(x,; y,)
(puc. 96). BupasuBIIm KOOPAMHATH BEKTOPiB-IO-
IaHKiB, MaeMO: AﬁB(x2 — X5 Yy — Yy): ﬁ(x3 —Xy5 Yz — Ys)-



§ 15. [lopaBaHHs i BigHIMaHHS BeKTOpIB

3a 03HAUEHHAM CyMU BEKTOPiB IJisd BUSHAUEHHS KO-
OpAMHAT BEKTOpa-CyMHU I0JaMO BiAMOBiIHI Koopmu-
HaTH BEKTOPiB AB i BC:

Xy= X, +X, =X, =X, — X,

Yom Yy T Y=Y~ Y3~ Yy

OTrike, KOOPAMHATU BEKTOpPa-cyMu 306iraroTb-
csi 3 KoopaumHaramMu Bektopa AC, TOGTO BEKTOpH
AB+BC i AC piBui. Teopemy moBemerno. B

Hacaigrkammu 3 miel Teopemm € Taki cmocobu
mo0y/IOBU CyMHU BEKTOPiB.

1) ITpaBuso Trpukyraura. Hexaii rano HeHyIbOBL
HeKoJiHeapHi BEKTOpU aib (puc. 97, a) Bigkmagemo
Big KiHIIT BeKTOpa AB=a BEKTOP BC, 1110 ,u;oplBHIoe
BexTopy b. Toxi 3a HOBeZeHO TeopeMoo BexTop AC,
[IOYATOK SIKOro 36iracTbCs 3 MOYATKOM BeKTopa AB,
a KiHeIlb — 3 KiHIIeM BeKTopa BC, ¢ BEKTOPOM-CYMOIO
AB+ BC. Ho6y,u0By BEKTOpa a+b y BUIIQJKY, KOJU
BEeKTOpH a i b KoJliHeapHi, ImokasaHo Ha puc. 97, 0, 6.

2) IIpaBuso mapaJsesorpama. [ HEHYIHOBUX
BEeKTOPiB a i b 3i CHiBHUM [OYATKOM BEKTOp-CyMa
G+b 306pasKaeThCs AiarOHAIIIO IIapajesorpama,
mo0OyZOBAHOIO Ha JAHUX BEKTOPaXxX, IPUUOMY IIOUATOK
BEeKTOpa a+b 36iraeTbcsa 3i CHITBHEM [DOYATKOM
BEKTOPiB a i b (puc. 98). CupaBpai, AKIIO BigKJaacTu
BiJ KiHIIZ BEeKTOpa d BEKTOP, IO JOPiBHIOE BEKTO-
py b, I IOGYLOBA BBOAUTHCA AO HOMIEPELHBOL.

3) IlpaBuio MHOTOKYTHHEKA. SIKIO HeKigbKa
BEKTOPiB-IOJaHKIB BiIKJIa€HO TaK, IO IOYATOK APY-
roro BeKTopa 30iraerbcs 3 KiHIIEM IIepIIoro, mouyaTok
TPeThOr0o — 3 KiHIleM Apyroro i T. I., TO IOYATOK
BEKTOpa-CyMHU € IIOYaTKOM IIepPIIIOro BeKTopa, a Ki-
Hellb — KiHIIEM OCTaHHBOT'O:

AA+AA+...+A A =AA. .

Ha puc. 99 mokasaHO 3acTOCyBaHHS IIpaBHJIa

MHOTOKYTHUKA IJIA TOAAaBaHHSI BEKTOPiB d, b, ¢ i d.

Y

ST SV

Puc. 97. ITo6ymosa
CyMU BEKTOPiB 3a Ipa-
BUJIOM TPUKYTHUKA

Sas

QU

b
Puc. 98. ITo6ymoBa
CyMU BeKTODiB

3a IPaBUJIIOM
mapaJjesiorpama

Puc. 99. ITo6ynoBa cymu

BEKTOPiB 3a IPaBUJIOM
MHOTOKYTHUKA
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y 3aaaua

Ha+o Bextopu a(2; 3) i b (—4: 5). 3HaiAIT> KOOPAUHATU BEKTOPA C TAKOTO,

wo b+c=a.

Po3g'azaHHa
Akwo ¢(c; ¢,) — WyKaHWi4 BekTop, TO0 —4+¢,=2; 5+¢,=3. OTxe, ¢,=6, c,=-2.

Bianosiab: ¢ (6; —2).

15.2. BiOHiIMAHHA Bekmopis

BekTop ¢, sHalgenmii y momepenHiii samaui,
MO’KHA BU3HAUUTU SAK PIBHUITI0O BEKTOPIiB d i b.

O3HAYeHHA

PisHuuero sektopis a(a; a,) i b(b; b,) Haszuea-
€TbCA Takuii BekTOop C(Cy C,), KU Yy CYMi 3 Bek-
Topom b pae sekTOp a:

— N

b+c=a.

I IIbOI'0O O3HAYE€HHA 3HaXOAMMO KOOPpAMHATHN

BeKTopa c=a—b:

S

¢,=a,—b,c,=a,—-0b,.

S
SV

|
S

s moOymoBY BEKTOPA-Pi3HUILI CKOPUCTAEMOCS
IpPaBUJIOM TPUKYTHUKA 1 piBHiCTIO b+(a—b)= a. Bin-
i KJIaZeMo BeKTopu a i b Bim oxmiel Touru (puc. 100).
Toxi mouaToK BeKToOpa-pisHUIli € KiHIeM BeKTOpa b,

Puc. 100. IToGymosa . . .
. . . a KiHemb — KiHIIEM BeKTOpa a, TOOTO 6eKmop-pis-
pisHUII BEKTOpiB T J

HUUA Cnoay4ae€ Kinui 6ekmopié a i b ma nanpam-

neHull Yy OiKk 3MeHULY8an020.

O3HAYeHHA

TTpoTUNeXHUMU BEKTOPAMU HA3UBAFOTLCA ABA MpO-
TUSIEXHO HaMNpsMIeHi BEKTOpPU OAHAKOBOT OBXUHM.
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S

-a a
M o N -3
——e——————
4 B i-b a
Puc. 101. IIporumaexHi
BEKTOPU Puc. 102

Ha puc. 101 Bexktopu OM i ON, a Takox Bekropu AB i BA mpo-

THIeKHI. BeKTOD, IPOTUIEKHUI BEKTOPY d, II03HA4Yal0Th —a. OueBUIHO,

10 a+ (—a) =0.
Ilokasxemo, 1110 a-b= E+(—l;) . CrpaBgi, 3a o3HaueHHSM PiSHUILL BEK-

TOpiB (E—I;)H;:Zi. HomaBmu 10 060X YacTWH IMi€ei piBHOCTiI BEKTOP —b,
MaeMo:
(E—B)+E+(—B)=E+(—B), (5—5)+6=E+(—5),

TOOTO 5—5=E+(—b) .

IIToitHO OOr'pyHTOBaHA (pOPMYyJia BKa3ye,
0 OJiA OTPUMAaHHS PiSHUITI a—b MoxHA
IOZATH [I0 BEKTOPA @ BEKTOD, IPOTHUJIEHKHUN
BEKTOPY b (puc. 102).

Omepariii gomaBaHHA i BigHiMaHHSA
BEKTOPiB IMHUPOKO 3aCTOCOBYIOTH y (ismiri
Ins pomaBamHaA cui. Ha pume. 103 mpoisro-
CTPOBaHO (pismuHMi 3MmicT Bimomoi OGailiKmu
JI.Tni6oBa «JIe6Giaw, Ilyka i Pak»: mua Bu-
3HAUEHHS HANPSAMKY PYXy XypH Heobxin-
HO 3HaWTu piBHOAiWHY cun Jlebenmsa, Ilyku

 Paka, ToOTO cymMy BeKTOpiB a+b-+c. fAK
BimoMo 3 0aiiku, «Xypa ¥ Joci TaM», TOOTO

a+b+c=0. Puc. 103
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3anumaHHa i 3a0adi

“ YcHi BnpaBsu

¢ 482. Uu mosxe cyma /1BOX BEKTODIiB JOpiBHIOBATH:
a) HYJIIO; B) OHOMY 3 BEKTOPiB-momaHKiB?
0) HYJIbOBOMY BEKTOPY;
483. Yu moxke MOB)KMHA BEKTOPA-CyMH IODPiBHIOBATH CyMi JOBMKHUH BeK-
TOpPiB-mOmaHKiB? ¥ SKOMY BUIAIKY?

¢” 484. V napanenorpami ABCD (puc. 104) B c
Ha3BiTH BEKTOP-CyMY:
a) AB+BD; 0
6) BA+BC; 4 5
B) A0+0C; Puc. 104
r) BO+DO.
485. Yu moxxe pisHHIIA ABOX BEKTODiB JOpiBHIOBATH Iix cymi? ¥V sAKoMy
BUTAIKY?
486. Y napanemorpami ABCD (puc. 104) Ha3BiThL BEeKTOp, MPOTUIEKHUII:
a) BexTopy BC ; 6) BekTOpy OA .
487. YV nmapanenorpami ABCD (puc. 104) Ha3BiTh BeKTOP-Pi3HUITIO:
a) AB—AC; 0) AB-DA; B) AD-BC.

‘L MNpadiuHi BNpasm

488. Ilepexpeciirts BeKTOpH @, b, ¢ i d (puc. 105) y somnut. Ilobyayiire
BeKTOpU 5+I;, 2'73, 13+3, d—b, E+E+E+3, b—d. Yu € cepen 1Io0ymo-
BAHUX BEKTOPiB IPOTHUJIEKHI?
b ¢ .
R d
a
Puc. 105
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489. Ilepexpeciits BekTOpH a, b, ¢ i d (puc. 106) y somur. Ilobyayiire
BEKTODU:
a) l;+3, E+E, E—Fa 3a IIpaBWJaMHU TPUKYTHHUKA ¥ IapaJiejorpama
Ta 3a JIOIIOMOT0I0 KOODAMHAT;
0) b—d, a—c, c—a TPbOMa CIIOCOOAMMU.

N

7

Ql

Puc. 106

4 490. Haxpecnits nosinbuuit TpukyTHEE ABC.
a) IloGyxyiiTe BeKTOpD AD, mo IOpiBHIOE cyMmi AB+ AC. BHaiinits
CyMy BEKTODiB DB i AC.
6) IlobGynyiiTe BEKTOD AE, 110 JOPiBHIOE pisHUITI AB—AC. Yn piBHi

BeKTOpu AE i BC?
a [wucbmosi Bnpasu

PiBeHb A
491. 3HalixiTh KOOPAWHATH i JOBKHUHY BEKTOpa ¢, AKUI AODiBHIOE a+b,
AKIIO:
a) a(2; -9), b(6; 3); B) a(-1; 5), b(1; -b).

6) a(0; 4), b(-3; 0);
492. 3uaiifiTh KOOPAWHATH i JOBXKMHY BEKTOpA ¢, SKUH LOPIBHIOE a—b,
AKIIO:
a) a(-4 7), b(8; 2); B) a(0; 1), b(0; -2).
6) a(2; -2), b(-3; 3);
4 493. 3naiinite BexTOp-cyMy a-b i BeKTOp-pI3HUIO 4 —b, AKIIO:

a) a(-3; -1), b(-1; 2); 6) a(2; -7), b(2; 3).

494. Cropona piBHOCTOPOHHBLOTO TPUKYTHNKA ABC nopiBHIOE a. 3HAHIITE:
a) ‘fB%—EE H B) ‘a—@ ;
6) \E+R ; r) ‘A—B—B—C‘.
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495. V tpukyrauxy ABC LA = 30°, £B = 90°, AC = a. 3HaiigiTs:
a) ‘E+A—C ; 6) ‘E+B—C ; B) ‘C—BfC—A ; r) ‘B—Cfﬂ‘

496. [losexirh, o B YoTHpUKyTHUKY ABCD AB+BC=AD+DC .
497. Iosexirts, mo B TpukyTHUKy ABC AB+BC+CA=0.
498. Touku M i N — cepenunu cropin AB i AC tpukytauka ABC. Bupa-
3iTh Uepes3 BEKTOPU a=AM i b=AN BEKTODU:

a) MB; 0) CN; B) MN.
499. JTano TpurytHuk ABC. Bupasits uepes Bextopu a=AB i b=AC
BEKTODU:

a) BA; 6) BC; B) CB.
PiBeHb b
500. Mauo Touku A(-1; 4), B(0; —2), C(3; 5). 3HaiiiTh KOOPAUHATY BEKTOpA:
a) AB+a, ge a(0; -2); B) CB+ AB.
0) aJrA—C;

501. Iamo Touxu A(0; 1) i C(3; 5) Ta Bekrop AB (1; 2). BHaiigiTh KOOp-
IUHATH BeKTOpa:

a) CB—CA; 6) AB—CB; B) AC— AB.
502. Hano Touku O(0; 0), A(1; —4), B(8; 3). 3HAIITL KOOPAWMHATH BEKTOPiB:
a) OA+OB; 6) AO— AB; B) OA—BA.

503. V¥ mpamokytauky ABCD AB = 3, BC = 4, O — TouKa IepeTHHY [ia-
roHaJjyiefi. 3HAUITH:

a) ‘A—B+E i 0) ‘A—O+@+R‘ ;B ‘A—OfB—C‘.
504. Y pom6i ABCD AC = 10, BD = 24, O — TouKa IIepeTUHY JiaroHaJeil.
SHaIiTh:

a) ‘E—i—ﬁ

; 0) ‘A—B+B—O+%

;  B) ‘@—ﬂ‘ .

505. Touka O — menTp piBHOCTOpOHHLOrO TpukyTHUKa ABC. JloBemiTs,
mo OA+OB+0C=0.

506. Iosexirs, mo B worupurytTauky ABCD AC+DB=AB-CD .

507. ¥V napasenorpami ABCD Bupasits Bektop AC uepe3 BeKTOpH a i b,
AKITO:

a) E:E, bzfé; B) E:E, b=DA .



§ 15. [lopaBaHHs i BigHIMaHHS BeKTOpIB

<

508. Bigpisox BD — wmexiana TpukytHuxka ABC. Bupagite BeKTOD BD
yepe3 BEKTOpPU a i b, AKIIO:

a) a=AD, b=AB; 6) a=CB, b=AD.

PiseHb B

509 (onopHa). [osexiTs HEpiBHICTH TPUKYTHUKA AJA BEKTODiB: A
OyAb-IKNX BEKTODIB x i y CIPaBIKYyEThCSA HEPiBHICTDH |,§+g|<|§|+|g|
510. Yu mosxe mopiBHIOBATH HYJBOBOMY BEKTOPY CyMa TPbOX BEKTODIB,

JOBXHNHU AKUX CTAHOBJIATH:
a) 1,21i09; 6) 3, 51 8; B) 3, 41 5?

511. osenirs, mo a1a 6yAb-AKUX HeKOJiHeapHUX BEKTOPiB x i i cIipaB-
IJKYEThCA HEPiBHICTH ‘}—;‘<‘}‘+‘§‘ Y axomy BUNAIKY |}—Z/|=|§|+|?/|"
YV axomy BUOAIKY ‘E—Q‘:‘;Hﬂ"

512. dxmo Touka O — TOUYKA HepeTHMHY MeniaH TpuKyTHHKa ABC, TO
OA+OB+0C=0. HoBeniTs.

513. Tamo napanenorpam ABCD i nosineHy Touxky M. JloBemiTh, IO
MA+MC=MB+MD .

@ NoBTOpEeHHA nepep BUBYEHHAM § 16

TeopeTnyHnn martepian

e TeopemMa KOCHUHYCIiB; O 9 knac, § 2 )
e piBHAHHS MIPAMOI. (S 9 aac, § 7 )
3apaui

514. Cxknazits piBHAHHA OPAMOI, AKA MPOXOAUTEL Uepe3 MOYATOK KOOPAHU-
HaT i Toury A(—4; 2).

515. Ianmo touru A(1; 5), B(3; 1), C(5; 2). 3maiinite xyT ABC.
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MHOXeHHSi BeKMopa Ha Yucno.
CkanapHuli 006ymok sekmopis

16.1. MHOXXEHHS1 BeKMopa HA 4ucno

dAx Bimomo 3 Kypcy aJjaredopu, cyMy n JONAHKiIB, KOMKHUM i3 SKUX
JIOPiBHIOE @, MOJKHA MOMATH Y BUTJIALL JOOYTKY na. AHaJjoriuHe ImogaHHA
I BEKTOPiB MOMKJIMBE 3aBAAKU OIlepallii MHOKEHHs BEeKTopa Ha YH’CJO.

O3HaveHHA

LOo6ytkom BekTopa a(a;; a,) Ha uucno k (a6o Ao6yTkom uucna k Ha
BeKTOp a) HasmeaeTbcs BekTop Kka = (ka,; Ka,).

ITe osnauae, mo k(a,;a,)=(ka;;ka,).
CdopmysrroeMo racmueocmi MHONMCEHHA 6eKMOPA HA YUCTLO.

Jlasa Oyab-AKHX BeKTOPiB @ i b Ta umcen k, m:

1) ka=ak; 4) 0a=0;
2) (km)ﬁzk(mﬁ); 5) (k+m)a=ka+ma;
3) E0=0; 6) k(a+b)=ka+kb.

ITi BnacTmBOCTI JIeTKO AOBECTH, IPUPIBHABIIY KOOPAUHATA BEKTOPiB
y mpaBi¥i i JiBifi yacTmHaX KOKHOI piBHOCTi (3po0iThH IIe caMOCTmHo)

Croci6 moGymoBu BeKTOpa ka 8a JAHWME UHCJIOM £ i BEKTOPOM a
BUILJINBAE 3 TAKOl TEOPEMU.

Teopema (npo doBXuUHY i Hanpsm sekmopa ka)

OoexuHa BekTOopa Ka AopisHrOE |k”a‘. 9kwo a=0, 1o BekTOop Ka
CniBHANpsMneHuii 3 BekTopom a 3a ymosu k>0 i npoTunexHo Ha-
npamneHun 3 BeKTOpom a 3a ymosu k<O.

JoBedeHHs

O BigkJagemMo BeKTOpU a=0A i ka=0B Big mouaTky KoopauHat O.
Sdxmo a(a;; a,), T0 ka(ka;; ka,), T06TO A(a,; a,), B(ka,; ka,).

PiBuauna npamoi OA mae Burian ax + by =0. OckinbKku 11e piBHAH-
HA 32/[0BOJIbHAIOTH KOOPAUHATH X =@, Ta Y = d,, TO HOro 3a70BOJbHAIOTH
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i xoopaunaTu x=~Fka, Tta y=~ka,, T0O6TO TOuKa B
JexXuTh Ha npamii OA. 3ayBakKuMo, 1110 KOOPAWHATHA
Oynb-axoi Touxku mpoMens OA MailoTh Ti caMi 3HaKH,
10 ¥ KOOPAWMHATU TOUKU A, a KOOpAUHATU OyAb-AKOL
TOUKHM IIPOMEHs, OOHOBHsJIbHOro o OA,— 3HaKWH,
OIpOoTUJIeKHI 3HaKam KoopamuHar Touku A. Tomy
3a ymoBu k>0 Touxa B jexxurh Ha mpomeni OA

(puc. 107, a), TobTO ETTka, a s3a ymoBu k<0 Tou-
Ka B JeXuTh Ha NPOMeHi, momoBHsAAbHOMY a0 OA
(puc. 107, 6), TobTO allka.

I mapeirri, o6UMCINMO TOBXKUHY BEKTOpa ka:

= (b, )+ (ke = i +a,) -
=[ |\’ +a,* =|fal.

Teopemy moseznexo. B

Hacnidok (Bnacmusicms i 03HaKa
KONiHeapHUX BeKmopis)

SKWo a i b — HeHynbOBI KoMiHeapHi BeKTOpY, TO
icHye uucno k Taxe, wo B—ka i HGBMAKWU: AKLWO
ANS HeHynboBuX BeKTOpiB a i b CNpaBAXyeTbCS
piBHicTb b=Fka, TO BeKTOpU a i b KoniHeapHi.

OsHaKy KoJIiHeapHMX BEKTOPiB OOI'DPYHTOBAHO
B IITOIHO MOBemeHiii Teopemi. OOI'PYHTYEMO BJIACTH-
BiCTBH KOJIiHeapHUX BEKTOpPiB. SIKIO a || b, Bubepemo
g ;

k=+=r. OueBugno, 1o k>0, Tomy BekTOopu b i ka

Ja]

CHiBHAIPAMJIEHI i MalOTh ONHY I Ty caMy IOBKUHY:
- 1_ ]

62| o[-l

Ile osuauae, 110 b = ka. AHAJOTIUHO Yy BUIAIKY

allb cnin Bubparu k= _M

g

y k>0 &
ka,
A
az """""""""" 1
x
(0] a, kal)
a
k<0 y
A
ka, }
ka
B 2

0

Puc. 107. Ilo6ymoBa
BeKTOopa ka
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IIToiiHO OOT'PYyHTOBAHUI HACTILOK MOMKHA chop-
MYJIIOBATHU iHaKIIIE.

Y KoniHeapHWX BeKTOpiB BiAMOBIAHI KOOPAUHATU
NPONOpUiliHi, i HABNAKWU: AKWO Yy [ABOX BeKTOpis
BiANOBIAHI KOOPAUHATU MPOMOPLIUHI, TO Ui Bek-
TOPWU KOJSiHeapHi.

VYsaraui, moBeprarounch 10 TAyMaueHHS ITOHAT-
Td «BeKTOPHA BeJWYUHA», CJIiJ 3a3HAUUTH, 110, KPiM
HasSBHOCTI YMCJIOBOTO 3HAUEHHA I HAIPAMY, BEKTOPHI
BeJIUUYNHU XapaKTepu3yITbCsA 000B’I3KOBOI0 BHU3HA-
YeHICTIO IJIA HUX OoIepaliil momaBaHHA i MHOMKEHHS
Ha yncyao. ToMy, HAIPUKJIAL, IMIBUAKICTE PYyXy aBTO-
MO0iJid € BEKTOPHOIO BEJIMUYUHOI, a TOTIK MaIlluH
Ha BYJUIII MicTa (AKMUH TAKOXK MOYKHA OXapaKTepu-
3yBaTHU YMCJOBUM 3HAUEHHSM i HAaIIpAMOM) — He BeK-
TOpPHA BeJIMYUHA.

3aaava

Hosegitb, wWo Touku A(l; 2), B(2; 4) i C(—3; —6) nexaTb Ha OAHIA Mpamil.
Posg'asaHHa

Bu3HauMmo KkoopauHaTu BekTopie AB i AC: AB(L 2), AC (4. -8).

3aysaxumo, wo (-4;-8)=-4(1;2), 10670 AC =-4AB. Lle o3Hauae, wo
BeKTOpU AB i AC KoniHeapHi, TO6TO MarOTb NexaTU Ha OAHIV Mpsmili abo

Ha napanesnbHUX nNpsmux. Ane npami AB i AC maroTb cninbHy Touky A, To6TO
TOukU A, B i C nexaTb Ha OAHIK MpAMIlA.

18.2. CkansipHuli 006ymoK Bekmopis
O3HAYeHHA

CranapHum nobyTkom sekTopie a(a;a,) i b(b;b,)

CkansipHun — Ha3MeaeTbcs Yucno a,b, + a,b,.
Bif, NaTWHCbKOTO
«ckanapy — ncno. CranapHuit no6yTok BeKTOpiB a(a;;a,) i b(b;;b,)

IO3HAYAIOTL a-b abo ab.

Otxe, a-b=a,b, +a,b,.
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ChopmynioeMo eracmueocmi CKanipHozo 000ymky éexmopia.

JIns Gyab-AKMX BEKTOPIB a, b i ¢ Ta umcaa k:

1) a-b=b-a;

2) (ka)-b=Ek(a-b);

3) (a+b)-c=a-é+b-c.

HoBeniTh 11i piBHOCTiI caMOCTifiHO Ha OCHOBI O3HAUEHHA CKaJIAPHOTO
IOOYTKY.

CranapHUil HOOYTOK a-a HA3WBAIOTH CKAJSIPHUM KBAJAPAaTOM BeEK-

- . —2 _2 2
Topa a i mosHawaiotTh a . OueBuMgHO, O a =a,” +a, =|a| .

O3Ha4eHHA

KyTom mix HeHynbosumu eextopamu AB i AC HasmeaeTbcs KyT BAC.

KyTom Mmix AOBINbHUMU HeHynbLOBUMU BeKTOpamu a i b Hasuea-
€TbCA KYT MiX BEKTOPaMU, WO AOPIBHIOFOTb AGHUM BEKTOPAM i MarOTb
CNiNbHUA NOYATOK.

Ilo6ynoBy KyTa MiX BeKTOopaMu a i b
nokasano Ha puc. 108. Ileii KyT mo3HAYAIOTH A(E,I;).
OueBUIHO, IO KOJU ETTZ;, TO 4(5,5)=0°, a KoJu
a TU;, TO 4(5,5)=180°. Axio 4(5,5)= 90°, TO BEKTO-
PH a i b HABMBAIOTH MEPHEHIMKYIAPHUMH (IIHIIYTH
Tak: a L 5).

SKmIo KyT MisK ZBOMa BEKTOpaMH Bimomwuii, TO

ix ckanapHUil KOOyTOK MOKHA BHPA3HUTU depe3 I0B- Puc. 108. Kyt mix
JKUHU IIUX BEKTOPiB. BEKTOpaMU

b

Teopema (npo ckansapHuii 006ymok Bekmopis)

CkanapHUiA [06YTOK BeKTOpiB AOpPIBHFOE AO6YTKY
TXHIX AOBXWH HA KOCUHYC KYTa MiX HUMM:

-

a-B:‘a‘-‘B‘-cosé(a,B)‘
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S

o a

Puc. 109. Mo nose-
IEeHHSA TeOPEeMH IIPO
CKAJIAPHUNA JOOYTOK
BEKTODiB

166

JloBedeHHs

O IToxaskemo, IO CKANAPHUN NOOYTOK BEKTO-
piB @ i b He 3ajeKUTH Bif BUGOPY CHCTEMU KOOp-
nuuar. Copasnmi,

(E+I;)2 =(E+5)(E+I;)=(E+5)-E+(E+I3)-I3=Ez+25-5+52,
TOOTO |5+5|2 =|5|2+|5|2+25-l; .

Buizen a-b=—(|a+b[ -[af -|5[).

TakuM UYMHOM, CKaJAPHUN JOOYTOK BEKTO-
plB aib BUPAYKAEThCA Uepe3 MOBKUHU BEKTOPiB
a, bi a+b OTKe, He 3aJIe’KUTDb BiJi BUOOPY CUCTEMU
KOOpAWHAT.

Bubepemo cucremy KoopauHAT Tak, K IIOKa3a-
HO Ha puc. 109. ¥V TakoMy BUOAIKy BEKTOP a maru-
Me KOOpAMHATHU ‘Zz‘ i 0, a BeKTOD b — KOOpAMHATH
‘I;‘cosl(&,i)) i ‘I;‘Siné(&j)).

Bupasumo ckanapuuii 7o0yTOK BEKTOPiB a i b
a~5=|a|-|B|cos4(5,l;)+0-|l;|sin4(a,l;)=|a|-|5|cos4(a,5).
Teopemy moemeno. B

Hacniook 1

Akwo a i b — HeHynboBi BexkTOpU, TO
- a-b

cos Z(Cl,b) = _,a—_, o
|al[8]
Hacnidok 2 (Bracmusicmb i 03Haka
nepneHOUKynsipHUX BeKmopis)

Skwo alb, To a-b=0, i HABNAKW: AKIWO ANA He-
HynbOBUX BeKTOpiB a@ i b cnpaBaXyeTbca piBHICTb
a-b=0, o alb.

Inst oOr'pyHTYBaHHS I[bOTO HACJTIAKY IOCTAT-
HBO 3ayBayKkuTu, 110 cos 90°=0.
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3anava &

3a AKOro 3HauveHHs x sekTopu a(2; —1) i b(3; x) nepneHAUKynNapHI?
Po3s'asaHHs
BekTopu a i b NepneHaVKynapHi 30 yMoBM g-b=0. 3anucaslum L ymosy
B KoopAuHatax, maemo: 2-3+(-1)-x=0, 6 -x=0, x=6
Bianosiap: 6.

3anumaHHa i 3a0aydi

‘s‘ YcHi BnpaBu

516. ¥ ckinpku pasi moB:xmHA BeKTOpAa —3a OisbITia, HidK JOBXKMHA BEK-
TOpa a? Yu e IpaBUJIbHUM, IO JOBMKUHA BEKTOpa ka y k pasiB 6Gijbira,
HiK JOB/KWMHA BEKTOpA a ?
¢’ 517. [lano HeHynbOBHI BeKTOp a . BusHaure sHak umcia k, AKIIO:
a) BeKToOpU aika CHiBHATIPSIMJIEH];

0) BexTOpu —2a i ka cHiBHaAOpAMJIEHi;

B) BEKTOpH ka i k’a IPOTHIIEIKHO HALIPAMIEH]. ? ‘
¢” 518. Iliaromasi xeanparta ABCD mepeTHHAIOTHCA B TOU- 0
i O (puc. 110). 3HaAUAITE KYyT MiK BEKTOpaMu:
a) AC i AD; r) AC i DA; A D
6) OB i OC; m) AO iAC; Puc. 110

B) BC i CD; e) ABi CD.
519. Yu moske cranapHuii 106yTOK IBOX BEKTOPiB AOPiBHIOBATU HYJIHOBO-
My BeKkTOpy? UM MOXKe CKaJApHUII KBaJApaT HeHYJIHLOBOTO BEKTOpA JOPiBHIO-
BaTH HYJIIO?
520. BusHaure, uu € KyT Mi’k HEKOJiHeapHUMYU BEKTOPAMH a i b rocTpum,
OpAMUM a00 TYIUM, AKIIO:

a) a-b<0; 6) a-b=0; B) a-b>0.
521. Yu moxe ckanapHUil TOOYTOK BEKTOPiB JOPiBHIOBATH AOOYTKY ixHix
IOBKUH? Y SIKOMY BUIAIKY?

167



Po3gin IV. BekTopv Ha NaoWWHI

‘A MNpadiuni BNpaBn
522. Haxpeciirtb BeKTOpH a, b, ¢ i d (puc. 111) y somruTi.
a) IloGynyiiTe BeKTOpPU —2a, 3¢, 0,25d.

6) IlobOynyiiTe BekTOpu O, 5a+b , 2c+d R 2d +3b.

B) IloGynyiiTe BeKTOpPU 2¢c—a, 2a—0,5d, éI; —d.

S

SN
Y
U

Puc. 111

4 523. Haxpecirs pisHOCTOpPOHHI# TpuKyTHUK ABC.

a) IloGymyiiTe KyT MisK BeKTOpamu CA i AB. SIkoo € fioro rpagycHa
mipa?

6) IloOynmyiiTe BeKTOp E—ém. AKuii KyT BiH yTBOpPIOE 3 BEK-
TOPOM BC?

B) IloGynyiiTe BekTop CO = %(ﬁ + @) .

w NMucbmoBi Bnpasu

PiseHb A
524. 3uaiifiTh KOOPAUHATY i LOBXKUHY BEKTOpa kd, SKIIO:
a) a(6; -8), k = 0,5; B) a(-1; -2), k = 1.

6) a(5; 12), k = 3;
525. IloesxuHa BekTOpa ka mopiBuioe 10. BHANZITH k, AKIIO:
a) a(3; —4)% 6) a(18; 24).
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4 526. BuaiigiTe KOOPAWHATH BeKTOPA b, SKINO:
a) b=ka, k =-2, a(-0,5; 3);

6) a=kb, k:%, a(-6; —9).
527. Iosenits, mo A4 6yIb-KOTO BeKTOpa a CIPaBIKYETHCA PiBHICTH
(-1)-a=-a. _
a
528. Ha puc. 112 AB=BC =CD = DE. 4 ) ] D b

Bupasite uepes BeKTOD a=AB Bekro-
pu AE, BE, ED, CA.

C* 529. Touka M — cepemuna Bimpiska AB. 3HaUIiTh KOOPAMHATU BEKTOPiB
AB i BM, axmo m(Z; -3).
530. Cepex BekTopie a(-2; 3), b(8; 18), ¢(-4; —9) i d (-4; 6) HassiTh mapu

KoJIiHeapHUX BeKTOPiB. fIKi 3 maHMX BEeKTOPiB CIiBHAIpPAMJIEHi, a AKI —
IIPOTUJIE;KHO HAIIPAMJIICHI?

Puc. 112

O 531. Bekropu a(14; —-8) i b(-T; x) xoximeapni. Buaiigite x. Yu cmis-
HaTpsAMJIeHi 11i BeKTOpm?

532. BuaiifiTh CKAJAPHUN FOOYTOK BEKTOPIB a i b, AKIIO:

a) a(7; —-4), b(2; 3); 6) |a|:4, B|=5J§, 4(5,5):300.
533. Cropona xBagpara ABCD popisHioe 1. BHaiifiTh ckanapHUil 106YTOK
BEKTOPiB:

a) AB i AD; 6) AC i AD.

" 534. 3maiigite ckanapHUil 106yTOK BEKTOPIB:

a) a(0; 4)1i b(6; -2);

0) a i I;, AKIIO |5|=|5|=2, 4(5,5)=120°;

B) AB i AC, akmio TpukyTHUK ABC piBHOCTOPOHHIN 3i cTOpOoHOIO 6.
535. 3maiigite KyT Mik BeKTOpamu:

a) a(2; -1)i b(-4; -8); 6) a(2; 1) i b(1; 3).

536. [loBexiTh, 10 HeHYIBOBI BekTOpH a(x; y) i b(y; —X) mEepHeHIUKY-
JAPHI.

4 537. 3a sxoro sHauenHs x BexTOPH a (x; 4) i b(~2; 3) MepHEHIUKYIAPHI?
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PiBeHb b B )

538. ano Bexropu a(3; —1) i b(-4; 10). 3HaNLIT KOOPAUHATH i JOBKUHY
BeKTOpa ¢, AKIIO:

a) ¢=2a+0,5b;

6) c=3a-b.
539. ITano Bexropu a(0; —3), b(-2; 1), c=ka+2b. BHANZITE k, AKIIO
c(—4; 11).
540 (onopHa). fIxmo Bigpisox BM — meniana tpuxkytauka ABC, To
B - (BA+EC). Jloseairs.

541 (onopHa). dxmo touku M i N — cepenunu Biapiskis AB i CD, To
MN =% (AD +BC). Iosenits.

542. Bingpisox BM — wmegniana tpuxkyTHuUKa ABC. BupasiTh uepes Bek-
TOpU a=AC i b=BM BEeKTOpU AB i CB.

543. V pom6i ABCD Bupasits uepes Bekropu a=AC i b=BD Bexkropu AD
i DC.

544. Nosenirs, mo Touku A(-3; 1), B(3; 4), C(1; 3) nexxarb Ha OfHii mps-
mift. fdKa 3 IIMX TOUOK JIEXKUTHh MiK ABOMAa iHIIMMU?

545. anmo Touxu A(2; 3), B(4; 6), C(7; 8), D(11; x). 3HaiifiTh 3HAUEHHA X,
3a AKOr0 BEKTOpPU AB i CD KosrimeapHi. Yu cmiBHampaMJeHi 11i BekTopu?

546. 3a axux sHauens x BekTopu a(4; x) i b(x; 9) Korineapri? Y KoKHOMY
3 BUIIQJKiB BU3HAUTE, UM CIiBHAIIPAMJIEH]I JaHi BEKTOPH.

547. 3maiifiTs KyTH TPUKYTHUKA 3 BepIIMHAMU A(—l; J3 ), B(l; 3 ) s

0(0,5; J§)

548. 3naiigite KyTu TpuxkyTHUKa ABC, akmo A(-5; 2), B(-2; 1), C(-1; 4).

549. dAxmo HekomiHeapHi BeKTOPKM @ i b MalOTHh PiBHI JOBKWHH, TO BEK-

TOpU a+bia—b nepueHAUKyaapHi. [loBemiTsh.



§ 16. MHOXeHHs BekTOopa Ha 4mcno. CkanspHUiA Jo0YTOK BEKTOpIB

550. Jlauo Bexropu a(1; 0) i b(1; 1). BHaAITH 3HAUEHHS k, 38 SKOTO BEK-
TOpU a+kbia HepPIeHIUuKYISPHI.

551. Iauo Bextopu a(l; 8) i b(-3; 2). BHalxiTs 3HAYEHHS K, 3a SKOTO
BEKTOpU a+kbib MepIeHIuKYISAPHi.

PiseHb B
552 (onopHa).

a) Sxmo Touka C miauth Bigpisoxk ABy Bimuomenni AC : CB = m : n,

10 OC=—" _04A+—™ OB, ne 0 — nesaka TOYKA TLIONIHHM.

m+n m+n

6) dxmo Touka C mde:xuTh Ha mpamiii AB, To OC = pOA+(1-p)OB,
ne O — nmedaka TOYKA ILIOUIWHM, P — YHUCJIO.
HoBenity 1mi TBepmskeHHsA. ChopmynioiiTe i moBeniTh obepHeHi TBep-
IoKeHHS.
553 (onopHa). Binpisku AA , BB, i CC, — menianu Tpuxyraunka ABC,
AKi mepeTuHaOThcAa B Touni M. JloBemiTh, I110:

a) AA +BB,+CC, =0;
6) MA+MB+MC=0;

B) 3 Biapiskis AA,, BB, i CC, MoiHa CKIACTH
TPUKYTHHUK.

554 (onopHa). dxmo Touka M — TOYKa mepe-
TuHY Menian TpukyTHuka ABC, a Ttouka O — ne-
AKAa TOYKA INJOIMHH, TO 0—M=l(O—A+O—B+W).
HoBenmiTs. 8

555. Tourka M — TouKa IepeTHHY MeAiaH TPUKYTHUKA
ABC. BupasiTs uepes BeKTOPHU a=AB i b=AC BEKTOpU
BM i MA.

556. Touxka M ginuts cropony BC mapanemorpama ABCD y BimHOmeHH

BM : MC =1 : 3. Bupa3sits uepes BeKkTopu a=AB i b=AD BeKTOpuU AM
i MD.

7
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557. BmaiixiTh KyT MK BeKTOpaMu a4 i b, SKIIO ‘E‘:‘B‘:l, a BEeKTO-

pu a+2b i 5a—4b TepIEeHAVKYJIAPHI.

558. Ilarno Bexkropu a(2; —1) i b(4; 3). BHaiixiTh BHAYeHHS k, 3a AKOTO

BEeKTOpPH a+kb i b—a IepneH UK YyIAPHi.

559. BmaiiniTs:
a) \&+2B

, SKIIO |5|=2\E, E|=4, 4(5,5):1350;

6) ab, aKmo |5+25|=4, E—zé\zz;

B |5+, smamo [a|=[5]=]¢[=1, £(ab)=£(5.6)= (a5)=120"

560. BuaiixiTe KyT Mid BekTOpamMu a i b, AKIO |a|=3, |B|=2,

(a-b) +(a—26) =56.

Q MNoBTOpeHHA nepen BUBYEHHAM § 17

172

TeopeTnyHnn martepian

e cepenHi JiiHil TPUKYTHUKA i Tparmelii; (C 8 kjac, § 6 )

e  BJIACTHUBOCTi IapaJjieJorpamis. [3 8 wiac, § 2, 4)

3apaui
561. Cepenns minia rpamenii mopiBaioe 33 cMm. BHalIiTh OCHOBM TpaIellii,
AKINO IXHi JOBMKUHU BigHOCATHCA IK 3 : 8.
562. iaromani pom6a nopisHIOIOTH 10 cM i 24 cm. BHalAiTh mepuMeTp
YOTHPHKYTHHUKA, BEePIINHU SKOI'O € cepefUHAMU CTOPiH pomba, i BusHauTe
BHJ I[bOTO YOTHUPHUKYTHHUKA.
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§17‘~" BekmopHuii memoo

17.1. PO3B'A3YBAHHA 2e0MeMpPUYHUX 3a0a4 BEKMOPHUM
Memooom

BukopucranHa BeKTOpPiB i BEKTOPHHUX CHiBBifHOINIEHb Hia uac
pO3B’A3yBaHHSA 3a4adu y AeSIKNUX BUMNAJKAX JO3BOJISE 3HAUHO CIPOCTUTU
MipKyBaHHA 1 PO3PaXyHKU.

3acToCyBaHHSA 6eKMOPHO20 Memody Tependadac mpu OCHOGHI emanu.

1) ChopmyaoBaTu 3ajady MOBOIO BeKTOpiB. s 1boro HEOOXimHO
POBIIIAHYTH OeAKi 3 JaHWX BiIPisKiB SK BEKTOPU i CKJIACTH BimmoBimHi
10 YMOBHM 3aJadi BEKTOPHi PiBHOCTI.

2) TlepeTBOpUTH CKJAJeHI PIiBHOCTI Ha OCHOBi BiJoMMX BEKTOPHUX
CIIiBBiTHOIIICHD.

3) IlepeksacTu oTpuMaHi pelyJbTaT¥ MOBOIO reoMeTpii.

1A mogaHHA reOMEeTPUYHUX CITiBBiJHOIIIEHh MOBOIO BEKTOPiB i HaB-
MaKu 3PYYHO KOPUCTYBATUCS TaKOK TalJIUIIEIO.

Ne
3/m

TBepaskeHHSA

... | TBepakeHHA MOBOIO BEKTOPiB
MOBOIO reoMeTpii

Pucynox

Touku A i B AB=0 a6o ﬁ=@,
ne O — mesdKa TOYKa
IO MHY

3biraroTecs

AB=EkCD, k+0

AB1CD AB-CD=0

AB=CD=a AB =CD =42

A(B
(/
/
2 A AB||CD (mpami ABiCD
G D He 30iraroThbCs)
B D
A
C
A% B
a
c —bp
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3axinuenHHa mabauuyi

Pucynox

TBepasKeHH
MOBOIO reoMeTpii

TBepa:KeHHS MOBOIO BEKTOPiB

10

M — Touka
epeTuHy
MenaiaH
(menTpOin)
TPUKYTHU-
Ka ABC

A
5 ZAOB = (p cos@p = &
) ¢ B l0A|-|oB|
a C B .
Touxa C - ABikAC aﬁo_
6 JIEXKUTH OC=pOA+(1-p)OB,
Ha npamiit AB ne O — mesdKa TOUKa
(0] ILJIOIIMHU
4 C 7 AC=""CB abo
n
7 Ce AB, O_C’ _ n O—A " m O—B»’
AC:CB=m:n m+n m+n
1) ne O — nmesika TOUKAa
TJIOIIIUHA
A C B AC=CB a6o
8 C — cepenu- 0C=-(0A+0B),
Ha AB 2
(0] ne O — mesiKa TOuKa
ILTOIITMHY
B N M — cepenu-
9 | M N Ha AB, L
N — cepenu- MN=—(AD+BC)
A D Ha CD
O; E %iw B
A C

OM = (04 +0B+0C),
ne O — mesdKa TOUKa
ILJIOIAHA
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§ 17.7 BekTopHWin MeTof,

Izomi BekTOpHUIT MeTO BUKOPUCTOBYIOTE Y IIO-
€OHAHHI 3 METOJOM KOOpPAMHAT. ¥ IHUX BHUOAZKaX
oMaHi BEKTOPHI CIIiBBiTHOIIIEHHSA MOIiJHHO 3aIIUCy-
BaTW B KOOPAMHATHIN (hopmi.

17.2. PO3KNnadeHHsi BeKMopa 3a 0BOMA
HeKoMliHeAPHUMU BeKkmopamu

YV nmeAKux 3amavax OOIIJILHO BUOpATHU HA ILJIO-
IUHI HEeKoJIiHeapHi BeKTOpu a i b Ta BUpas3uTu ye-
pe3 HuUX iHIIi BeKTOpH, IO PO3TAnaioThcsa. [loBeme-

MO iCHYBaHHA i €IWHICTHL TAKOTr0 HOJAHHMA.

Teopema (npo po3knadeHHs BeKMopa 3a 0BOMdA
HeKoJliHeApHUMU BEKMOpamu)

Skwo a i b — HeKoniHeapHi BexTopu, TO Asisi GyAb-
9KOrO BeKTOpa C iCHye po3KradeHHs ¢=md+nb,
Ae m, n — pesKi Yicna, NpPUYOMY TaKe po3Kna-
AeHHs efiuHe.

JloBedeHHs

O Hexatt a i b — pmaui BekTOpu, c=AB
(puc. 113, a). IIpoBememo uepes Toukum A i B
npaMi, mapaJjejbHi BeKTOopaM a i b BigmoBigHO.
OckinpKu pmaHi BeKTOpHM HeEKOJIiHeapHi, To IIi
OpAMi MepeTuHAOThCA B IeBHiM Touli C, mpuuomy
AC+CB=AB.

OckinpKku 3a mobymoBoro BexTopu AC i CB
KoJIiHeapHi BeKTopaM a i b BiAIOBigHO, TO iCHYIOTH
ypcaa m i n Ttaki, mo AC=ma i CB=nb. Omixe,
c=ma+nb.

IloBegemMo Bifi CyIpPOTHUBHOTO E€AWHICTHL Ta-

KOTO DOBKJIa/IeHHA. Hexaii icuye poskJameHHs
c= m1a+n1b IPUYOMY CIIPABAKYETHCA X0oua 0 OmHA

A /C
_—
a

a

Puc. 113. PoskinangenHus
BEKTOpa ¢ 3a BEKTOpaMH a
i b [[uB. Takox c. 176]
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Puc. 113. [3akinuenusa]

176

Puc. 114

38 ymoB m, #m a6o n, # n. Illpunycrumo, Hanpukam,
uo m, # m. IlpupiBHioOUM ABa PO3KJIAAEHHS BEKTO-
pa ¢, MaeMo:

ma+nb=ma+nb, (m-m)a=(n—-n)b.

n-—n -
! b, To0TO BEk-

Ockinbku m,#m, 10 a=
— — m-—m,
TOpPU a 1 b KoJIiHeapHi, IO CyHIepeuyuTh YMOBi Teo-

pemu. OT:ke, posKJaafeHHs c=ma+nb enune. W
Ha nopaxktuii ais posKJaZeHHsT BeKTOpa 3a

IBOMAa HEKOJiHeapHMMU BEKTOpPaMU MOXKHA BUKO-
pUCTOBYBATH TAKOXX MHPABUJIO IapaJesorpama. s

IILOTO JaHi BEKTOpU a, b i ¢ BiAKJIamawmTh Bim on-
Hiel Toukm (puc. 113, 6) i mpoBOIATHL uepe3 KiHeIb
BEeKTOpa ¢ npami, mapaJjiesibHI BeKTOpam aib.
3aaaua
Touka nepeTUHy BiApi3KiB, WO CNONYYarOTb cepeauHU
NPOTUNEXHUX CTOPiH YOTUPUKYTHUKA, 36iraeTbca 3 Tou-
KOO nepeTUHy Woro AaiaroHanel. [oseAiTb, WO AaHWUM
YOTUPUKYTHUK — Mapasiesnlorpam.

Po3g'azaHHa
Hexalr piaroHani 4otupukyTHUka ABCD nepetu-
HatoTbca B Touui O, Toukm M i N — cepeauHu

cTopiH AD i BC sianosiaHo (puc. 114). TTozHauyumo
azﬁ, b=0C. Toai m:%(aﬂ;). OcKinbku
ODTla, OATLb, To OD=ma, OA=nb, oTxe, OM=
1= =%\ 1/ - = . .
=E(OD+OA)=E(ma+nb), e m i n — peaki vucna.
3a ymosoro 3apaui sektopu OM i ON KoniHeapHi,
otxe, OM=kON , a6o %(ma+n5)=§(a+5). 3siacu
(k-m)a=(k-n)b. Ane ockinbku sektopu a i b
HeKoMiHeapHi, piBHICTb MOXNUBA JULWE 3G YMOBU K=m= n.
Otxe, BC=b-a, ﬁ)zk(B—a), T0670 BexkTOpW BC i AD

KoniHeapHi, 3eiaku BC || AD. AHanoriyHo moxHa foeecTH,
wo AB|CD. Takum yuHom, ABCD — napanenorpam.
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§ 17.7 BeKTopHUi MeTof

Y mpAMOKYTHiNI cucTeMi KOOpAMHAT OCOO0JIU-
BY POJIb Bifirpae poskKJaneHHs BeKTopa 3a BeKTO-
paMu e—l(l;O) i g(O; 1) — BeKTOpaMu OJMHUYHOL
MOBXKUHU, CIIIBHANIPAMJICHUMHU 3 OCSAMU KOOPAUHAT
(puc. 115). Taki BekTOpM HABWBAIOTH KOOPAUHATHHU-
MH BeKTOopamu, a6o opramu. KoedimienTu poskia-
IaHHA BeKTOopa E(al;a2) 3a BEKTOpaMu g{ i % Ito-
PiBHIOIOTH KOOPAMHATAM BeKTOpa a. Cupasni,
a-a:al-lﬂzz-O:a1 ) E~(?2=a1-0+a2~1=a2 .

Omxe, a=a,e +a,e,.

Inoni, soxpema y ¢ismuHHX 3amadax, pPoOs3-
TIIATAIOTh IIOHATTSA NMPOEKI[ii BeKkTopa Ha Bick. [lisa
I00yIOBY 6eKMOPHOL NPoeKyii BeKTopa AB wa Bics |
yepes3 KiHIII JaHOTO BEKTOpa IPOBONATL HEPHEH]U-
rKyasapu AA L1, BB 11 (puc. 116). Toxi BexTop IB:
€ IIPOEeKIli€l0 BeKTopa AB Ha Bicp L. Cranapnoro

npoexyielo BeKkTopa AB Ha Bick | € umcio ‘AIB1

axmo A B, 11! (puc. 116, a), abo uucio —‘AlB1 , AK-

mo A B, 1]l (puc. 116, 6).

17.3. 3acmocCyBaHHA KoniHeapHoCmi
BeKmMopis

BuactuBocTi # 03HaKM KOJiHeapHUX BEKTOPiB
mig yac posB’si3yBaHHS 3aJau HaWdacTillle BUKOPH-
CTOBYIOTHCA B TaKUX BUIIAJKAX:

1) Ona OdosedenHsa napanenvHocmi npamux
(mpomeHiB, BifpiskiB) — y IIbOoMy BHOAAKYy Tpeba
IOBECTH, III0 BEKTOPH, AKi JeKaTh Ha IUX MPAMUX,
KoJIiHeapHi, i 1i mpsaMi He MalOTh CIILJIBHUX TOYOK;

2) Ona 0o6edeHHA HANLEHHOCMI MPLOX MOULOK
00Hil npamili — y IbOMY BUIAAKY KOPUCTYIOTHCS
TUM, 110 HaJIeKHicTb Touku C mipAMiii AB BUILINBAE

3 KoJIliHeapHOCTi BeKTOpiB AB i AC;

Yy
1
e,
Ole 1 x
Puc. 115
B
A
l
A, B,
a
A
B
l
A, B,
6

Puc. 116. IIpoekiis
BEeKTOpAa Ha Bich
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Puc. 117

i

3) Ona 0oeedenHsa mozo, w0 deaxKa MOUKa %\
dirumsb Odanuil 6idpi3oxk y 3adanomy GiOHOWEHHI ©
(30KpeMa, € IOT0 CepefUHOI0) — y IIBOMY BUIAIKY %
3aCTOCOBYIOTH BiJmOBifHI BEKTOpHI piBHOCTI. %

3aaava

Hosenitb, WO TOYKA NepeTUHy npoaoBXKeHb 6Gi4HUX
CTOpiH Tpaneuii i cepeAWHU Ti OCHOB flexaTb Ha OAHIW
Npamiii.

Posg'azaHHa

Hexait y Tpaneuii ABCD Touku Ki L — cepeanHu ocHos BC
i AD BianoBigHO, S — Touka nepeTuHy npamux AB i CD
(puc. 117). Hosepemo, wo sextopu SK i SL koniHeapHi.

Hexaii a=SB | b=5C. Toai SK== (a+b) Ockinb-
km AD|BC, 10 ASAD~ASBC 3a AsOMa KyTamu, oTxe,

240958 P8

Q@

B2l ——k 3BiAKU SA=kKa, SD=kb. Maemo:
SB sC

SL=E(5A+3§)=%(k5+k5)=k%(&+5)=k57<,

D

10670 BekTOpM SK i SL KoniHeapHi. Lle o3Hauae, wo
Touku S, K i L nexaTb Ha OAHIW NpsMmiid.

17.4. 3aCMOCYBAHHA CKANAPHO20 000YMKY

BeKmopis

CranxapHU HOOYTOK BEKTOPiB AOI[iJILHO BU-
KOPHMCTOBYBAaTH B TaKUX BUMOAIKAX:

1) Ona doeedenns nepnendurynaprocmi npsa-
mux (IpOMEHiB, BifipidKiB) — y IIbOMY BUHOAIKY I0-
CTATHBO IIOKA3aTH, II0 CKAJAPHUN NJ0OYTOK BiAmOBim-
HUX BEKTOPiB JOPiBHIOE HY.JIIO;

2) Ona 3Haxo00xseHHA 006HUHU 6i0pi3ka —
IJIsI IIbOT'0 BEKTOD ¢, AUt 300paKyETHC MIYKAHUM
BiZIpisKOM, PO3KJIALAIOTH 3a ABOMA HEKOJIiHEApPHUMU

i A(E,I;) Ma-

P AANR VS

=S
S2
3

BEeKTOpaMu aib (tpu 1IBOMY ‘Zl ,

. . . _'2 -
I0Th OyTH BimoMmi) i 3HAXOOATH ¢ =|c

CRRNC N RIS
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§ 17.7 BekTtopHUI MeToq

3) 0na 3Hax00%eHHA 6eNULUHU KYyMma — Y T[HO-
My BUIIQJKY BEKTOPH, AKUMU 3aJaHO IITyKaHUN abo
ITaHUM KyT, POSKJIAJAI0OTh 32 JBOMA HEKOJIiHEADHUMU
BEKTOPaMHU, HOBKUHU ab0 BiJHOIIIEHHSA MTOBKUH AKUX
BioMi, i 0OUMCIIOIOTE KOCHHYC IIIYKAHOTO KyTa.

b &
o,

“@@@

ﬁ &
,5@ | . . 3anaua .
5 3HaliaiTh KyT MiX 6iYHUMU cTOpoHamu pisHObGeape-
HOrO TPUKYTHUKQ, AKWO MediaHW, npoBefeHi [0 Woro B
@ 6iYHUX CTOPIH, B3AEMHO MepneHAUKYNAPHI.
WA* Poss'asaHHs s i
%\ Hexalh pnaHo pisHoGeapeHUli TpuKyTHUK ABC
3 ocHosoro AC; AE i €D — mepiaHun, AEL CD (puc. 118). D ¥
@% Hexaii a=BD i b=BE. Toai ¢D=a-2b, AE=b-2a.
&7 Ockinbku 3a ymosoro AE L CD, To AE-CD=0, T06TO0
(a-2b)(b-2d)=0.
YpaxoByrouu, 1o |3|=‘B‘ i a~B=|aHB‘COSB MaEMO: A ¢
Puc. 118

) b7

=2 52
5|a| cosB—4|a| =0, cosB=

®

S

a-b-2a -2b +4a-b=0, 53.5-2a°-2b =0,
4
.

.13

Otxe, /B=37°.

%Q:

Bianosiab: ~37°.

®
o,

3anumaHHa i 3a0audi

“ YcHi BnpaBu

563. Jlaxo HekouiHeapHi BexkTopu a i b. Uu € piBHUME BexTOpH 3a-+Tb

*\2@@)@@

i Tb+3a; a—2b i 26—a? Yu € cepel IIUX BEKTOPiB KoJiHeapHi?
564. HassiTs:
a) KOOpAWHATU BEKTOpa a, AKIIIO Ez—3ej+8€;

BTy

s

6) xoedimnienTu m i n poskIageHHA a=me, +ne,, axkmpo a(l; -2).

>
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PiBeHb A
565. HoBeiTh BEKTOPHUM METOJOM BJIACTUBOCTI cepemaHBbOI JIiHil Tparmerrii.

566. /ToBexiTh BEeKTOPHUM MeTOZOM BJIACTHBOCTI cepeqHBOI JiHil TPUKYT-
HUKA.

567. JloBexniTh BEKTOPHUM MeTOJOM, IO AiaroHasnai pom6a IepHeHgH-
KYJIAPHi.

568. loBeniTh BeKTODHUM MeTOZOM, ITI0 FiaroHAJi IMPAMOKYTHHKA PiBHi.

PiBeHb b
569. [loseniTh BEeKTOPHUM MeTOAOM, IT[0 CyMa KBaJApaTiB giaroHaseii mapa-
JejorpaMa MOPiBHIOE CyMi KBajJpaTiB ycix HOTO CTOPiH.

570. loBeniTh BeKTOPDHHMM METOJOM, III0 KOJH IBi MeAiaHM TPUKYTHHUKA
piBHIi, TO Ileli TPUKYTHUK PiBHOOEAPEHMII.

571. Ha croponi AD i gpiaromani AC napanenorpama ABCD moszHaueHO
. . . 1 1 .
BimgmoBigHO Touku M i N Tak, 1o AM =EAD’ AN =?AC. HoBeniTe, 110

Touku M, N i B je:kaTh Ha ONHIN IIpAMIiA.

572. YV npamoxyTtHOMYy TpukyTHUKY ABC (/B = 90°) Ha Kareri BC mo-
sHaueHo Touky K Tak, mo CK : KB = 2 : 1. JloBemiTh, 10 cepeauHa
menianu BM jexxkuTh Ha Bigpisry AK.

PiBeHb B
573. ¥V rpuryrauxy ABC (puc. 119) AB = B
= BC, BD — Bucora, DK |1 BC, DM = MK.
Hoenits, o BM 1 AK.
574. Iosenits, 110 cepefUHN OCHOB TpameIii K
i Touka mepeTuWHy ii miaroHaJieil JieKaTb Ha M
OIHIN TPAMIiH. A ) c

575. Bigpizox BD — wMepjiaHa TPUKYTHU-

Ka ABC, / DBC = 900’ BD:%AB . Buaii- Puc. 119

mite Kyt ABD.

576. 3maiixits moe:xuny menmianu AM tpurytHuUKa ABC, akmo AB = 10,
AC = 6, ZBAC = 60°.
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(C 7 wnac, § 23 )

e BIHCAHEe 1 ommMcaHe Koja TPUKYTHUKA;

- . ~
e BHOWcaHi I onucaHi MHOTOKYTHUKU; (u 8 kJjac, 1. 15.1)
e BIOHCaHi KyTH. S 8 kmac, § 7 )
3apaui

577. Touxka O — LEHTP Ko0Ja, OIUCAHOTO HABKOJO PiBHOCTOPOHHBLOT'O TPH-
KyTHUKa ABC. 3HAWIITE:

a) xkytu AOB, BOC i AOC;

6) pazniyc Koia, SKIO CTOPOHA TPUKYTHUKA LOPiBHIOE 4+/3 cM.
578. Touka O — 1meHTP KoJia, BILUCAHOTO B PiBHOCTOPOHHIiNI TPHUKYT-
Huk ABC. 3HalgiTh:

a) KyTH MiK pajiiycaMu, IPOBEJEeHUMH B TOUYKH JOTUKY;

0) pagmiyc KoJia, SIKII[O0 CTOPOHA TPUKYTHHKA TOPiBHIOE 43 cm.

OHnanH-TecTyBaHHA ANA NiArOTOBKU
B[O KOHTPONbHOI po6otu N2 4

3apavi gnAa nigrotoBKU A0 KOHTPONbHOI po6otn N2 4
1. _Hano rouxu A(2; -5) i B(8; 3). 3Ha#AITH KOOPAMHATH i JOBXKUHY BEKTO-
pa AB.
2. [lano BeKTOpH a(0; 4) i b(-3; —2). BHaiinirs BeKkTOp ¢c=2a—b.
3. ¥V mpamokyTtHuKy ABCD BHUpasiTh BeKTOPH AC i BD 4yepe3 BEKTOPU
a=AB i b=BC.
4. 3naiifiTe 3HaUeHHSA X, 32 SAKOTO BEKTOPHU E(x; 2)i 5(—3; 6):
a) KoJriHeapHi; 0) mepneHIuKYJIAPHi.
5. V pisrocroporEBOMY TpUKyTHUKY ABC mposeneno memianu AM i BN.

) [, (U
ITo6ynyiiTe BekTopu AB+ AC, AM — AN, EAM fEAC.

6. Busmaute BujA uyoTupuKyTHHKa ABCD, axmo A(0; -2), B(0; 1),
C(2; 2), D@4; 0).
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niocymku po3adiny IV

BEKTOPU

/B
a
A

a—=AB

BekTopom HasduBaeThLCA HAIIPAMIEHUH BiIPisoK, TOO-
TO BifPi30OK, M SKOTO BKasaHO, AKa TOUKA € HOT0
IIOYaTKOM, a dKa — KiHIIeM.

Koopaunaramu BekTopa a 3modatkoMA(x,; y,)iKiH-
meM B(xz; y2) HA3WBAIOTh YMCNA 4, =X, ~ X, 1a,=Y,~Y,:
a(a;;a,) .

Hoexncuna eexmopa a(a,;a,) o6UuCITIOETHCA 3a (HOP-

MYJIOIO - —
‘a‘= Ja,” +a,

E
F
B
A/
C

AB11CD, AB1| EF

HenynboBi BEeKTOPM HA3WBAIOTHLCA KOJiHEAPHUMHU,
SIKIII0 BOHHU JIeXKaTh Ha ONHiIl mpAMiii abo Ha mapa-
JIEJIbHUX IPAMUX.

BexkTopu AB i CD HasuBaoThCs CHiBHATIPSIMJIEHUMU
(ab0 0THAKOBO HANMPAMICHMMH), SIKIITO IpoMeHi AB
i CD cniBHATIpAMJIEHI.

BexkTopu AB i EF HasuBaioThCs NPOTUJIEKHO Ha-
NPAMJIEHUMM, AKIO mpoMeHi AB i EF mpoTHJIeKHO
HaIIpAIMJIeHi

IIpoTnie:xHUMH BEeKTOPaAMU HAa3WBAIOTLCS JBA IIPO-
THJIEKHO HAIIPAMJIEHI BEKTOPH OJHAKOBOI JOBKUHNI

JIBa BeKTOpPM HA3WBAIOTHCA PIBHUMM, SKINO BOHU

CYMilTaI0ThCS MapaaeIbHUM IIepeHeCEeHHAM.

Bracmueocmi il 03HaKU Pi6HUX 6eKMOPi6:

e PiBHiI BeKTOpU CIIiBHANPAMJIEHI Ta MailOTh DPiBHI
JMOBXKUHU.

e JKIIT0 BeKTOPU CIiBHAIPAMJEHI 1 MAaloTh PiBHi I0B-
JKUHU, TO BOHU PiBHI.

e Bing Oyab-AK0i TOUKYM MOKHA BiIKJIACTH BEKTOP, 110
JIOPiBHIOE TaHOMY, 1 IPDUTOMY TiJIbKYU OLUH.

e PiBHi BeKTOpM MalOTh PiBHI KOOpAWMHATH, i HaB-
maKu: AKII0 YV BEKTOPiB BIiAMOBiAHI KOOpAMHATU
PiBHI, TO IIi BEKTOPH PiBHI
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Niocymkn posginy 1V

Ali 3 BEKTOPAMM

Hodasanna éexmopie
Cymoro BekTOpiB a(a;; a,) i b(b;; b,) HasuBaeThCa BeKTOP ¢(C;; C,) 3 KOOP-
mauHATamu ¢, =a,+b,, ¢,=a,+b,, T06TO
(a5 a,)+(b; b)=(a, +b; a,+b,)

ITo6ydosa cymu éexmopis

b
M
b

a+b

IIpaBumo TpukyrHuka  IIpaBuiio mapasnesorpama IIpaBuI0 MHOTOKYTHHUEA

Bionimannsa éekmopis

PisHumnero BekTopiB a(a;; a,) i b(b;; b,) HasuBaeThCA TaKUIl BEKTOD

c(c;; ¢,) , AKUH y cyMi 3 BeKTOpPOM b 1ae BEKTOp a , TOOTO b+c=a:

C(Cl; 6’2)2((11; az)_(bl; bz)z(al _bl; az_bz)

ITobydoea pisnuuyi 6exkmopis

S
Ql
Sa%

S
Ql
|
S
|
S

|
Sa
IS

Ql
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Po3gin IV. BekTopv Ha NaoWWHI

MHuoscenna gekmopa Ha YWUCLO

Y E Jo0yTKOM BEeKTOpa E(al; a,) Ha 9UCI0 K
ka, (abo moOyTKOM umcia k Ha BEKTOP a)
A — [

a, Ha3UBAETHCA BeKTOp ka = (ka; ka,):
5 o hi % k(a1i az)q= (ka,; ka,), ‘ka‘:|k”a‘

Axmo a i b — KoJiHeapHi BEeKTOPM, TO
icrye umcio k rake, mo b = ka, i HaBIIAKU:
BEKTOD ka CHiBHaHPfMHeHHfI AKIO AJs HEeHYJIbOBUX BEKTODPiB a 1 b

3 BEKTOPOM @ cIpaBIKyeThcd piBHiCTE b=Fka, To Bek-
Topu @ i b KosiHeapHi

akmo k>0, To

(-’1/2 A
ka,
% % x |V kosiHeapHWX BEKTOpPIB BiAIOBimHI KO-
OPAWHATH MPOIOPIIifiHi, i HABIAKM: AKIIO
R ka, Y IBOX BEKTOPiB BiAIIOBimHI KoOpAUHATH
axmo k<0, To IIPOIIOPIIi¥iHi, TO IIi BeKTOPHU KOJiHeapHi

BEKTOD kA IPOTUJIEHKHO _
HaHpHMJIeHI/Iﬁ 3 BEKTOPOM a

Cranapruil 0o6ymox éekmopis

CRaJIﬂplmM I00YTKOM ab BEKTODiB a(al, a,)
i b(bl, b,) HAa3UBAETHCS YUCIIO - b= a,b, +a,b,.
CransapHUi ,1'.[06YTOR a-a HABHMBAITH CKAAD-
Hum keadpamom: a =a,’+a, —‘a .

o CRaJIHpHI/If/i IOOYTOK BEKTOPiB AOPiBHIOE [10-
A C OyTKY iX ZOBKMH HA KOCHHYC KyTa MiXK HUMHU:

a-b= ‘ ‘ ‘b‘ cosé(a b)
o Ko a i Z) — HEHYJbOBi BEKTOpH, TO
a

4(5,5)=ABAC cosé(&,g):

Sa

28]

® Bracmueicmdb i o3HaKa nepnenOuKyALAPHUX
6€eKMOpi6: SAKIIO EJ_B T0 a-b=0, i HaBIIA-
KH: SKIO I HEHYJBOBUX BEKTODiB aib
CIIPABAKYEThCA PiBHICTE a- b=0,Toalb
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Niocymkn posginy 1V

Q KoHTponbHi 3anutaHHA ao pos3giny IV

1. [aiite o3HaueHHA BeKTopa. SIK 300paskaroTh BEKTOPHU?
2. Illo Take moBxkuHa BeKkTopa? SIKMil BEKTOP HA3MBAIOTH HYJILOBUM?
3. $IKi BeKTOpM HA3WBAIOTh CIIiBHANIPAMJIEHMME; IIPOTUJIEKHO HAIPAM-
JIEHUMU; KOJIiHeapHuMu?
4. [laiiTe o3HAUEHHS DiBHUX BEKTOPIiB.
5. $§x BusHaunTH KoopAMHATH BeKTopa? SIK IOB’A3aHi KOOPAUHATH PiBHUX
BEKTOpPiB?
6. laiiTe o3HaueHHA CyMHU [JBOX BeKTOpiB. OIMIIITH crmocobu mo6ynoBU
BEKTOpa-CyMH.
7. JlafiTe o3HaueHHS Pi3HUIII ABOX BeKTOpiB. ONUNIITH cIoco6u moOyLoBU
BEKTOpa-pi3HUIII.
8. [laiite osHaueHHs NOOYTKY BeKTopa Ha uucio. CopmysioiiTe TeopeMy
PO JOBXKUHY 1 HAIPAM BEKTOpPa ka.
9. [laiiTe o3HAUEHHA CKAJSIPHOTO JOOYTKY BeKTOPiB. SIK BUBHAUAETLCA KYT
MiK BeKTOpamm?
10. CdopmynroiiTe TeopeMy NIpo cKaXapHUII HoOyTOK BekTopiB. Chopmy-
JITONTEe BJIACTUBICTH i OBHAKY IEPHEHAUKYJISAPHUX BEKTOPIB.

( HdopatKkoBi 3agaui ao posginy IV
579. Miaromani worupukyTHuKa ABCD meperuHaloThcsa B Touli O, mpu-
qomy OA+0OC=0B+0D . HoBenits, 1m0 ABCD — mapaJiejiorpaM.
580. VY npamokytaurky ABCD AB = 8 cm, BC = 15 cm, O — TouKa Iiepe-
TUHY Hdiaromajeii. SHAUIITD ‘TB+E—56—0_13‘ .
581 (onopHa). T'omorericto 3 uenrpom O ta KoedimicaTom k #( HasuBa-
€ThCd Take nepersopennsa ¢irypu F y ¢girypy F’, nupu gaxomy Ko:KHA TOU-
ka X ¢irypu F nepexomuts y Touky X ¢irypu F’ rak, mo 0X =k -OX.
a) [loBexiTh, 110 IIOJaHe O3HAUYEHHSA IroMoTeTii, akimo k>0, s6iraeTbesa
i3 osHaueHHAM, HaBemenum y n. 12.1 (c. 118);
6) IoBenith, 1o npu k<0 romMoreTis € mepeTBOPEHHSAM ITOAIOHOCTI.
582. Iosenirs, mo Touku A(8; 0), B(4; 1), C(0; 2) mexxarh Ha OfHiH IpaAMiii.
SIKa 3 MUX TOYOK JICKHUTH MisK ABOMA iHIImMwu?
583. Ilarno Bexrop a(l; —2). BHaNAITH KOOPAMHATH BEKTOpa b, SKIIO
a-b=10, a BEKTOpU aib KOoJIiHeapHi.
584. Ilano Bexropu a(-1; —2) i b(-2; 1). SIKi KyTH YTBOPIOIOTD I[i BEKTOPH
3 BEKTOPOM a+b ?
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Po3gin IV. BekTopv Ha NaoWWHI

&&
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&&
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585. ¥V pom6i ABCD AB = 6 cm, LA = 120°. 3HaiifiTs ckaaapHi 700yTKU
CB-CD, AC-AB i AC-BD.
586. Ilnasens meperunae CiBepchkuii JloHeInb y MicIi, fie piuka Mae IIu-
punry 50 M, 3a 1 xB 40 c. [IIBuakicTs Teuii mopiBHIOE 1 M/c. 3HAKAITH:

a) TaHTeHC KyTa Mi’K BEKTOPOM IIIBHUAKOCTI Teuii piuKu i BeKTOpoM

PyXxy IaBIA (3 ypaxXyBaHHAM HOr0 3HECEHHS Tedi€lo);

0) IIBHUAKICTH PyXYy ILIaBILA (MOAYJIb BEKTOPA IIBUAKOCTI PYyXY IIJIABILA).
587. IosenitTh BeKTOpHY HepiBHiCTH ‘E—B‘}HE‘—‘BH. Y aKoMy BUIALKY
Mae Micie piBHiCTH?

3apadi niagBULLEHOI CKNAaaHOCTI
588. ano J:LOBiJILHI/II‘/’I rpukyTHEUK ABC. JloBefiTh, 1110 BEKTOP
1

| | .AB+-——.AC HaIpaMJeHUH y3IOBX GiceKTpucu KyTa A.
AB

IACI

589. lano n-kyTHUK 3 PiBHMMH cTOpPOHaMH i piBHMME KyTamu. JloBemiTs,
110 cyMa n PiBHUX 3a MOJYyJeM BEKTOPiB i3 ImouaTKaMm y cepeinHax CTOPiH
IbOTO N-KYTHUKA, HEPIEHIUKYIAPHUX A0 BiAMOBiZHMX CTOpPiH i moOymoBa-
HUX 30BHI MHOTOKYTHUKA, HOPiBHIOE HYJIHOBOMY BEKTODY.

590. Touka O — meHTp Kojia, OMMCAHOTO HABKONO TpUKyTHHKa ABC,
a Touka H 3aJ0BOJIbHAE BEKTOPHY PiBHICTH OH =0A+0B+0C. HoBemiTs,
o H — opronentp tpukyTHuka ABC. ChopmysnaoiiTe i 1oBegiTs odepHeHe
TBepIKeHHA (popmyry Iaminemona).

591. Hosenirs, mo B rpuxkyTHUKY ABC opTonenTp H, neaTpoin M i mieHTp omu-

caHoro kosa O Jexars Ha OfHiN npamiit (npama Eilnepa), npuuomy MH = 20M.

592. Touku A, B i C 3a/0BOJLHAIOTHL DPiBHICTH ACZ+BC2:%ABZ. Io-

BeIiThb, IO AC+BC=0.

593. 3Bmalimite KyTm Mixk pagiycamm kKoixa OA, OB i OC, akmo
OA+OB+0C=0.

594. IloseniTs BeKTOPHUM MeTOHOM, IO cyMa KBaJpaTiB giaroHaiei Tpa-
merrii mopiBHIOE cyMi KBajpaTiB OiYHMX CTOPiH, AOJAaHii [0 MOABOEHOIO I0-
OYTKY OCHOB.

595. Touxku M, N i K nexars Ha cropoHax AB, BC i AC tpukyTtauka ABC
BigmoBigmo. [ToBexits, o npami AN, BK i CM niepeTUHAIOTHCA B OMHIN TOYIIL
Toni i Tinbku Toxi, Kosiu AM - BN - CK = BM - CN - AK (meopema Yesu).
596. Mosexirs, mo KyT Mixx mpamumu [, i I, sagaHuM¥ DiBHAHHAMU
axtby +c =01iax+tby + c, =0 BigNOBiAHO, BU3HAUYAETHCA 3a (hopmy-

| a1a2 + b1b2 |

2 2 2 2
\/al +b, 4\/&2 +b,

no0 cos Z(1,l,)=



IcTopryHa posiaka

IctropuyHa posigka

IaTepec 10 BEKTOPiB i BEKTOPHOTO METOJy BUHUK
y marematukiB y XIX cr. y 3B’sI3Ky 3 morpedbamu (Pisumru
¥ MexaHiKu. AJie BUTOKHM YNCJIeHHS 3 HANPAMJEHUMU Bi-
piskaMu 3HAXOAMMO Ille B JaJjieKifli maBHMHiI, B poboTax
mijparopifiniB i reomerpuuHiii Teopii BimHomIeHs EBHoKca
(408—355 pp. mo H. e.). Y reoMeTPUYHOMY UMNCJIECHHi, IO
oro BukJaB EBKIiZ, momaBaHHA i BifHIMaHHS YmceJ 3BO-
IUJIOCS IO BiANOBiAHUMX omepalliii 3 BiApiskamu, a MHOMKEH-
Hs — [0 T00yJIOBU IPAMOKYTHHKA 3i CTOPOHAMU, JOBMKUHU
AKUX JOPiBHIOIOTH MHOKHUKAM.

VY XIV-XVI cT. reomerpuuna ajarebpa uepes obmerxe-
HicTb 3ac00iB JocaimkeHHs MaiKe He pos3BuBajyacsa. OmHak
y 1587 p. ¢paamangcekuii yuenuit Cumon Cresin (1548—
1620), posrismaoun JogaBaHHA IBOX cu y poooTi «Ilouart-
KU CTaTUKU», OiAITIOB BUCHOBKY, IO IJIA BU3HAUEHHS PiBHO-
IifiHOI CJIii cCKopuCTaTucs TaK 3BaHUM <«IapaJiejorpamMoM
cuy». s nmosHaueHHa cuyi CTeBiH mepiium yBiB Bifipi3Ku
3i crpinkamu. 3HauHo misHimre, y 1803 p., dpaHIy3bKUHA
matemartuk JIyi Ilyauco (1777-1859) po3pobus 3arajbHy Te-
Opil0 BEKTOPiB, y3araJbHUBIIU JOCTiIKEHH IIOIEPETHUKIB.

ITomanbiiuii PO3BUTOK BEKTOPHOTO METOAY IIOB -
BaHUI 31 CTAHOBJEHHSM aHAJITUYHOI reomerpii i Teopil
reoOMeTPUYHUX IepeTBOPeHb. BeKTop AB craju posmisama-
TH SAK IapaJieJibHe IePeHEeceHHs, AKe 3a/JaH0 MOYaTKOBOIO
Toukoo A Ta ii o6pasom B. 3rogoM BiATOBiAHUIT PO3iJ
MaTeMaTHKHU OTPHMAaB Ha3BYy «BEKTOpPHA aJiredpas.

«Cyxonymna»
axma Cmesina

Cmamysa nHa wecmo
Eexaioa y Mysei
npupodHuyuoi icmo-
pit Oxcgopdcvrozo
YHigepcumemy

Ilaw'smHuuk
Cumony Cmesginy
6 Bprwzze (Beaveis)
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@ MartemaTtuyHi onimniagu

B'auecnas AHppinosuy AciHcbknn (1957-2015)
_' "1 B’ssueciaB Anpgpitiosuu fcimcpkuit mapoguscsa y 1957 po-
i B cesi Uepnisii Moruais-Iloginbcbkoro paiiony BiHHUITBKOL
obOsacti. ITicaa mkosu Ta 3akiHUeHHA TpodeciiHO-TeXHIUYHOTO
YUYUJIUINA BiH OTPMMAaB CHeIliaJIbHiCTh TPaKTOPUCT-KOMOAai-
Hep. AJle myIa OHaKa OparHyJja OO0 3aHATh MaTeMaTUKOIO.
Y 1975 pori B’auecsiaB BecTynuB Ha (PisMKoO-MaTeMaTUYHUI
daxyabTeT BiHHUIBKOTO AEepP:KaBHOIO MeJAaroriyHOro iHCTHUTY-
Ty iMmeHi Mukosu OCTPOBCHKOr0, IKUI 3aKiHUYMB i3 BiA3HAKOIO
B 1979 porri.

ITicna mporo B. A. fciHchbKuil mpaliioBaB y PisHUX ITKOJaX BiHHMYYMHUI
Ta y Bimaunbkomy memaroriunomy imcturyTi. 3 1991 pory B. A. fAcincbruii
OyB YJIEHOM 2KyPi, IIi3HIiIIe — eKCHepTOM-KOHCYJIbTAHTOM, 3aCTYIIHNKOM I'0OJIOBU
Kypi Beceykpaincbkoi onmimMmiagu oHUX MaTeMaTHKiB, a 3 1998 porky — uie-
HOM JKypi I eKCHepTOM-KOHCYJbTaHTOM BceyKpaiHCHKOTO TYpHIpYy IOHUX Mare-
MaTuKiB imeni mpodecopa M. VM. Sgpenka. Tako:x BiH mpamioBaB i B CKJafi
Kypi BceykpaiHCbKHMX oJiiMmiaj OJs CTYAEHTIiB MATEeMaTUUYHUX CIeIliaJbHO-
cTell IeJarorivHUX YHIBEpPCUTETiB, OUOJIIOBAB MaTeMaTHWYHi oJiiMImiagm pimHOoI
Bimanuunau. ABTopurer B’sueciaBa AHapiifioBuua OyB 0e3MeXHHM, HOTO He-
mnepeBepIeHi mpodecioHabHI AKOCTI MpuBadIOBAINA MATEMATHYHO 00JapOBaHy
MoJIoAb. BapTo BigdHauMTH, 110 HAYKOBO-METOAMYHE 3a0e3IeUueH s YKPalHChbKUX
MaTeMaTUYHUX 3MaraHb AJsd 00JapoBaHUX YUYHIiB 3HAUHOIO MipOI0 BU3HAYAETHCS
TBopuicTio B. A. flcimchKoro Ak aBTopa scKkpaBux 3agad. Cepepn BITUM3HAHUX
aBTOpiB osimMmiaguux 3agau B’aueciaB AuapiitoBuu OyB 60e3CyMHIBHUM JIiZepoM,
BU3HAHUM [aJIeKO 3a MeyXKaM! YKpalHM — yCciM MaTeMaTHUYHUM OJIiMITiaJHUM
csitom. Moro 3amaui aBiui Oyaum mpexacraBieHi Ha MidKHApOZHUX MaTeMATUYHUX
ormimmiagax (y 1998 i 2002 poxax). 3azaui fIciHCBKOT0O HEOIZHOPA30BO IPOIIO-
"HyBasucsa Ha «TypHipi ueMIioHiB», III0 TPAAUIITHO KOKHOTO POKY ITPOXOAUTH
y micti BiHHUIIA 11 MIKOJMAPIB 3 yCixX KYTOYKiB YKpaiHnu, 3abes3redyyioun BU-
COKMiI piBeHbL MOro 3aBIaHb.

Hasememo omny 3 oaimmiagmmx samau B’suecimaBa AHmpiifioBuua, B XO#i
pO3B’A3yBaHHSA SIKOI BapTO 3aCTOCYBaTH METOAM OCHOBOI CMMETpii Ta IIOBOPOTY.

Hdano Tpanenito ABCD, y akiit AB=BC=CD = % AD . loBexiTs, mo aias

IOBiIbHOI TOukM X IJIOIIMHU BUKOHYEThCA HepiBHicTh XD-XA-XB<CD.
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Pose’sazannsa

Hexaii Touka O — cepeguHa ocHoBu AD pgaHoi Tpa-
nemnii (puc. 120). ITo6yayemo Tpanerito AFED, cuMeTpuuHY
rpanenii ABCD BigaOCHO npsamoi AD, i BUKOHAEMO IIOBOPOT \~\—/
HaBKoJO Touku D Ha KyT 60° IpoTH rOAMHHUKOBOL CTPiIKM.

Toxi Touxka B mepeiime B Touky F, a Touka X — y OedAKy F
troury X . Tpuxyrauk DXX' pismocropomwiii, XB=X'F, 5'¢
CD=AF. Puc. 120

Maemo: XA+XB+CD=XA+FX'+AF>X'X=DX.

Jlakomiume i sckpaBe MOBeIeHHsS HEPiBHOCTI MEeMOHCTPYE Kpacy METOLY
TeOMETPUYHUX ITePETBOPEHD i MOYKe HAUXHYTHU Bac Ha IOIIYK CBOTO OPUTiHAJIb-
HOT'0 CIIOCcO0y po3B’sa3amHsA Iriei 3amaui.

B. A. fcinchKkuii He JsnIille BMiB CTBOPIOBATM OPUTIHAJBHI 3amaui Bcix
PiBHIB CKJIaZHOCTi, aJjie i1 caMm OJiMcKydye pPO3B’sA3yBaB oJsimmiagui 3agaui. Ille
B IIKiJIbHI POKM BiH 3 ycmixoM OpaB y4acTh y MaTeMaTUYHUX 3MaraHHAX PiBHUX
piBHiB, a misHimre OyB HEOAHOPA30BUM IIEPEMOIKIIEM aBTOPUTETHHX KOHKYPCiB
IJIs BUMWTEJIB i3 po3B’sa3yBaHHs 3amau. B’siuecsiaB AHapifioBuu 6esrnocepensHbo
HiZroTyBaB YMMAJIO IIEPEeMOXKIIiB oaimiian. 3okpema, Horo BUXOBAHEIlb € YOTH-
pupasoBuM mepeMo:kiteM MiKHApOOZHUX MaTeMaTUUYHUX OJIiMITia.

HoreHT BiHHUIIBKOTO Jep:KaBHOTO MeIarorivyHoro yHiBepcurtety iMmeni Mu-
xaiima Komoouacbkoro B. A. flciHcbkuii € aBropoMm 0ararboxX KHUI Ta CTaTell,
OPUCBAYEHUX ITiATOTOBIIL YUHIB i CTYIEHTIB 1O MaTeMaTUYHUX 3MaraHb. 3OKpe-
Ma, 6araro mMareMaTHYHHX II0CiOHUKiIB B’sueciaBa AHApilfioBmua CTOCYIOTHCS
reoMeTpii, TMX PO3miyiB, AKi BuBuUaiThCa B 9 kiaci. Tak, ogHie0 3 ocTaHHIX
mpampk MalcTpa crajla KHUMKKa «['eoMeTpruHi ImepeTBOPeHHsS B 3ajadyax Mare-
MATUYHUX OJIiMIIiam».

B. A. fcincpkuii OyB WJIeHOM peKoOJerii sKypHaJsy «¥ CBiTi maremaru-
KN» 3 MOMEHTY IHoro sacHyBauHsA B 1995 pomi, ogHuM i3 Begyumx posminy
pO3B’sI3yBaHHA 3a4au KypHaJay «MaremaTukKa B IIIKOJIi».

3a BaroMuii BHECOK y PO3BUTOK oOmapoBaHoi mosomi B. A. fcimcbruit
y 2001 pori oTpuMaB 3BaHHSA «3acJy:KeHHUHN BUNTeJab YKpainm». MelrkaHiri
Bimawuii BrmanyBaJju iioro sBaHHAM «Jlogmaa poky-2000» B Hominalii «IIpa-
iBHUK ocBiTm». sKurTeBmii musax B’auecmaBa AHapifioBuua — Iie COpaBKHIl
B3ipellp TigHOCTi, TBOPYOT'O TOPiHHSA, BMiHHA 3HAXOOUTU TAJAHTU Ta COPUATH
ixaboMy PO3KBiTy. B. A. fcincpKuit — iHTesirenTHa, mupa Ta YyWHa JIOLU-
Ha, AKa OyJia TAJaHOBUTOI Yy BCbOMY — BiJ OJMCKYYOi POBIOBiIi aHEKIOTY 10
HAWKPOIITKIIINX MaTeMaTUYHUX AOCJTilKeHb. BugaTHuii KOMIO3UTOP MaTeMa-
TUUYHUX 3aJa4, HEe3PiBHAHHUUN BUKJamau B’suecsaB fCiHCBKUII € CIIpaB:KHBLOIO
ropicTio YKpaiuu.
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Po3gin IV. BekTopv Ha NaoWWHI
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2

< Toryemocb po ANA

Tect 4

Bubepimv 00nYy npasuavhy, Ha éauly 0YymKy, 8i0nosidv.

1. 3BHaiigiTe JOBXKUHY BeKTOpa —é&, AR |a|=6.

A -2 b 2 B -18 r 18

2. 3maiifirte ckanApHUil 106yTOK BeKTOPiB d(25-3) i b (-3;-4).

A -3 b -18 B 72 re

3. B3BakiHuiTe peueHHA Tak, 1106 YTBOPUJIOCS IIPABUJIbHE TBEPI:KeHHH.
HeHy/Ib0Bi KOMiHeapHi BEKTOPM 4 i b MOMYTH 30GparkaTucs IBOMA

CTOPOHAM...
A DPiBHOCTOPOHHBOT'O TPUKYTHUKA. B xBaxpara.
B rocrporo kyra. I TpAMOKYTHOTO TPUKYTHUKA.

4. Ha pucyskry 3o0paskeno mapasesnorpam ABCD.

3uaiigiTe BeKTOp-cymy AB+BC. B ¢
A AC B BD B DB r cA ’(

5. 3maiigirte goBxuHY BexTOpa AB, axmpo A(0;2), A D
B(—4;5)
A3 b 10 B 2 rs

6. 3BHalgiTe BeKTOD %Ei—b, AKmo a(-6;4), 5(—2;—3).

A (-1;5) B (-4-1) B (-1;7) r (-55)

7. JlaHO OAMHWNYHI B3a€MHO IepHeHANKYJISAPHI BEKTOPH 4 i b. BHailgiTe
@-3b)(da+b).

-2 b -1 B O ri

8. Cepen HaBegeHUX TBep/AKeHb YKasKiTh Te, AKe CIPaBIKYETHCS IJIS
OyAb-IKMX BEKTOPiB a i1 b Ta Oyab-AKoro umcia k.

A |-t |<|al+|5] B | ka|=|k||d|

—
.

>

B d-b<|dl|b] rat<lal



§ 18. BnucaHe U onucaHe Konda npasusibHO20
MHO20KYMHUKA

§ 19. [loBXUHA KONa i nnowa Kpyaa
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T'eomerpiaa — wHallle BeJIUKe TBOPiHHSA, AKe Hac
caMUX 3aXOILIIOE.
Jle Kop6rosve, parnuysvkuil apximerxmop

®irypu, 1mo MaroTh PiBHI CTOPOHU Ta KyTH, 3[aBHA 3a4apOBYyBaJIU
JIIOAUHY JOCKOHAJICTI0O (POPMU i TAEMHUYICTIO, KA 3aBIKIU CYIIPOBOAIKYE
mockoHasictb. Taki (irypu obGoKHIOBaIM, HPUIKCYOUYM iM Mariuui ta
HaBITH miromti BaacTuBOCTi. MHOTOKYTHUKY 3 PIBHUMU CTOPOHAMY U KYy-
TaMH OpPUKpalaan (paMiJbHi repOu cepelHBOBIUHMX MOYKHOBJIAMIIIB, IX
o0upasy CUMBOJIAMU TAEMHUX TOBAPHCTB, a HOCJIiAMKEHHIO BJIACTHUBOCTEH
IIUX MHOTOKYTHHKIB IMIPUCBAYYBAJU CBOI pOoOOTM HaWBUAATHIII MaTema-
TUKU MUHYJIOTO.

BuBuenHs TPaBUJBHUX MHOTOKYTHUKIB HEpPO3PWBHO IIOB’A3aHe
31 BHAXOM)KEeHHAM JOBKUHU KoJia i miomii kpyra. Hemapma onHiero 3 Kja-
CHUYHUX 3ajJay reoMeTpii BBaskaeTbcA 3ajjaua PO KBaApaTypy Kpyra —
nmo0yzoBa KBajapara, IJIOIA SKOr'0 JTOPiBHIOE ILJIONIi JaHOrO Kpyra. I xoua
HEMOJKJIUBICTh TaKoi MOOYZOBW 3a HOIIOMOTOI0 IMMPKYJIA U JiHIAKU BiKe
IaBHO IOBeJEHO, BUPa3 «KBaJpaTypa Kpyra» i CbOTrOAHI BIKUBAETHCS IJIA
XapaKTEePUCTUKU BKpPall CKJIAJHUX 3a/ad, 110 He MAlOTh PO3B’A3KY.

3rogom, posradgaiouu Girypm B IIPOCTOPi, BU IMO3HAKOMUTECH
3 TPUBUMIDHMM aHAJIOTOM NPaBUJIbHUX MHOTOKYTHWKIB — IIPaBUJIbHU-
MU MHOTOTDAaHHUKAMU.




§18 BnucaHe Ui onucaHe kKona
NpasusbH020 MHO20KYMHUKA

18.1. O3HAYEHHA NPABUIbHO20 MHO020-
KYMHUKA. ICHYBAHHA BNUCAHO20
U ONUCaHoz20 Kin

Bu B:ke HeomHOPa30BO 3ycTpivanamcsa 3 MHOTO-
KYTHUKaMHi, B AKUX yCi CTOPOHU piBHi, i 3 MHOTrO-
KYTHUKaMHt, B AKUX yci KyTu piBHi. SIKmo obmasi
i BJIACTMBOCTI MHOTOKYTHUK MAa€ OJHOYACHO, TaAKUi
MHOTOKYTHUK € TPaBUJIbHUM.

O3Ha4YeHHsA

TTpaBUNbHUM MHOTFOKYTHUKOM HA3UBAETbCS OMyK-
NN MHOTOKYTHUK, Y SKOMY BCi CTOPOHW piBHi 1 YCi
KYTU piBHI.

Ve BizoMuMUy BaM BUAAMU IIPABUJIBHUX MHO-
TOKYTHUKIB € PiBHOCTOPOHHI# TpuKyTHUK (puc. 121, a)
i xBagpar (puc. 121, 6). Ha puc. 121 s3o6pakeHo Ta-
KOXK TpPaBUJIBHUYN MATUKYTHUK (puc.121,8) i mpa-
BUJIBHUH INTeCTUKYTHUK (puc. 121, 2).

OckinbKM cyMa KYTiB OOYKJIOTO N-KYTHUKA
nopiBaioe 180°(n — 2), BeaWYHHA KyTa O TPABUIb-
HOI'0 N-KYTHUKA 00YUCIIOETHCA 32 (hOpMyJI010:

n-2
n

Haragaemo, 1110 MHOTOKYTHUK € 6NUCAHUM
Y KO0, AKINO BCi Or0 BepIINHU JIeKaTh Ha IIbOMY
KOJIi; MHOTOKYTHUK € ONUCAHUM HABKONLO KONA, K-
10 BCi TIOTO CTOPOHU JMOTUKAIOTHCA IO IIHOTO KOJIA.

n

-180°.

Teopema (npo BNUCAHE U ONUcaHe Kona
npasusibHo2o MHOZOK}/WIHMKG)

Haskono 6yab-aKOro MpasUSIBHOTO MHOTOKYTHUKG
MOXHQ ONUCATU KONO, i B 6yAb-9KUIM NpaBUNBHUN
MHOTOKYTHUK MOXHG BMUCATU KOMO, NPUYOMY LieH-
TPU OMUCAHOrO i BNUCAHOTO KiNn 36iraroTbea.

T

Puc. 121. IIpaBuabHi
MHOTOKYTHUKH!
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JloBedeHHs
O Hexait A, B, C i D — mocifoBHI BepUInHUI
o NpaBUJIBHOTO MHOTOKyTHUKa (puc. 122). IlIpo-

BemeMo OicekTpucu KyTiB A i B. BoHu mnepetwu-
HalOThbCI B meBHiI# Toumi O (IOACHITHR YOMY).
Tpurytauxk AOB € piBHOOeApeHMM 3 OCHOBOIO AB,

o

9 OCKiJIBKU AOAB=AOBA=% , Ie o — KYT JTaHOTO
‘ ‘ MHOTOKyTHUKA. Criostyunmo Touku O i C. TpukyTHU-
Ku AOB i COB piBHi 3a IepIIOl O03HAKOIO: y HUX

Puc. 122. Jlo nosenenss cropora OB crinpua, AB = CB sIK CTOPOHU IIPABUJIL-
TeopeMH IIPO BIIMCAHE

o .
# omMCAHe KO IPABHIb- HOTO MHOTOKYTHUKa, ZOBC=_-/0BA= R OCK1JIBKU

HOI'O MHOTOKYTHHUKA

BO — o6icexrpuca kyra ABC. Orke, TpukyTauxk COB
piBHOGempenuii 3 ocuoBoo CB, 40CB=40BC=%,
T00T0 CO — OGicekTpuca Kyta BCD.

IIpomoB:kytoun 1ieii mpoliec AaJii, JIETKO Iiepe-
KOHATHUCHA, IO BCi TPUKYTHUKU 3 BepmuHOoio O,
OCHOBAMU AKWX € CTOPOHM [JaHOIO IPaBUJILHOTO
MHOTOKYTHHUKA, piBHOOeApeHi i piBHi. 3Bijcu BUILIN-
Bae, 110 BCi BEPIIMHU JAaHOTO MHOTOKYTHUKA JIEXKATh
Ha KoJi 3 meaTpom O, pajiyc AKOro JOPiBHIOE GiUYHUM
CTOpOHAM IIUX TPUKYTHUKiIB. Kpim Toro, Bci cTtopoHmM
IaHOT'O MHOTOKYTHUKA JOTUKAIOTHCA 0 iHIIIOTO KOoJa
3 mmeHTpoM O, pamiyc sSKOro DOPiBHIOE BHCOTAM ITHUX
TPUKYTHUKIB, mpoBefeHuM i3 Bepmmuau O. Teopemy
noseneHo. W

HeBaskko mepekoHarucs, M0 OyAb-AKUN
MPaBUJILHUI MHOTOKYTHHUK Ma€ €IuWHe BIMCAaHE i eau-
He omucaHe Koja (IoBeZiTh e camocrtiiiao). Touky,
AKa € CIILJIbHUM IEeHTPOM INX KiJI, Ha3WBAIOTh I[€H-
TPOM NPAaBUJIHHOTO MHOTOKYTHHUKA.

O3Ha4YeHHA

LleHTpanbHUM KyTOM MpaBUIbHOTO MHOFOKYTHUKQ
HA3UBAETbLCA KYT, Mifi AKUM CTOPOHY MHOFOKYTHUKQ
BUAHO 3 LIeHTPa LbOrO MHOIOKYTHUKG.
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§ 18. BnncaHe 1 onmcaHe Koma npaBUIbHOTO MHOTOKYTHUKA

Tak, Ha puc. 122 xytu AOB, BOC, COD, ... —
IeHTPaJbHI KYTH NPAaBUJIBHOTO MHOTOKYTHUKA.
OueBUIHO, IO HMEHTPAJBHHN KYT IPABHUJIBHOIO

o

N-KYyTHUKA JOPiBHIOE

18.2. dopmynu padiycis BNUCAHO20
U ONUCAHO20 KiN NPABUSIbHO20
MHO020KYMHUKQ
Pagiycm BomcaHoro ii ommcaHoOro KiJl IpaBUJIb-

HOTO N-KYTHUKA MOKHA 3HAWTU, 3HAIOUM JOBXKUHY
MOT0 CTOPOHM i UmMCIOo n.

Teopema (popmynu padiycis BNUCAHO20
i ONUCAHO20 KiN NPABUNBHOZ0 N-KYTHUKA)

[na npaBuUnbHOro n-KyTHUKA padiycu BMUCAHOTO
¥ ONUCaHOToO Kin 064YUCNFOFOTLCA 3a POPMYNAMU
a a

2 o R: 4 o ¢
180 . 180

2sin

n h
Ae r — paaiyc BnucaHoro kona; R— paaiyc
OMUCAHOro Kona; @, — CTOPOHA N-KYTHUKG.

r=
21g

JloBedeHHs
O Hexai#t O — 1eHTp IPaBUJIBHOTO N-KyTHUKA
8l cTopoHow a , A i B — cycigHi BepIIMHU IBOTO

n-kytHuka (puc. 123). Toxi B piBHOOempeHOMY TpU-
KyTHUKY AOB 06iuHi cropouu OA i OB — paziycu
OIICAaHOI'0 KoJjia, a Bucora OC — pajiyc BIHCAHOI'O
KoJia JaHOTO N-KyTHUKA.

OCKiJBKM BHCOTA € TaKOK OiCeKTpPHCoo i me-
miamoro TpukyTHuKa AOB i nenrpaabuuit Kyt AOB

o

IOpiBHIOE , To B TpukyTHuKy OCB ZC=90°
cB=LaB=%, scoB=1_,40B=1%" .
2 2 2 n

A C B

Puc. 123. JTo noBegeHHsA
dopmya paxmiyciB
BIIICAHOT'O ¥ OIIMCAHOTO
KiJI TpaBUJILHOTO
N-KyTHUKA
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3Bigcu
B
r=0c=—"2 - ?80“
tg ZCOB 2tg
n
B
R=0oB=— B _ &
sinZCOB 180
sin—
n

Teopemy nosemero. W
Hacniook
Ana nNpaBunbHOrO N-KyTHUKA 3i CTOPOHOKO a,,

aKwo n=3, 4, 6 paaiycu BNUCAHOTO i OMMUCAHOrO
Kin 06YUNCNIOFOTLCA 3G TAKUMU POPMYIIGMU.

n r R
a3 a3
3 283 J3
a, %
4 2
6 aéf a,

Cupaspi, 1yis TPaBUJIBHOTO (PiBHOCTOPOHHBOTO)
TPUKYTHUKA (1 = 3):

a
r= 8

a3
== , R:
21 180 2.3

a; _ 4 .

180° ’
2sinT \/5

IJI IPaBUJILHOTO YOTUPUKYTHHUKA (KBajpara) (n = 4):
a a a a
180° 180°
2g 180" 2 25in 180" V2

IJI TIPaBUJIBHOIO IITEeCTUKYTHUKA (1 = 6):

a _ ab.\/g a

r= & =—6=a
180° 180° 6
2tg 2 2sin




§ 18. BnmcaHe v onwucaHe Kona NpPaBUABHOTO MHOMOKYTHMKA

3aaaua
TTrnowa KBaApata, OMUCAHOIO HABKOMO Kosa, AOpiB-
Hroe 48 cm? 3HaliaiTb NowWy piBHOCTOPOHHLOTO TpU-
KYTHUKQ, BMUCAHOrO B Te came Kono.
Po3g'asaHHa
Hexali HaBkOMO KOJlIa OMWCAHO KBAAPAT 3 MJoOWeH S=
=48 cm? (puc. 124, a). Toai cTopoHa kBaapata Ad4 =/48 =

=43 (cm). I3 popmynu r'=a—2“ maemo r=2v3 (cm).

3HalaeHWt pagiyc r € pagiycom R onucaHoro kona Ans
piBHOCTOPOHHBOTO TPUKYTHUKA (puc. 124, 6), nnouy aKoro

HeobXiaHO 3HaMTU. OcKinNbku R = j%, To a; = R/3, oTxe,
a, =23 -3 =6 (cm).
3a OopMySIorO0 MOl PiBHOCTOPOHHBOIO TPUKYTHUKA

azf L2 \/_ =93 (cm?).

S= MaeEmMo: S =

Bianosiab: 943 cmZ.

3ayBasKuMO, IO Y BUIAIKY, KOJHU B 3aja-
i HgeTbCcA NPO BIMUCAHUIN 1 OMMCAHWIT TPaBUJIb-
Hi n-KYTHUKH, 3 METOI0 YHUKHEHHA HEIOPO3yMiHb
i3 3acTocyBaHHAM (DOPMYJ CTOPOHM ITMX N-KYTHUKIB
MOJKHA IO3HAYATH A, i bn BigmosigHo.

18.3. MobydoBa NpPAaBUNbHUX
MHO020KYMHUKiB

Posrasuemo cmocobu moOyoBU JeAKHX IIpa-
BUJIBHUX MHOTOKYTHHKIB 3a [TOMOMOTOI0 ITUPKYJIS
i gimitiku. Bu BiKe BMieTe OyayBaTu HpaBUJIbHUN
(piBHOCTOpPOHHIiI) TPUKYTHUK i KBazgpar. s 1mo-
OymoBM iHINIMX BUIIB HNPaBUJBHUX MHOTOKYTHUKiB
YacTO BUKOPUCTOBYIOTH OIIMCaHe KOJO.

IToGynyemo mpaBUJIBLHUI IIECTUKYTHUK 3i CTO-
poHOoI a. OCKiJIBKM CTOPOHA TAaKOI'0 IIECTUKYTHUKA
IOPiBHIOE pajiycy OIMCaHOro Ko0Jia, MOOYIyEMO CIIO-
YaTKy KOJIO pajiyca a i mo3HAaYMMO Ha HbOMY JTOBiJILHY
TouKy A, (puc. 125). [ani 3 Hel aAK i3 IeHTpa TUM

(

6
Puc. 124

Puc. 125. ITo6ymosa
IPaBUJIBHOTO
IIIECTUKYTHUKA
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caMUM pajiycoM a IpoBeAeMO AYyTy i Ha ii mepeTuHi
3 mo0OynoBaHUM KOJIOM INo3Hauumo Touky A,. Ilo-
CJIIIOBHO BigKJamgaloum TakKi Ayru, OTPUMAaEMO TOY-

Bigpiskamu.

W Ku A,, A,, A, ta A, 1 TOCIiZIOBHO CIOJYy4YHMMO iX

Vsarami, mjasa moOyooBU IPaBUJIBHOI'O BIIHCA-

HOTO MHOTOKYTHHMKA JOCTATHLO HOOyAyBaTu MOTO

Puc. 126. ITo6ynosa meHTpaJabHuil KyT. Hampuxiaasn, aas KBajpara BiH
BIIMICAHOTO KBaZpaTa mopiBaIOE 90°, OTXKe, SKIIIO IPOBECTH Uepes IeHTP
KoJia IBi B3a€EMHO IEPHEHIMKYJIAPHI mpAMi, TO BO-

HU TIePEeTHYTH JaHe KOJIO y BepITWHAX BINCAHOTO

SIKIIT0 B KOJIO BOIMCAHO MPABUJIbHUNA N-KYTHUK

xopau A A,, AA,, ..., A A (a orxe, i BiamoBigHi

o KBajgpara (puc. 126).
AA,...A , TO HEBaIKKO NOOYAyBaTH NPABUIbHUN BIIU-
Ay Ay caHMil 2n-KyTHUK. J{JIf ILOTO JOCTATHLO PO3LiIUTH
Ol

nyru) HaBmia (puc. 127, a). Ha pwuc. 127, 6 moka-

a 3aHO, K, MalUYM BOHCAHUII KBaApaT, IOOyayBaTu

Oispirre 3a 2.

OIPaBUJIbHUN BOUCAHUU BOCBMUKYTHUK. 3aCTOCOBY-
UM Iiel cmocib, MOoKHa AaJri moOyayBaTu IPaBUJIb-
HU# 16-KyTHUK, 32-KYTHUK 1 B3araJii mpaBUJbHUN
2F-gyTHUK, e B — OyIb-AKe HaTypaJbHEe YNCJIO,

Hiuass 1mo0ymoBu MNPABUJBHOTO OIIKMCAHOTO

N-KyTHUKAa OOCTAaTHLBO NPOBECTH MOTHUYHI MO KoJa

Puc. 127. IloGynosa y BepHIMHAX INPaBUJIBLHOIO BIIMCAHOTO 7N-KYTHHUKA.

IPaBUJIBLHOTO BIIMCAHOTO
2n-KyTHUKAa

Ha puc. 128 nmokasaHo, sk y TaKuii cnocio mooyayBa-
TU TPAaBUJIBHUN ONUCAHUU TPUKYTHUK.

HaBegeni mpukjaagum mokasyoThb, IO 0ararto
BUJiB IPaBUJbHUX MHOTOKYTHHKIB MOKHA IOOymy-
BaTH 34 JOIOMOTOI0 HHUPKYJIA i JiHiiiku. OgHax He
BCi IpaBUJIbHI MHOTOKYTHUKHU JOMYCKAIOTh TaKy IIO-
oynoBy. HampukJaj, mAOBeIeHO, IO 3a JAOIIOMOTOIO
MUPKYJIs i JiHIAKY MOKHA OOYAYBATH MPABUJIbHUHI

Puc. 128. IIo6ynosa
[IPaBUJIBHOTO OIIUCAHOTO
TPUKYTHUKA

BUJBHUN CEMUKYTHHUK.
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§ 18. BnvcaHe v onwvcaHe Kona NpaBUAbHOTO MHOFOKYTHMKA

3anumaHHa i 3a0aydi

& YcHi BnpaBu

597. Yu ¢ npaBuJIbHEM MHOTOKYTHHKOM piBHOOeApeHUil NpAMOKYTHHII
TPUKYTHUK; poMO i3 KyToMm 60°; MpAMOKYTHUK i3 HEPiBHUMHU CTOPOHAMU?
Yomy?
598. Yu e npaBusbHHUM, III0:
a) KOJIX B TPUKYTHUKY BCi KyTH PiBHi, TO BiH € HNpaBUJIbHUM;
0) KOJIM B YOTUPUKYTHUKY BCi KyTHU PiBHi, TO BiH € IpaBUJIbHUM?
599. Cyma KyTiB mpaBHMIBHOrO MHOTOKYTHHKa aopiBHIoe 180°. fka rpa-
IyCcHa Mipa KyTa IIbOI'0 MHOTOKYTHUKA?
¢ 600. Yu moxyTh OiceKTpucu KyTiB NIpaBUJIBHOIO MHOTOKYTHUKA i ce-
PeIVHHI NMEPIeHANKYJIAPU OO HMOT0 CTOPiH IIEPEeTUHATHUCA Y OBOX PiBHUX
Toukax? Homy?
601. Cxinbku KyTiB Mae IpaBUILHUI MHOTOKYTHHK, y SAKOMY:
a) pamiyc oImMcaHOTO KoJia BABiUi OiabIINi 3a pamiyc BIIMCAHOTO KOJIa;
0) pamiyc ommcaHOTO KOJia JOPiBHIOE CTOPOHi?
602. Onumrite, AK, Maioun 300paskeHHs IPaBUJIbHOIO 18-KyTHHKA, HIOOY-
IyBaTu NPaBUJIbHUHN 9-KyTHUK; OIPaBUJIbHUN 36-KyTHUK.

‘L MNpadiuHi BNpaBm

603. Ilo6yayiiTe mpaBunbHUil mectukyTauk ABCDEF.
a) IIposenmites miaromans AD. BusHaure BuJ YOTUPUKYTHUKIB, HA AKi
BOHA JTiJIUTh HAHUH IMECTUKYTHUK.
6) IIpomexite miaromani AC i AE. BusaHauTe BuUJ YTBOPEHUX TPU-
KYTHUKIB.
0 604. ITo6yayiiTe mpaBUILHNIN TPUKYTHUK i BUPiKTe foro 3 manepy. 3pixTe
KYTH TPUKYTHUKA TaK, 1100 OTPUMATH IPABUJIBHUNA IIECTUKYTHUK. ¥ SIKO-
MY BiJHOIIIEHHI TOUKHM 3pidy AiJATH CTOPOHU TPUKYTHUKA?

w\ NMucobmoBi Bnpasu

PiBeHb A
605. Busnaure KinbKicTh CTOpiH IMPaBUJIBHOTO MHOTOKYTHUKA, IeHTPAJb-

HUI KyT SAKOT'O0 JOPiBHIOE:
a) 90°; 0) 72°; B) 20°.
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606. 3naiigiTe KyTU NPaBUILHOIO N-KYTHUKA, AKIIO:
a) n=>5; 0) n=06; B) n=10.
4 607. Buszaure KinbKicTb CTOpiH ITPABHJILHOTO MHOTOKYTHHKA, B AKOMY:
a) IeHTpaJbHUI KyT gopiBHIoEe 30°;
0) cyma kyTiB mopiBHioe 1800°.
608. [losexiTh, 1m0 AiaroHanab NPaBUJIBHOIO ISTUKYTHUKA IapajelbHa
OIHiN i3 #Oro CTOPiH.
> 609. Josexirs, mo Ha6iABIIA AiaroHATL TPABUILHOTO IIECTUKYTHUKA i-
JUTH WOro Ha JIBi Tpamerrii.
610. Bmaiixite paxiyc koxa:
a) BIMCAHOT'O B IPAaBUJbHUI TPUKYTHUK 31 CTOPOHOIO 83 cM™;
6) ommcaHOro HABKOJIO KBazpara 3 ILIoimer 16 cwm?;
B) BIIMCAHOIO B IPABUJLHUI IIECTUKYTHUK 3 IEPUMETPOM 364/3 cwm.
O 611. 3Buaiigits:
a) TJIOIY PiBHOCTOPOHHBOTO TPUKYTHUKA, HABKOJO SKOTO OIUCAHO
KOJIO pamiyca 2 cM;
0) miaroHaJsib KBaapaTa, B AKMU BIIMCAHO KOJIO pajiyca J2 cMm;
B) MIepUMeTp MPABUJIBHOTO IMIECTUKYTHWUKA, HABKOJO SKOTO OIKUCAHO
KOJIO TiameTpoMm 8 cM.
612. 3anosuirs Tabauio GOPMYII Ad OGUNCIEHHSA CTOPOHU a , pasiyca R
OIIMCAHOT0 KoJIa i pajiyca r BOMCAHOI'O KoJia JJis MPAaBUJIbHOTO N-KYTHUKA.

n Ruepesa, | ruepesa, | a depes R a uepesr | Ruepesr | ruepes R

3
4

6

613. IIepepis Tepmyra mae dopmy mpa-
BUJILHOTO TPUKYTHUKA 3i CTOPOHOIO 3 CM.
Axum mae OyTm MiHiMaabHUI miamerp
KPYIJIOTO METAJIEBOTO CTPUIKHS, 3 SAKOT'O
BUTOTOBJISIOTH TEPIYT?

" 614. Ilomepeunuii mepepis mgepeB’aHOTO
OpycKa € KBagpaToM 3 JiaroHaJIJIio 42 cwm.
SHaUmITE HAUOIABIINI miaMeTp KPYIJIOTO
CTPMKHSA, AKUI MOKHA BUTOUUTH 3 TAKOTO
Opycka.

200



§ 18. BnvcaHe v onwvcaHe Kona NpaBUAbHOTO MHOFOKYTHMKA

PiseHb b
615. JloBesniTh, 1110 30BHIIIHIH KyT IpPaBUILHOIO MHOTOKYTHUKA JOPiBHIOE
HOoro IeHTPaJIbHOMY KYTY.
616. BusnzauTe KiJbKiCTh CTOPiH IpPaBUIBLHOIO MHOTOKYTHHUKA, KYTU SKOTO
JIOPiBHIOIOTH:
a) 120°; 6) 108°; B) 150°.
617. 3Bnaiigits:
a) mepuMeTp IIPaBUJIBLHOTO MHOTOKYTHHKA 31 CTOPOHOIO 5 ¢cM i BHYT-
pimHaiM KyToM 144°;
0) CTOpPOHY IPaBUJBLHOTO MHOTOKYTHHKA, NEePUMETP SKOTO ITOPiB-
HIO€ 48 cM, a BHYTPIlIHIN KyT yTpPUYi OiJbIINUHA, Hi’K 30BHINIHIN.
618. [loseniTs, 110 cepeAMHN CTOPiH IPABUJIBLHOTO N-KYTHUKA € BepPIINHAMU
iHIIIOTO MTPaBUJILHOTO N-KYTHUKA.
619. osesniTh, 1m0 BepIIMHM NPAaBUJIBHOTO 271-KyTHUKA, B3ATi depes OLHY,
€ BepIIMHAMU IIPaBUJBHOTO N-KyTHUKA.
620. 3naiigits:
a) MJIOIy IPaBUJIBHOTO INECTUKYTHUKA, BIMCAHOI'O B KOJO, AKIIO
ILJIOITA KBAajpaTa, OIMMCAHOI0 HABKOJIO IIHOr0 KOJIa, JOPiBHIOE 64 cm?;
0) mJoIlly KBajJpaTa, OIMCAHOT'O HaBKOJIO KOJa, AKIIO IJIOIa IIpa-
BIJILHOTO TPUKYTHUKA, BIIMCAHOTO B Ile KOJO, JTOPiBHIOE 93 cm?;
B) pajiyc Koja, OIMCAaHOTO HABKOJO MPAaBUJIBHOTO IITECTUKYTHUKA, K-
110 paliyc KoJia, BOMCAHOTO B IIeH IIeCTUKYTHUK, JOPiBHIOE 83 cm.
621. 3naiimiTs:
a) IJIOIly KBajapaTa, BIWCAHOTO B KOJO, SIKIIO ILJIOIIA IPaBUJIBHOTO
IECTUKYTHUKA, BIINCAHOTO B Lie KOJIO, JOPIiBHIOE 6+/3 cMZ;
0) IJIOIIy TPAaBUJIBHOI'O TPUKYTHUKA, OIIMCAHOTO HABKOJIO KOJIa, AKIIIO
ILJIOIA KBaJpaTa, OMMCAHOI0 HABKOJIO IILOI'0 KOJa, JOPiBHIOE 36 cm?;
B) pajiycu OIIMCAHOrO i BIOMCAHOTO KiJ PiBHOCTOPOHHBOT'O TPUKYT-
HUKa, AKIIO0 PiSHUIA IIUX pamiyciB ckKJagae 3 cM.
622. 3anoBHIiTH TabaHII0 GOPMYJI A1 OOUMCIEHHA IO S IPaBUILHOTO
N-KyTHUKA 31 CTOPOHOW a , pajiycom R ommcaHOro Koja i pajgiycom r BIH-
CaHOTO KOJa.

n Suepes a, S uepes R S uepes r

3
4
6
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623. JloseniTs, 10 cepefUHHI MePIeHAUKYIAPU A0 OyIb-IKUX TBOX CTOPIH
MIPaBUJILHOTO MHOTOKYTHUKA IEepeTHHAIThCcA abo 36iraroThes.

624. Jlosenits, M0 npaMi, Ha AKUX JeXKaTh OiCEKTPHUCU OYAb-IKUX JBOX
KYTiB IPaBUJILHOTO MHOTOKYTHUKA, IIEPEeTUHAIOTHCA abo 36iraroThcs.

PiBeHb B

625. PisHuma 30BHIMHIX KyTiB ABOX HpPaBUJIBHMX MHOTOKYTHHUKIB cTa-
HOBUTH 24°, a PisHUIA CYM yCiX BHYTPIIIHIX KyTiB IIMX MHOIOKYTHHKiB
crtaHoBUTh 720°. BusHauTe KiJbKiCTh CTOPIiH KOMKHOT'O MHOTOKYTHUKA.
626. BusnauTe KiJIbKiCTh CTOPiH IPaBUIBLHOTO MHOTOKYTHHUKA, SKIIO:
a) cyMa YOTHPBHOX HOro BHYTPilIHiIX KyTiB Ha 240° GijgbIna 3a cymy
PemITu KyTiB;
0) cymMa YOTHPHOX BHYTPIIIHIX i ABOX 30BHIITHiIX IIOr0 KyTiB IOpPiB-
HIoE H576°.
627. IlpaBuibHUN TPUKYTHUK, KBAAPAT i IPABUIBHUI IIECTUKYTHUK Ma-
IOTh OJHAKOBi IlepuMeTpu. SHAWIITh BiAHOIIEHHS IX IIJIOII.

628. IIpaBuIbHUI TPUKYTHUK, KBAJAPAT i TPABUIBHUN IIECTUKYTHUK BIIU-
caHi B ofHe K0J10. SHAMIITHL BiJHOIIIEHHS IX ILJIOII.

629. IloGynyiiTe mpaBUJIbHUII IIECTUKYTHUK i3 mepumerpoM 12 cm. O6-
YHCIIITE ITONTy mMOOYZOBAHOTO IIECTHKYTHUKA.

630. Boumits kBagpaT y KoJo pagiyca 3 cM. 3a JOIOMOroi0 BIHCAHO-
ro KBajpara moOyayiiTe HpaBUJbHUI BOCBMHUKYTHUK, BIHNCAHUHN y JamHe
KOJIO.

631. ITo6ynyiiTe Koo paziyca 3 cm. 1A IIBOro Koja IMoOyAyiHTe mpaBUiIb-
Hi BOMcaHUM i ommMcaHuil MIECTUKYTHUKN Ta OOUYMCJIITH BiZHOIIEHHA IXHiX
mioir. Yu 3aj1eKUTh BOHO BiJ HOBMKMHU paniyca xoJia?

632. Broumrits y K0JI0 IPaBUILHUH BOCBMUKYTHUK. OOUNCIiTh HOTO ILIOMLY,
AKIMO pajaiyc Koja mopiBHIOE R.

633. Ilosexits (OpMYITY B3aJEHHOCT CTOPOHM d,, TPABMILHOTO BIMCAHO-
ro 2n-KyTHHKA Bix pajiyca R OmECAaHOro Kosia i CTOPOHH @ IPABHUJIBLHOTO
BIIMCAHOTO N-KYTHUKA (POpMYLY NOOBOEHHS HUCLA CMOPIH NPABUJLLHOZO
BNUCAHO20 MHOZOKYMHUKQ):

2
a,, = 232—23,/32—% .

Kopucryiouncs 1iero ¢opmysio, BUpasiTh uepes R CTOPOHU IIPaBUJILHOI'O
BIIMCAHOTO BOCBbMHUKYTHHKA Ta JBAHAAINATUKYTHHKA.




§ 18. BnvcaHe v onwvcaHe Kona NpaBUAbHOTO MHOFOKYTHMKA

4 634. Buumits y xoso maHoro pamiyca R TDaBUNBHUIN JeCATHKYTHUK.

a) [loseniTs, 110 CTOPOHA @, TIOOYIOBAHOTO NECATUKYTHUKA 1 paaiyc R
KOJIa BiTHOCATHCS B «30JI0TOMY IIepepisi».

6) BruriTe y 11e K0OJI0O IPaBUIbHUN IIATUKYTHUK.

Q NoBTOpEeHHA nepep BUBYEHHAM § 19

TeopeTnyHnn martepian

* KOJO i KpyT; O 7 knac, § 19 )

e  BIIMCAHI KyTu;

e  IIOHATTS ILJIOIII. [C 8 kiac, § 7, 16)
3apaui

635. /IBa KyTH TPUKYTHUKA JOPiBHIOIOTL 15° i 85°. BHaliAiTh IeHTpaJbHi
KyTH, IiJi AKMMHI CTOPOHH JAHOTO TPUKYTHMKA BHUAHO 3 IEHTPA OIMCAHOTO
KoJa.

636. [IBi cTOpoHM TPUKYTHHMKAa JOPiBHIOITH 6 cM i 8 cm, a iforo mio-
ma 24 cm?. 3HAUAITH pasiycyd OMMCAHOIO i BIMCAHOTO KiJ TPUKYTHHUKA.
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§19 JI0BXUHA KOAa i nnowa Kpyaa

19.1. oBXUHA Kona i Oyau Kona

OrpumaTu HAaOUYHE YSABJIEHHS IIPO JOBMKUHY KOJA MOCUTH IIPOCTO — MIJIs
IbOI'0 JOCTATHHO, HAIPUKJIAM, YSABUTH, IO KOJIO € METAJEeBUM 00pydeM, SAKW
MOKHa pospisaTu B AOBiibHIiN Touri A i posmpamutu (puc. 129). Orpumaemo
Bi/[pi3oK AA , MOBMKHWHA AKOrO i € JOBYKUHOIO KOJa.

A A,

Puc. 129. HaouHe ysBJI€HHS IPO MTOBKUHY KOJIa

CoopmyaioBaT CTpore O3HAUEHHS MTOBMKUHU
KoJIa 3HAQUHO CKJagHimIe. Po3riisgsHeMo IIOCJIiZOBHICTH
BIKUCAHUX ¥ KOJIO IPABUJILHUX N-KyTHUKiB. IlepumeTp
OyIb-AKOr0 3 HUX MOYKe BBaKaTUCSA HAOJIMIKEHUM
3HAYEeHHAM JoB:KUHU Koja (puc. 130). ¥V xozxi HeoO-
MEeKEHOTO0 3POCTAHHSA YMCJA 7 TaKi n-KYTHUKU BCe
OJIMKUe «IPUIATAIOTH» O KOJa, a IXHi IepuMeTpu
BCe MEHIIe BipisHAIOTHCA BiJ HOBXKUHU KOJIA.

OT:Ke, BUBHAUUMO MOBKUHY KOJa SAK BeJIU-
YUHY, A0 KOl HNPAMYIOTH IepPUMEeTPU IIPaBUJIbHUX
N-KyTHUKIiB, BINCAHUX Y IIe KOJIO, B XOIi HeoOMe-
JKEHOTO 3POCTAHHA YUCIa n.

Ilepmn mHixk momaTtu (GopMysay AOBKHHU KOJIa,
cOPMYJIIOEMO BAKJIUBY JOIOMiKHY TeopeMmy.

Puc. 130. o o3HaueHHA
MOBYKUHU KOJIa

Teopema (npo BiOHOWEHHS OOBXUHU KONa
0o lioz0 diamempa)

BiaHoOWweHHa AOBXWMHU Kona A0 MOro AiameTpa
He 3anexuTb BiA Kona, TO6TO € OAHAKOBUM Ans
6yAb-9KUX ABOX Kin.
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§ 19. [loBxuHa koma i niowa Kpyra

HoBenmenHs 1iiel TeopeMu BUXOAUTH 3a MeXKi IIKiJIBHOTO KYypCy I'eo-
metpii. Tomy HaBememo Juille 3arajbHy CXeMy MipKyBaHb, Ha SKUX BOHO
I'PYHTY€EThCA (TIOBHE NOBemeHHs momaHe B HomaTkry 3).

Posriaremo aBa KoJia 3 pagiycamu R’ i R Ta BricaHi B HUX ITPaBUJIbHI

o

. . . 180
n-KyTHuKHU 3 iepumerpamu P i P ". Ockineku P, =na, =n-2Rsin

, TO
n
180°

p’ n-2R’sin R p’  p”

n n 3 n n

= 1ono — ,,» S8BlIKHU = .

’” 1800 144 ’ 144

F, n-2R"sin R R R
n

Y xomi HeoOME)XKeHOTO B3pPOCTaHHS 71 IIEPUMETPU N-KYTHUKIB
3a O3HAUEHHAM IPAMYIOTH OO OOB:KUH BigmoBimumx kia C' i C”, oTxe,

HNOMHOJKUBIIN OOMIBI YaCTMHM OCTAHHLOI piBHOCTI Ha l, MaeMo
c/ CII 2
2R’ 2R’

TakuM uYymHOM, OJA BCiX KiJ BiJHONIIEHHS AOBXKHWHUN KoJa OO
niamerpa € crasuMm ymcyom. Ile ymcio TPUAHATO MTO3HAYATU T'PEI[HKOI0
OYKBOIO T (UUTAETHCS «ITi»):

1110 ¥ CTBEPIKYE TeopeMma.

C f—
2R
HoBenmeno, 1o © — ippallioHaJbHE YWCJIO0, 3SHAUEHHS AKOTO IOPiB-
HIoe 3,1415.... Beauruii rpenpkuii yuenuii Apximen y III ct. mo H.e.

. 22
BCTaHOBUB, IO PaIllOHAJIBHE YHCJIO Ee € HaOJIMKeHUM 3HAUeHHAM YHC-

ga m. Ina npakTUUYHUX OOYUCIIEHb 3a3BUUYail BUKOPUCTOBYIOTH 3HAUEHHS

n~3,14.

Otoke, IOB:KMHA KoJa pagiyca R 00uncIoeThCs
3a (opmymnoro C=2nR.

Busnaunmo goB:KUHY [ Iyru KoJia 3 IpagyCcHOIO
miporo o (pmc. 131). OcKinbKHu OOBMKHHA KOJa JOpPiB-
HI0o€ 2R, TO OOBXKMHA OYTUW 3 I'PagycHO0 Mipoio 1°

e\
2nR nR
CTaHOBUTL ——, TOOTO —— .
360 180
Tomy moBsKMHA Oyru KoJia 3 TPajyCHOIO Mi-
POIO O O0UMCIIOETHCA 3a (POPMYITOO Lo
_ TR Puc. 131. [Iyra Komna
“ 180 3 rpaflyCHOIO MipoIo O
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19.2. Mnowa kKpy2a ma 020 YaCmuH

Haramaemo, 1110 moHATTS 1101 OyJI0 BuU3HaUe-
HO y 8 KJjaci yiumre qyigd MHOTOKYTHUKIB. [lyig BusHa-
YeHHS ILJIOINi KPyra CKOPHCTAEMOCHL MipKyBaHHSIMU,
aHAJOTIYHUMU [0 THUX, 34 IKMMU BU3HAUAJIACS IOB-
JKUHA KoJa.

Omxe, ILJIOLIEI0 KPyra, 0OMeKeHOTO TaHUM KO-
JoM, OyZmemMo BBaiKaTHU BEJUUYHUHY, M0 SAKOI IIPAMYE
IJIOIA MPaBUJBHOTO N-KYTHUKA, BIIKCAHOTO B Iie
KOJIO, V XOAi HeoOMe:KeHOro 3pOCTaHHS JYucja 7.

Teopema (popmyna nnousi kpyaa)

TTnowa kpyra paaiyca R obumcnroetbcs 3a op-
mynoro S = mR2,

Ar i y BUODagKy OOBXKHWHU KOJIA, NOBENEeHHS
miei TeopeMu BUXOIUTH 3a MeE:Ki INTKiJIBHOTO Kyp-
cy reomMeTpii, TOMy 3HOBY HABEJEeMO JIUIIE 3aTaJIbHY
cxeMy MipKyBaHb (IoBemeHHs momaue B JlomaTry 3).

Broumiemo B mane xoJio pagiyca R mpaBuUJIbHUNT
N-KyTHUK A A,... A 31 CTOPOHOIO @ , i B Ileii N-KYTHUK
BIIMIIIEMO Ille OfiHE KOJIO paxiyca r (puc. 132).

Topni:

1

1
A 4,04, :Eanrn’ SAlAZ...A,, = nSAAIOAZ = n'Eanrn =EPnrn >

ne P — mepumeTp n-KyTHUKA.
Is mpamoryTHOoro TpukytHuka A OB Maemo:

o

180
r, = Rcos
n

Puc. 132. Ilo o6rpyn- 180°
IIPpAMY€E€ OO HYJIA, OTKE, SHAUEHHA COS
TyBaHHA (QOPMYJIN

TJIOIIL KpyTra

.. 180
. 3 HeoOMeKeHUM 3POCTaHHAM 71 Ipi6 ——
n

mpsMye

o cos0° AKUH HOPiBHIOE OAWHMUII. 3 iHIIOrO GOKY,
Opy 3POCTAHHI 71 BIHCAHE KOJO «HAOIMIKYETHCS»
N0 OmMHWCaHOro, r — 10 R, a mepumMeTp BIHUCAHOTO
n-KyTHHUKa — nO0 OoB:xKuHHU maHoro komxa C. OTixe,
Y X0Ii HeOOMEsKEeHOro 3POCTAHHSA 71 MAEMO:

S=%CR=%215R-R=TER2.
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§ 19. [loBxMHa koma i noLia Kpyra

3aaava
HoexuHa kona popisHroe 121 cm. 3HalAiTh NAowWwy Kpyra, 06MexeHoro Lum
KOJIOM.
Po3e'azaHHa
Ockinbku AOBXWHA KOMa AOpiBHHOE 27R, TO 3a ymoBoro 2nR=127, 3BiAKMU
R=6 cm — pagiyc naHoro kona. OTxe, 3a OpMynoro S=7R?* maemo:
S=mn-6>=36n (cm?).
Bianosiab: 36m cm?.
3aaaua
Skoro mae 6yTU AOBXWUHA ApPOTY, WO6 3pO6UTU 3 HBOFO KOJO, ke Obmexye
kpyr nnowero 154 cm??
Po3s'asaHHa

Ockinbku nnowa Kpyra aopisHroe nR?, To 3a ymosoro nR?=154. Ypaxosyrouu,

22 154 154.7 . N
Wo m= Ex MAeEMO: R=,[— = > =7 (cm) — paaiyc AaHoro kona. 3Haii-
Y

AeMO AOBXWHY ApOTY 3a opmynoro C=2xnR: C:$:44 (cm).

Bianosiab: 44 cm.

3ayBaK1MO, II[0 B CYTO I'eOMETPUYHUX 3aJadax
BiAIIOBiAbL MOJKHA IOZaBaTU y BUIJIALL OyKBEHOTrO

U

BUpPAa’dy, AKUH MICTHUTh T, a B NPUKJATHUX 3aJadax CexkTop — BiA natnH-
6a’KaHO YMCJIO T 3aMiHIOBATH HOTr0 HAOJMIKEHUM 3Ha- CbKOTO «CeKTop» — PI3eUb:
YEHHAM.

O3HAa4YeHHA

KpyroBum ceKTopom Ha3MBAETbCS YACTUHA Kpyra, aKa
JIeXuTb ycepeauHi BiANOBIAHOMO LIeHTPaNbHOro KyTa.

Ha puc. 133 zamiTpuxoBaHO KPYTOBUII CEKTOD,
AKUHN BiAIIOBiae MeHIIIOMY IeHTpasibHOMY KyTy AOB
(abo cnupaerbcsa Ha ayry AMB).

Ockinpky 1mioma Kpyra gopisamoe nR?, To 1mwio-

II[a KPYyroBOro CEKTOpa, IO CIIUPAEThCs HA Ayry 1°
2

JIOPiBHIOE

Puc. 133. Kpyrosuii cekTop

207



Po3pin V. MNpaBunbHi MHOrOKYTHUKM. [JOBXWHa kona. Mnoula kpyra

CermeHT — BIA Na-

TWUHCBKOIO «cermMmer-

TyM» ~ BiAPI30K.

4, M8

6

Puc. 134. Kpyrosuii
CerMeHT

OT:xe, MJIOIIAa KPYrOBOIO CEKTOpPa, IO CIUpa-
€ThCS Ha YTy 3 I'PaJyCHOI0 MipOIO 0, 00YUCIIOETHCA
3a ¢opmynor0

nR®
CeKT = 360 .a

O3HA4YeHHA

Kpyrosum cermeHTOM HA3UBAETLCS YACTUHA Kpyra,
AKa NexuTb No oAuH 6iK BiA Npamoi, Wo nepe-
TUHAE LeW Kpyr.

VYuacaigok mepeTuHy Kpyra 3 mpamor AB
YTBOPIOIOTHCA ABa KPYyTOBi cermeHTu: Ha puc. 134, a
3aIlITPUXOBAHO MEHIIUN KPYTOBUU CEeTrMeHT, a Ha
puc. 134, 6 — OinbIuii KPyroBUM CETrMEHT.

IInoma cermMeHTa, IKMil He AOPiBHIOE MiBKPYTY,
00YHCIIOETHCA 32 (POPMYIIOI0

nR?
cerm = O i SA ’
360
Je o — TrpajaycHa Mipa Ayru, o OOMe:Kye Ieu
cerMeHT, S, — IJIOIIA TPUKYTHUKA 3 BepPIINHAMU

B IIEHTPi Kpyra i Ha KiHIAX miel gyru.
Ilpu mbomy 3HaK «+» Tpeba obOMpaTH, KOJIHU
o >180° a sHaK «—» — Koau o< 180° ¥V Bumagry

o.=180° cermeHT € IIiBKPYroM, MJIOIA STKOTO JTOPiB-
2

HIOE

3anumaHHa i 3a0audi

k YcHi BnpaBu

637. Busnaute, AK 3MiHATHCA AOBXKMHA KOJIA i ILJIOIIa OOME)KEHOTO HUM

Kpyra, AKIIo:

a) pazaiyc KoJia 30iJIBIITUTH BTPUYI;
0) miameTp KoJia 3MEHIIIUTH B 5 pasiB.

638. Yu ¢ mpaBuiabHEM, IO AOBXKMHA KoOJa OLIBINIA 3a HOro MOTPiHHMH

miametp?
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§ 19. [loBxuHa koma i niowa Kpyra

639. Yu moxxe moma NpaBUJIBHOIO MHOTOKYTHHMKA, BIIMCAHOIO B KOJIO,
OyTHu OiJIBIIIOI0, HijK TJIOIA KpPyra, OOMesKeHOro UM KOJIOM?
¢ 640. Kpyrosuit cexTop crmpaeThes Ha AYTY o. BusHauTe, UM € KyT o TO-
CTPUM, IPAMUM ab0 TYIHUM, SKIIO:
a) MOBXKMHA AYI'U, siKa OOMErKye CeKTOpD, CTAHOBUTH UBEPTH NOBIKUHU
KO0JIa;
0) ILTOIlla CeKTopa CTAHOBUTH TPETUHY ILJIOIII Kpyra.
¢” 641. Is xpyra paziyca 4 Bupizano cermenT. BusHauTe, Uu € AaHUH CETMEHT
OisbpIIM a00 MEHIIUM 3a IIiBKPYT, AKIIO:
a) ILJIOIla cerMeHTa MOpiBHIOE 97
0) IJIOIA CerMEHTA CTAHOBUTH IIOJIOBUHY ILJIOINI YaCTUHUW KpPyra, II0
JIATITUIIACH.

A MNpadiuHi BNpaBm

642. BuoumiTe y Kpyr piBHOCTOPOHHIiiI TPUKYTHUK. BHAIiIITE KOJIBOPOM
cerMeHTH, 1110 yTBopuJjucs. SIKka rpagycHa mipa ixHixX gyr?

0 643. Haxkpecaits 1Ba KpyTH 3i cIigbHUM HeHTpoM i pagiycamu 2 cM i 3 cm.
ITopiBHANTE HA OKO MJIOITY MEHINIOTO Kpyra 3 IJIOIIEI0 YTBOPEHOTO KiJbIId.
ITepeBipTe MpaBUJIbHICTL TMOPiBHAHHS OOYMCJIEHHIM.

e NMucobmoBi Bnpasu

PieHb A
644. 3naiigits:
a) JOBXKUHY K0JIa, PaJiyc SKOTo JOPiBHIOE 6 cM;

0) pazmiyc Koja, OBMKHHA SKOrO IOPiBHIOE
12,56 cm.

645. 3naiigiTe TOBKUHY KOJa:
a) BIMCAHOIO y KBajpaT 3 Iomen 144 cm?;
0) omMCaHOr0O HABKOJO PiBHOCTOPOHHBLOI'O TPUKYTHUKA 3i CTOpO-
HOIO 4\/§ CcM;
B) OIIMCAHOIO HABKOJO MIPABUJBHOIO INECTUKYTHUKA 3 IepuMe-
Tpom 30 cm.

4 646. IleTpuk, momomaraiouu 6abyci, HaOUpPaB BOAY 3 KOJOAA3H. XJIOMUUK
migpaxyBaB, IO MigHATA Bigpo moskHa 3a 20 obGepriB Basmy. Aka rinOmHA
KosofsasA (y M), aKImo aiamerp Baay gopiBaioe 0,2 m? Bpaskaiirte, 1o n=3.
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647. Ha muasaxy 219,8 M KoJeco eJeKTpPOBO3a PO-
outb 50 00epTiB. 3HAUAITE AiaMeTp KoJieca.
648. O6uuciTh HOBXKUHY KOJIOBOI Op6iTH IITy4-
HOT'O CYIIyTHUKA 3eMJIi, AKINOo BiH o0epTacThes Ha
Bimcrani 330 kM Bim 3eMHOI IMOBepXHi, a pajaiyc
3emai mopiBuioe 6370 KM.
649. 3naiimgite KOBXKWHY ZYTH Koja pagiyca R,
AKINO 11 rpagycHa Mipa JOpiBHIOE:
a) 90°; 6) 135°; B) 340°,
650. lop:xuHa MaATHUKA CTIHHOTO TOJMHHUKA JO-
piBaiOE 60 cM, a KyT #oro KoiauBanb — 30°. 3uaii-
IiTh JOBXKHUHY AYTH, AKY OINHNCYE KiHemb MasAT-
HHUKA.
651. 3maiigite giameTp Koja, AKIO ZOBKUHA HOTO
nyru mopiBHIOE 12,56 cM, a rpagycua mipa — 240°.
652. [losxuna KOJa IUPKOBOI apeHU AOPiBHIOE
75,36 M. 3HAUAITH TJIOIY apeHw!.
653. 3naiixiTs momy Kpyra, 06MeXeHOTO KOJIOM:
a) BIMCAHUM B IMIPABUJIBLHUU IIECTUKYTHUK 31 CTOPOHOIO 83 cM;
6) OmMCAHMM HABKOJIO KBaipara 3 ImepuMeTpoM 1242 cm.

654. 3naiiniTe niomy Kpyra, oOMesKeHOTO KOJIOM:
a) OIMCAHWM HAaBKOJIO PiBHOCTOPOHHBLOI'O TPUKYTHHUKA 3 BUCOTOIO 6 CM;
0) BOMCAaHWM y KBajpaT 3 JiaroHAaJIIIO0 142 cm.
655. Pagiycu kin crpimenskoi mimeni
mopiBuiOOTL 1, 2, 3 i 4 (puc. 135). 3ua-
WOITh MJIOITY KOYKHOTO 3 TPhOX Kijelb
Mitreni.
656. Isi Tpy6bm BOZOTOHY, BHYTpimI-
Hi miameTpm AKUX MOpiBHIOIOTH 10 cm
i 24 cMm, HeoOXimHO 3aMiHUTH OFHi€I0, HE
3MiHIOIOUM IIPOITYCKHOI CITPOMOKHOCTI.
SkuM mae OyTu BHYTPiIIHiIN miameTp
HOBOI TPyOu?

Puc. 135

657. 3naiiniTe miomy Kpyroeoro cexkTopa 3 pamiycoMm R i mayroro o, SKIIO:

a) R=9, a=120°% 0) R=8, a=225°% B) R=12, a=15°
658. 3maiixiTe miomry 6igBIIOro i MEeHIIOrO KPYrOBUX CerMeHTIB, Ha fAKi
KpyT paziyca 1 mimuThcs XOpPAOIO, IO JTOPiBHIOE pajmiycy.



§ 19. [loBxuHa koma i niowa Kpyra

PiseHb b

659. 3maiiziTe HoBxEKMHY Koja:

a) BIMCAHOTO B TPUKYTHUK 3i cropoHamu 8 cm, 26 cm i 30 cwm;

0) omMcaHOTO HABKOJIO IPAMOKYTHUKA 3i cTopoHamMu 6 cM i 8 cwm;

B) BIMCAHOTO B IPAaBUJBHUN IMIECTUKYTHUK i3 TJIOIIEIO 6+/3 cm2.
660. losxxuHa KoOna, BIOHCAHOIO B PiBHOOIUHY Tpamemniimo, AOPiB-
HIo€ 1271 cM. S3HAUIITE IIJIOITY Tpamerii, akimo ii 6iuHa cTopoHa JopiBHIOE 13 CM.

4 661. Buaiixits JOBXUHY KOJIAa:

a) BmucaHoro B pom06 i3 miaromamamm 30 cm i 40 cm;

0) OmImMCaHOr0 HABKOJIO IPSIMOKYTHOI'O TPUKYTHUKA 3 KaTeTaMu 14 ¢cv i 48 cm.
662. Ha puc. 136 Ha ciTIi 3 OJUHUYHNX KBaApaTiB 300paskeHO0 (irypu, o
CKJIAJAIOThCA 3 AYT KiJ i3 3afaHuMMU IeHTpaMu. SHAWIITh:

a) mepuMmeTp 300paskeHoi ¢irypu (puc. 136, a);

6) muorry 3adapboBaHoi wacTuHU Kpyra (puc. 136, 6).

Puc. 136
4 663. Ha puc. 137 ua ciTIi 3 OIUENIHNX KBAIPATiB 306paskerHo (GirypH, o
CKJIAJAIOThCS 3 AYT KiJ i3 3ajaHmMu IeHTpaMu. SHAWIITh:
a) mepuMeTp 3o00paskenoi ¢irypu (puc. 137, a);
0) mory 3adapboBanol uactuHM Kpyra (puc. 137, 6).

a 0
Puc. 137
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664. BusHauTe [OBKUHHU IyT, AKi ONUCYIOTH IIPOTATOM 2 TOAUH KiHII
CTPiJIOK TOAVHHUKA Ha OyAiBii XapKiBChKOTr0 YHiBEepPCUTETY, AKIIO IOAUHHA
cTpiska Mae JOBKUHY 2,4 M, a XBUJIUHHA — 3,2 M.
665. 3i mmarka MeraseBoro ApoTy, AKHil Mae (opMy AYTH KoJa pajiyca
3 M, HeoOXigHO 3BapuUTH Kijgblle. SHAWAITH pagiyc IIbOr0 KiJbIld, SKIIIO
rpagycHa mipa ayru ckJjaagae 120°.
666. 3naiimgiTh mioITy Kpyra, 0OMesKeHOTO KOJIOM:
a) omucaHUM HaBKOJIO PiBHOOEIpPEHOro TPUKYTHUKA 3 0CHOBOIO 48 cm
i mpoBeneHo0 M0 Hel Memiamoo 32 cM;
0) BmmcaHuM y pom6 3 mepumeTpoMm 48 cm i kyTom 120°.
667. 3maiiniTs miuonry Kpyra, o6MeXeHOTo KOJOM:
a) OmMCAHMM HABKOJIO HNPSIMOKYTHHKA 3 MEHIIIOI CTOPOHOIO 4 CM
i kyrom MixK miaronamamm 60°;
0) BOMCAaHUM y TPUKYTHUK 3i croponamu 11 cm, 13 cm i 20 cm.
668. Isa xoma marTh coinbHEHil HmeHTP O
(puc. 138). IoBexiTh, II0 WJOINA YTBOPEHO-
ro KiJbIA JOPiBHIOE AOOYTKY IIUPUHU KiJib-
1A AB Ha JOBXUHY KO0JIA 3 TUM CAMUM IIeHTPOM
i pagiycom OC (C — cepenuna AB).
669. Ilnoma cexropa 3 gyrowo 108° mopisHioe S.
3HalAiTL pamiyc cexTopa.
670. 3maiigiTe mIOIy KOXKHOTO i3 CerMeHTiB,
110 JieKaTh II03a BIIMCAHUM y KOJIO pajxiyca R
MPaBUJBHUM N-KYTHUKOM, AKIIO:
a) n=3 (puc. 139, a); Puc. 138
6) n=4 (puc. 139, 0);
B) n=06 (puc. 139, s).

B

D

Puc. 139



§ 19. [loBxuHa koma i niowa Kpyra

4 671.

Pagiyc kpyra mopiBHioe R. 3HAWITH IIJIOINY KPYTrOBOrO CerMeHTa, Ayra

AKOTO JTOPiBHIOE:

672.

4 673.

a) 60°; 6) 240°.

PiseHb B

3a manumu puc. 140:

a) moBeniTh, IO IJjoIa 3adgapOOBaHOTO TPUKYTHUKA IOPiBHIOE CyMi
ot 3adapboBaHux cepnukis (puc. 140, a);

0) sHalifiTh mepuMeTp Qirypu, AKa 3o0paskeHa Ha CiTIi 3 IpaBUJIb-
HUX TPUKYTHHUKIB 3i cTopoHoio 1 i cKagaeTbesa 3 AyT Kija i3 saganu-
mu 1eaTpamu (puc. 140, 6).

VAVAVAYAY,
VAVAN/ ANV
ng¢$

Puc. 140

3a manumu puc. 141:

a) moBeniTh, 10 ILTOINA 3adpapOoBaHOi (irypu HOpPiBHIOE CyMi IIJIOIIL
mectu 3adapboBaHux cepuukis (puc. 141, a);

0) sHalmiTh mepuMeTp Girypu, SKa HapucoBaHA Ha CITII 3 OAUHUYIHUX
KBaJIpaTiB i CKJIAMAETHCA 3 AYT KiJj i3 3amanumu neatpamu (puc. 141, 6).

=N

\\_’ |_—1

. 4

Puc. 141
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674. IInoma KpPyroBOoro ceKTOpa [JOPiBHIOE
6m cm?, a JoBXKMHA oro Ayru — 21 cM. 3HAUIITE
ILJIOIITY KPyTa, BIIMCAHOTO B Iieii ceKTop (puc. 142).
675. Croporu TpuKyTHUKa AOpiBHIOIOTH 17 cM,
25 cm i 28 cm. Koo 3 meHTpoOM Ha HaNOiJbIIiN
CTOPOHI TPUKYTHHUKA JOTUKAETHCSA O ABOX iHIITMX
cTOpiH. S3HANAITE IOy KPyra, 0OMesXeHOTo I[IM
KOJIOM.

676. Koso ginuTh KOMKHY CTOPOHY PiBHOCTO-
POHHBOTO TPHUKYTHUKA HaA TPU PiBHI yacTuHU
3aBIOBKKU 2 CM. SHANIITH TJIOIY YACTUHU TPU-
KYTHUKA, 110 JIE}KUTH yCepeauHi KoJia.

Puc. 142

‘i‘ OHnanH-TecTyBaHHA ANA NiAroTOBKU
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AO KOHTPOJNbHOI po6oTu N2 5

3apayi AnA nigroToBKM A0 KOHTPOJbHOI po6oTtu N2 5
1. 3maiigite BHYTpimHI# i HeHTpPaAbHMI KyTH NPaBUJILHOTO JBAHAIA-
TUKYTHUKA.
2. Iljmoma Kpyra, BOIMCAHOTO y KBajparT, HopiBHIOE 16m cm?. BHaHgiTh
IJIOIITY KBaJjpara.
3. 3maiifiTs JOBXKUHY KO0Ja, ONMCAHOIO HABKOJO IIPABUILHOTO IIECTH-
KYTHUKa, HalOiJbllla AiaroHaJb SAKOro JOpiBHIOE 14 cM.
4. IIpaBunpHuUi TpuKyTHUK ABC BIOMCaHO B K0J0. 3HAHAITEL IJIOITY TpU-
KYTHUKAa, AKINO qoB:kuHa nyru CAB ckjamae 8m cwm.
5. BuszaurTe KiJbKicTh CTOpiH IPaBUILHOIO BIMCAHOTO MHOTOKYTHHUKA,
AKIIO KOYKHA CTOPOHA CTATYE AYTY 37T CM, a pajiyc OIMCAHOI'O0 KOJia JOPiB-
HIoE 12 cwm.
6. IIpamMOKyTHMII TPUKYTHHK 3 rimorterysoro 12 i roctpum Kytom 30°
BIIICAHO B KPYI. SHAKWIITh MJIONI[Y KOYKHOI'O 3 CErMEHTiB, AKi BiATMHAIOTH
CTOPOHU TPUKYTHUKA.



niocymku po3oiny V

NMPABWUJIbHI MHOIOKYTHUKU

HpaBI/IJII:HI/IM MHOTOKYTHUKOM Ha3WBa€TbCA OHyKJII/Iﬁ MHOT'OKYTHUK,

y SKOMY BCi CTOPOHM PiBHI I yci KyTH piBHI

IIpasunvnuii
MPUKYMHUK

a,=60°

IIpasunvnuii
YOMUPUKYMHUK
(xeéadpam)

IIpasunvruii
WwecmuKymuuk

0, =120°

@®opmyia A 00YUCIEHHA KyTa 0, TIPABUJIbHOTO N-KYTHUKA:

n—2
n

n

-180°

IMenTpanbHUM KyTOM IPABUJILHOTO MHOTO-
KYTHUKA HA3WBAETHCSA KYT, Il AKUM CTO-
POHY MHOTOKYTHUKA BUIHO 3 IIEHTPA I[HOTO
MHOTOKYTHUKA. IleHTpaibHU# KyT mpa-

BUJIBHOTO 7-KYTHUKA TOPiBHIOE

360°
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BMUCAHE U ONUCAHE KOJA
NMPABUJIbHOIO MHOIOKYTHUKA

Teopema npo 6nucarne il onucane Kona
nPaBuUNbHO20 MHOZOKYMHUKA
HaBkos10 6yab-AKOT0 IPAaBUIBHOI0 MHOTOKYTHUKA MOJK-
Ha OIMCATH KOJIO, i B OyAb-AKNI IPABUILHUN MHOTOKYT-
HUK MOJKHA BIIMCATU KOJIO, IPUUYOMY IIEHTPU OIIMCAHOI'O

i Bmucasoro kisn 30irarorncsa.

IIpaBuabHMI MHOTOKYTHHK MAa€ €QUHE BIIMICAHE i €TmHe

OIIMCaHe KoJia

@dOPMY/N PALIYCIB BMUCAHOIO M OMUCAHOIO Kl

Hna HAna HAna HAna
npaéunbHo2z0 npaeuibH0z0 Keéadpama npasunibH0o20
n-Kymuuka mpuKymHurka uLeCmuKymHukKa
n
a a a
R = 0 = 3 R = Z R = a6
180°
2sin \/5 \/5
n

dOPMYNN ANA KOJNA | KPYTA TA iX YACTUH

Teopema npo idnowenns 0o6scuru Kona 0o ozo diamempa
BigHomenHA DOBKWHM KOJia JO HMOTr0 AiaMeTpa He 3aJeXUTh BiJ KoJja,

C
TOOTO € OJHAKOBUM [JA OyIb-AKHX ABOX KiJ: E:nz&l‘l

IloB:xuHa KoJa
C=2nR

ILnoma kpyra
S=nR?
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®OPMYNU ANA KONA | KPYTA TA IX YACTUH

prrOBI/IM CEKTOPOM Ha3MBA€THCA YaCTHUHA KPyra, AKa JeXNUTb ycepe/:[I/IHi

BiZIIOBiZHOTO IIEHTPATILHOIO KyTa

HoB:KrHA IyTH

O
180
lo

IInoma Kpyrosoro

ceKxTopa
R’
CeKT = : a
360

KpyroBum cerMeHTOM HA3WBAETHLCA YaCTHMHA KPYyra, SKa JIEXKUTh 0 OTUH
0ik Bijg mpsaAMOI, 1110 IIePEeTUHAE el KPyT

IInoma
cerMeHTa,
MEHIIIOT'O
3a IIiBKPYT

_mR*
cerm 360 A

ILnomma
CerMeHTa,
0ibIIIOTO

3a MiBKPYT

_ TR’
cerMm 360

“o+S,
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Q KoHTponbHi 3anutaHHA ao pospainy V

1. [laiiTe o3HaueHHA NMPaBUJILHOTO MHOTOKYTHHKA.
2. JloseniTh ¢opMyJaM pajiyCiB BIMCAHOTO i ONMMCAHOIO KiJ AJIs IpaBUIb-
HOTO N-KyTHUKA.
3. Bupagits paziycu BImcaHoro i ommcaHOro KiJ:

a) TPaBUJIBHOI'O TPUKYTHUKA 31 CTOPOHOIO @;

0) KBajgpara 3i CTOPOHOIO a;

B) IIPABUJIBHOTO IIECTUKYTHUKA 31 CTOPOHOIO a.
4. Onumirs no6ynoBy IpaBUJIBHOIO TPUKYTHUKA, KBaApaTa, IPABUILHOTO
IMEeCTUKYTHUKA.
5. CoopmymoiiTe TeopeMy PO BiJHOIIEHHS AOBKWMHHU KOJa IO HOro gia-
merpa. HasBiTh HabaMKeHe YMCI0Be 3HAUEHHS I[HOTO BimHOIIEeHHA. SIK BOHO
TIO3HAYAETHCA?
6. BanumriTe GOpMyIM DOBXUHU KOJA i JOBKUHM AYyTH KOJA.
7. Banumits GopMysy IJIOMII Kpyra.
8. Onumits Kpyrosuii cekTop. BamUIIiTh (GOPMYJIY ILJIOII KPYTOBOIO CEKTOPA.
9. Onumite KpyroBu#l cerMeHT. SaNUIIiTL (GOPMYJY ILJIOIIL KPYTOBOIO
cerMeHTa.

k/ HdopatKkoBi 3agaui go pospainy V

218

677. Cyma BHYTPIIIHIX KyTiB IpaBUJILHOTO MHOTOKYTHHKA BJBiui GinnIia
3a cyMy HOTO 30BHIIIHIX KyTiB. SHAWIITHL TJIOMN[y IILOTO MHOTOKYTHHWKA,
AKIIO pajiyc KoJia, OMMCAaHOTO HABKOJIO HHOTO, MOPiBHIOE R.
678. V mpamwuii KyT BOMCAHO KOJIO pajiyca 4 cMm. 3HaiifiTh mepuMeTp
dirypu, o6Me:keHOI cTOpoHAMHU KyTa i MEHIIIOI AYTOI0 KO0Ja, IO MiCTUThCSA
MiK TOUKaAMHU JOTUKY.
679. Busnaure, uu Oyfie IpaBUILHUM PiBHOCTOPOHHI MHOTOKYTHHK, SKIIIO
BiH €:

a) omMcaHUM HABKOJO KOJia; 0) BIIMCAHUM y KOJIO.
680. V xono Bnmcani KBajgpaT i NIpaBUIbLHKUI TPUKYTHUK. SHAHAITE IIOITY
TPUKYTHUKA, AKIIO IIJOIA KBajapara AOpiBHIOE S.
681. IlenTpu ABOX Kis, IO IepeTUHAIOTHCS, JeXKaTh IO PisHI GOKHU Bif
iIXHBOI CIIiJIBHOI XOPAM 3aBAOBIKKU a. 1A xopma B OHOMY 3 KiJI € CTOPOHOIO
BIIMCAHOTO KBajpara, a B iHIIOMY — CTOPOHOI IPaBUJILHOTO BIHCAHOTO
IMIeCTUKYTHUKA. SHAWIITh BifcTaHb MijK IeHTpaMu KiJ.
682. V cerment, ayra sxoro nopiBHoe 120° i Mae moB:KHUHY [, BIHCAHO
KO0JI0 HaibiabIioro pasgiyca (puc. 143). 3HalAiTh JOBMKUHY IIHOTO KOJAa.



Mincymkn posginy V
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683. JIBa Koja MaOTh COLIBHUI IeHTD. SHAKIITH IJIOITY YTBOPEHOTO KiTbIld,
SAKIIO X0opAa OiJIBITIOT0 KoJia, AKa JOTUKAETHCA JO MEHIIIOT0, Ma€ MOBXKUHY 24.
684. Iosesnits, mo Oyab-AKi ABa OIPAaBUILHI N-KyTHUKHW HOAi0OHI.

3apavi nigBULWEHOI CKNapHOCTI
685. Bigpisku, mo cmoayualoTh cepefUMHM KOXKHOI 3i CTOpiH KBajgpara

3 KiHIAMM TPOTUJIEKHOI CTOPOHU, OOMEKYIOTH OMYKJWH BOCBMUKYTHUK
(puc. 144). Yu € BiH mpaBUIBHUM?

o

0

Puc. 143 Puc. 144

. . 3
686. [losesniTh, 110 IJOINA NPABUJIBHOTO IIECTUKYTHUKA JOPiBHIOE 7 Bo

OyTKY ABOX IOr0 HEpiBHUX [AiarToHAaJe.

687. Cropona kBagpaTa AOpiBHIOE a. SHaAHAITHL AOBKUHY KoOJa, SKe
IPOXOAUTDL Uepe3 KiHIll OfHiel CTOPOHM i JOTMKAETHCA O TPOTUJIEIKHOI.
688. Cropona xBagpara nopiBHIOE a. KosxHa BepIInHA KBagpaTa € IeHTPOM
KoJila paxiyca a (puc. 145). 3maiimiTe mepuMeTp KPUBOJIHIHHOTO YOTHUPU-
rytauxka ABCD.

689. JIBa xona 3 pagiycamu 3 cM i 9 c¢M JOTHKaIOThCSA 30BHI B Toumi A.
ITeBHA mpAMa HOoTUKaAETHCA A0 IUX Kija y Toukax B i C (puc. 146). 3HaliTh
IJIOIIY KpuBoOJiHiifimoro TpukyTHuKka ABC i pazgiyc Koja, BIIMCAHOT'O B HHOTO.
690. Tano npaBuabHUil n-KyTHUK. JloBeAiTh, 110 CyMa 7 BEKTOpPiB i3 Io-
YaTKOM y IIEHTPi IIOT0 N-KYTHUKA i KIHIAMMW B MOr0 BEPIIIMHAX JOPiBHIOE
HYJIBOBOMY BEKTODY.

Puc. 145 Puc. 146
219



Po3pin V. MNpaBunbHi MHOrOKYTHUKM. [JOBXWHa Kona. Mnoula kpyra

IctropuyHa posigka

TuTepec sroavHM 0 TPABUJIBHUX MHOTOKYT-
HUKIiB BUABJABCA 3 IpajaBHixX uyaciB. IIpaBuabHi
YOTUPUKYTHUKHU, IIIECTUKYTHUKY i BOCBMUKYTHUKU
3ycTpiuaioThCsa B KyabTypax aBaboro €runty i Ba-
BUJIOHY yV BUTVISAA1 HaCTiHHMX 300pasKeHb i IpuKpac
i3 kamenio. [[laBHiX I'pekiB mMikaBuJa rpodaema Io-
IiJIy Ayru KoJia Ha MeBHY KiJIbKIiCTh PiBHUX YaCTUH
L1 TIOOYOBU MMPABUJIBHUX BIMCAHUX MHOTOKYTHU-
KiB. Hocuig:xeHHa miaropiirie i3 mMporo muTauHga
cucrteMmatusyBaB EBKJin, AKWil y ueTBepTiii KHU31
«Hauan» ommcaB moOymoBy HpaBUJIBLHOTO 15-KyT- [ L
HUKa MUPKyJIeM i jgixifikor. OgHaK, mo0yayBaBIIN Eernid
OpaBUJIbHI n-KyTHUKU mpu n = 3, 4, 5, 6, 8, yueni
IOBTO HE MOIVIM OOCJIAUTHA MOKJIUBICTH TOOYIO-

BU NPABUJBHOTO CEMUKYTHHKA 1 AeB’ATUKYTHHUKA.

TeopeTuuHy MOKJINBICTL IOOYIZOBM NPaBUJILHOTO
17-kyTHUKA Iie y 19-piuHoMy BiIli 0BiB 3HAMEHUTHUH Hi-
menbKuii marematuk Kapua Tayce (1777-1855). Ilisuimre
BiH BCTAHOBUB MOKJIMBICTL IIOOYIOBU IIMPKYJIEM Ta JIiHifi-
KOIO N-KYTHUKIB, g aAkux n=2"-p,;-py-ps-...-py, Ae BCi

P; — DpisHIi IpocTi ymcaa BUTTIALY 22h +1. 3 mpamnp I'ayca
Ta HOT0 MOCJIiJOBHUKIB BUILINBAE, IO AJs iHIITNX 3HAYEHDL 11
BiAmOBigHI mMOOYZOBM 3a MOIIOMOI'OI0 ITMPKYJIA Ta JiHIAKMN
€ HEMOXKJIMBUMU. S0KpeMa, HEMOKJIMBOIO BUABUJACH MOOY-
I0BA IPABUJILHOIO CEMUKYTHHKA TA AEBATUKYTHUKA.

Cam T'aycc BBaskaB Take MOCJIiAKEeHHS HaA3BUYANHO
Ba’KJMBUM Ta BHCJIOBUB IIO0AKAHHSA IIOA0 300pakKeHHs Ha
HOro MOTMJIi IPAaBUJIBHOTO CiMHAAIATUKYTHUKA.

Kapax I'aycc

Mamemamuunuit nanipyc Pinda —
0asHvo€zUNEeMCbKUL HABYAALHULL
nocibHuK 3 apu@memurxu i zeome-
mpii nepiody CepedHvozo uapcmea,
nepenucanuil npuba. 1650 do H. e.
nepenucysaiem Axmecom Ha cysiil
nanipycy O0oeéxcurnow 5,25 mempis
i wupunow 33 cm

220



IcTopryHa posiaka

3a BiICYTHOCTI TOUHWX MAaTEMAaTUYHUX PO3PAXYHKIB y MUHYJI ua-
CH IIIMPOKO BUKOPUCTOBYBAJIM ITPUOJIM3HI OOUMCIIeHHA U moOymoBu. Aute
HaUIupIe HAOJMKeHi O0UYMCJIEHHsS 3aCTOCOBYBAJIM B 3ajadyax Ha 3HAXO-
I)KeHHs JOBXKUHU KoJjia i mionii kpyra. Illle B mamipyci Pinga (XVII cr.
0 H. e.) 3a3HavaJiocsd, IO 3a IJIOIINY Kpyra cJia OpaTu IJIOIIY KBaapara

2
. . . 2
31 cTOpOHOIO, 110 AOPiBHIOE % niamerpa: S :(§-2R) :ng, TOOTO A1

256 .
yucJa 1 o0upaiocs HaOIMKeHH gz 3,1605... . B iHMUX e€rumneTcbKuUx

Ta BaBUJIOHCHKUX TEKCTaX 3yCTPIiUaeThCA HAOJMIKEHHA T ~ 3, AKe I[1ITKOM
BJIQIIITOBYBAJIO TOTOYACHUX 3eMJeMipiB. [laBHi puMJIAHU 3a JOIIOMOTOO
MIPSAMOTO BUMIiPIOBAaHHSA JOBKUHU KO0JIa MOTY3KOI0 OTPUMAJIN HaOJIMIKEHHA
T ~ 3,12. Ane mepmry crupo0Oy BH3HAUMTU YHCJIO T Ha OCHOBI TeopeTuu-
HUX MipKyBaHb 3AiticHuB y III cT. 1o H. e. cilaBeTHUHN AaBHBOIPEIbKUI
yueHuii Apximen. ¥ cBoiii po6ori «IIpo BuMipoBaHHSA Kpyra» Ha OCHOBI
BUMIiPIOBAaHHSA NEPUMETPIB ONMCAHUX i BOMCAHUX MHOTOKYTHUWKIB BiH 0-

. 10 1 22
BiB, IO 3H<n<3?. HabauxkeHe 3HaueHHA n=7z3,14,

3aIporroHoBaHe ApxiMenoM, BUKOPUCTOBYETHCS, SIK BaM Bio-
MO, i B HaIII 4ac.

3 IO0ABOI0 HOBMX METOJAIB OOYMCJIEHBb JOCJiIKeHHS
yucjia T OPomoB:KyBaaucsa. ¥ 1736 p. BcecBiTHLO BigoMuii
yuenuii Jleoumapsa Eitnep oOuumcauB © 3 TouHicTio mo 153-ro
mecsaTKoBoro 3uHaxa. Came BiH BBiB B 00ir mosHaueHHsA 1 (Bif
mepirnoi OyKBU I'PEIbKOr0 CJa0Ba «iIepudepis» — KoJjio). ¥ Ha-
i yacu 3HAUeHHsS T o0YMCIeHe 3 TOYHICTIO A0 KiJIbBKOX CO-
TeHb THUCSY 3HAKiB, 1 B mIpeci uac Big yacy 3’sSBIAIOTHCA TIO-
BiJOMJIEHHS TIPO HOBi «PEKOPAM» TOUYHOCTI ITMX OOUYUCJIEHB.
AJte i mocArHeHHs IIIKABJIATH Xi0a
10 KHUTY pexopniB I'immecca, amxe
HiAKOro IMPaKTUUYHOTO 3HAUEHHS Ta-
Ka TOYHIiCThP HEe Mae — BOHA JINIIE
IeMOHCTPYE IlepeBarum cydJacHHUX 3a-
co0iB i MeTOLIB OOUMCJICHB.

Hocaimxenns Apximena i fioro
TIOCJiIOBHMKIB 3aIllOYaTKyBaJU Ha-
TpAM reoMeTpii, AKMIl CbOTOAHI Yac-
TO BUNIJIAIOTh B OKPEeMUU PO3Mi,—
reoMeTpiio KiJ.

Basenvcvruil yHigepcumem,
Oe nasuascsa Jleonapd Eiinep
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@ MaremaTnyHi onimniagun
Mi>kHapoaHi maTemaTUyHI oniMmniagn ANA WKoNApis

IcTopiro MmaremMaTUUYHUX OJIiMImianm AJIA IITKO-
JSIpiB npuiiHATO BecTu 3 1894 pory, Koiu B Yrop-
muHi BigOysaca mepiia ojgiMnoiaza 3 MaTeMaTUKU
IJsd BUIIYCKHUKIB rimuasiii. BigTomi B O6ararhox
KpaiHax cKJjaJjacsd CBOA CHUCTeMa TPanuIliiHUX
HaIllioHaJBHUX oOJiMIian 3 maremaruku. Tak,
3 1961 pokry peryasapHO BimbyBaeTbcsa Bceyxpa-
iHCBhKa oJiMmiaza 3 MaTeMaTHUKHU IJIA IITKOJIAPiB.

YV 1959 pomi 3a imimiaruBoio PymMyHCBKOTO MaTeMaTW4YHOTO Ta
(disumuHoro ToBapmcTBa B PymyHii BigOynaca I MikHapomHa marema-
TuuHa oaimnoiaza (MMO). ¥V Hi#l y3agm yyacThb KOMaHAW 3 7 KpaiH.
Bigroni me HalimpecTu:KHIiIIEe MisKHapoOgHe iHTeJIeKTyaibHE 3MaraHHA
cepen IMKOJAPIB CTApPIIMX KJACIB IPOBOAUTHCSA KOMKHOTO POKY (3a
BuHATKOM 1980 p.). B ocramui poku B MMO 6epyTh ydacTb TOHA[
100 xpain i3 5 KoHTHUHEHTiIB. UnMaJI0 TaJaHOBUTUX YUYHIB 3 YKpaiHu
CTaBaJIU MEePEMOKIIAMU MiKHApPOOAHMX MaTeMaTHUYHuUX ojiimmiax. Io-
peuno npurazatu Boaogumupa Ipindenbga — XapKiBCbKOT'O IITKOJIA-
pa, axkuit y 15 pokiB craB abcoaorHuM mnepemoskiiem MMO. 3romom
B. Ipiadenss craB (equauM B YKpaiHil) BueHUM, AKUil ogepskaB Hali-
OPECTMKHINTY MisKHApPOIHY HATOPOAY AJIS MOJIOZUX MaTeMaTHUKiB —
dinpciesry npemiio (y 1990 poriri). Ymepirre odimiiiHO OKpeMoo KO-
MaHI0I0 YKpalHCBbKi IKoJaApi B3aaum ydactb y MMO y 1993 porri.
3 IIbOT0 MOMEHTY, 3aBAAYYIOUM BJACHOMY TaJIaHTY, 3YCHUJJIAM YyYU-
TeJiB i BUAATHUX YUEHHX-MaTeMaTUKiB, IO TOTYIOTH 30ipHY YKpainu
no yuacti 8 MMO, yuHi KOXHOI'O POKY TiJHO IIPeACTaBJIAIOTL HAIIY
Kpainy Ha nmboMy MiskHapomuomy 3maraHHi. ITomax 130 yxpaiHCbKUX
IIKOJIAPIB CTAJIU MEPEMOKIAMYN MiKHAPOAHUX MaTeMaTHUYHUX OJIiMITi-
anm, 3 Hux Oigbire 30 orpuMasan 3070Ti MenaJi. ['opaicTh BUKINKAIOTH
i BpasKamoui JOCATHEHHS HAIINX XJIOMILiB i miBuar!

He meHI 3HAuyIuM € BCECBiTHE BUBHAHHA YKpPaiHChKOI MeTO-
nuuHoi MaremaruuHoi mkoau. [lle y 1987 porti 10 KOMIJIEKTY 3aBIaHb
MiKHaAPOAHOI MaTeMaTUYHOI OJiMOiaay moTpammja Taka reoMeTpudHa
3amaya KuiBchbKoro Bumteas I. A. Kymiaipa. ¥ rocrpokyTHoMy TpH-
KyTHUKY ABC 6GicekTpuca Kyra A meperuHae cropony BC B Toumi L,
a Koo, omucaHe HaBKoa0 TpukyTHuka ABC, — B Toumi N. 3 Tou-



ku L mposemeno mepmeHgukyasapu 10 AB ta AC 3 ocuoBamu K ta M
BigmoBigHo. [JoBemiTh, mo YoTUpuKyTHUKE AKNM ta tpukytHurk ABC
€ PiBHOBEJUKUMH.

Ilix wac poss’sa3aHHsA Iiel 3amadi BapTO 3aCTOCYBATH T'e€OMETPHUUHI
dopmysu Ta MeToau, AIKi B omaHyBaau y 9 Kiaci. PosriaHemMo qoBeneHHS.

3 piBHOCTI MPAMOKYTHUX TPUKYTHUKIB AKL Ta
AML Bunsusae, 1o TpukyTHuK KAM e piBHOGexmpe-
HuM (puc. 147). Ot:ke, OicekTpuca KyTa A IepreHau-
KyJIsApHA o #ioro ocHoBu, To6To AN L KM . 3Bigcu

MaeMO: S, nus

zéAN KM . 3 mopi6HOCTI TPUKYT-

HUKiB ABN ta ALC 3a 1BOMa KyTaMHu BUILIMUBAE, IO

AN AC AB-AC
——=—+, 106T0 AN =———, OTixe, dopMyia
AL AL

AB
I O0UMCIeHH IO yoTupukyTHuKa AKNM Ha-
1 AB-AC Puc. 147
OyBae BUrIARY S, vy =—=—— KM.
2 AL AK
3 immoro Goky, 3 Tpukyrtauka AKL maemo: AL=———4.
sinZKLA
Bpaxosyrouu piBmicts KyTiB: LKLA=/ZAKM =ZAMK , orpumyeMo:
AK
L =———— 3acTocyBaBIIIU TEOPEeMY CUHYCiB, 3 TpuKyTHUKa AKM
sinZAMK
AK _ KM
MACMO™ sin  AMK ~ sin/KAM °
1 AB-AC 1 AB-AC
Takum uymHOM, S = KM=———— KM=
AKNM 2 A_L 2 KM
sinZ/ KAM
1 AB-AC 1 .
=ETKM =EAB'AC'SmZBAC =S,pc . OTixe, YOTHPUKYT-
sin/ KAM

HUK AKNM i tpukytHuk ABC € piBHOBEJIUKUMU.

IIporarom ocraHHiX POKiB 3amaui, 3ampomoHoBaHi Hammumu da-
XiBIAMU, HEOJHOPA30BO BXOMNUJU OO IomepenHix cmuckiB (ShortLists)
3aBIaHb, 3 AKUX Kypi oOmpae ImicTh 3ajad AJid IIPOBEAeHHS 3MaraHHs.
Oprromiter XLVI MMO (2005 p.) Biggaauus B. A. flciacekoro cneriaisnb-
HuUM cepTudikaToM 3a 3HAUHUH BHECOK y (opmyBanusa ShortLists. [Biui
reoMeTpuuHi 3azaui B’suecimaBa AHapiifioBruYa BXOAWJIN IO KOMILJIEKTiB
3aBraHb MikHapomuux mareMaTuuyHux ojimmiazg (y 1998 i 2002 pokax).
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Tect 5
Bubepimv 00nYy npasuavhy, Ha éauty 0YymkKy, 6i0nosidv.

1. Cepen HaBenerux (PopMyJ YVKAXKITH (opMyIy ILIOIII Kpyra pazgiyca R.
A S=2nR b S=%75R2 B S=nR® r S=n’R

2. 3axiHuiTh peueHHS TaK, 100 YTBOPUJIOCA IIPAaBUIbHE TBepHAKeHHS.
Y nmpaBuUJIBHOMY MHOTOKYTHUKY...

A KingpKicTh cTOpiH OisibIlla 3a KiJbKiCTh KyTiB.

b pagmiycu ommcanHoro i BImcaHOro ki 36irarmoTbes.

B 1eHTpM OommMCaHOIO i BOMCAHOTO Kij 30iraioThCs.

I BHYTpPimIHIA KyT 3aBKAU OiJIbINUI 3a 30BHINIHIN.

3. 3maiifiTe JOBKUHY KoJa 3 giaMeTpoM 6 cM.

A 361 cm b 12r cm B 91t cm I 6 cm

4. 3maiinite pagiyc KoJa, oIMCaHOIo HABKOJO KBaApara 3 Aiarosassiio 10 cu.

A 10 cm b 5cm BlO\/E CcM F5\/§ cM

5. 3HalifgiTe BeJIMUYNHY KyTa IPaBUILHOTO IIECTHKYTHHUKA.
A 60° b 720° B 108° r 120°

6. Ilioma KpyroBoro ceKTopa CTAaHOBUTH TPU UBEPTi IJOIIi Kpyra. 3HAii-
IiTh IIEeHTPAJbHUN KYT, AKUU BiAMOBiZae maHOMY CEKTODY.

A 90° b 135° B 240° r 270°

7. BusHauTe KiJTbKiCTh CTOPiH IPAaBUILHOIO MHOIOKYTHHKA, SKIIO HOTO
IMEeHTPAJLHUNA KYT AopiBHIOE 45°.

A4 b6 B 8 riz

8. 3maiigiTh HmepuMeTp NPABUJILHOIO MHOTOKYTHHKA 31 CTOPOHOIO 2 cM,
AKIIO HOro HMeHTPAJbHUNA KYT yABiui Oinbliuii 3a BHYTPiIIHii.
A 8 cm b 6 cm B 12 cm F 16 cm



lotyemock po AMNA

3apauyi Ha NOBTOPEHHA Kypcy reometpii 7-9 Knacis

691. Touku B i C mexxarp Ha BiApisky AD 3aBHoB:xKu 24 cM. BHAHIITH
IoB:KUHY Bigpiska BC, akmo AB =7 cm, AC : CD =3 : 1.
692. Cyma TprOoxX KyTiB, II[0 YTBOPUJIUCS B pPe3yJbTaTi IepeTUHY IBOX
npamux, gopisuioe 220° 3HAWAITH KYyT MiK TJaHUMU IPAMUMIU.
693. V piBHOGenpenomy TpuKyTHUKY ABC 3 ocHOBOIO AC IpOBEefeHO Memia-
Hu AN i CM. [HoBeniTh piBHICTHL TPUKYTHUKIB:

a) ANM i CMN; 6) ABN i CBM.
694. V tpurkyraury ABC 6iceKTpuca 30BHIIIIHBOIO KyTa IPH BepIINHI B
napaJjenbHa cTopori AC. HoBemits, 1m0 AB = BC.
695. Ilosexirs piBmicTs TpuryTHHKIB ABC i A BC,, sxmo BC = BC,,
LA =80°% £B = ZB, = 55° ZC, = 45°
696. YV npamoxyTHOMY TPpUKYTHUKY ABC cepeiWHHUII IepIeHIAUKYJIAP
mo rimorenysu BC meperuHae xater AB B Tourni M. 3HaigiTh rocTpi KyTH
TPUKYTHUKA, aKkio LAMC = 50°.
697. ¥V mpamokyTHOMY TPUKYTHUKY ABC 3 rinorernysoio BC mposeseHo 06i-
cexkrpucy CM. Binpisok MK — Bucora rpukyraunka CMB. 3uaiigits roctpi
KyTu TpukyTHUKa ABC, sxmo LAMK = 140°.
698. [IBi cTOPOHU TPHUKYTHUKA JOPIiBHIOITHL 5 c¢M i 12 cM. YV SKHX MesKax
MOJKe 3MiHIOBATUCS IOB/KWHA TPETHOI CTOPOHU, SKIMO KYT MisK ITUMH CTO-
poHamMu Tymnuii?
699. IIo6ynyiiTe TPUKYTHHUK 3a CTOPOHOIO, IPUJIEIJIIM KYTOM i GicekT-
pucoIo, TPOBEIEHOI0 3 BEPIIUHU I[OTO KYTA.
700. Kono mormkaerhca no cTopiH Kyta A B Toukax B i C. Bicekrpuca
KyTa A mepeTuHae 1e KoJyio B Toukax M i N. [loBeniTh piBHiCTh TPUKYTHU-
KiB MBN i MCN.
701. Ha cropomax AD i BC mnapanemorpama ABCD mnosHadueHO TOY-
Ku M i N BignoBigao, mpuuomy AM = CN = AB. [loBeaiTh, III0 YOTHUPU-
KyTHUK MBND — mapaJiejiorpam, i sHaigiTe #oro KyTtu, axmo LA = 80°.
702. [liaronaui piBHOGespeHOi Tpamerii B3a€MHO NepHeHAUKYIApHi. [o-
BeIiTh, ITI0 CEepeIUHU CTOPiH TpaIlelii € BepIImHAMHU KBaapara.
703. OcuoBy piBHOGEIPEHOr0 TPUKYTHUKA BUAHO 3 IEHTPA OIMCAHOI0 KOJIa
mig Kyrom 140°. 3HaiaiTe KyTu TpuKkyTHUKA. CKiIbKY PO3B’I3KiB Mae 3agaua?
704. Ilpawma, napaJieabHA OCHOBI piBHOGEIPEHOr0 TPUKYTHUKA, AiIUTH 6Giu-
Hi cTOpPOHU y BimgHOIeHHi 3 : 5, MOYMHAIOUM BiJi OCHOBU. SHANAITH NOBXKUHY
BipidKka mpAMOl, AKWI MICTUTHCA BCEPEOUWHI TPUKYTHUKA, SKIIO CepemHsa
JiHisfg, 10 cmosydae cepefuHu OiYHHX CTOPiH, HOpPiBHIOE 8 cM.
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705. BicexTpuca IpaMOKYTHOTO TPUKYTHUKA MiJWThL TillOTEHY3y Ha Bif-
pisxu saBmoBkku 100 cm i 75 cm. 3HAWITL HDOBKUHU BiIpisKiB, Ha AKi
JiJIUTh TiMOTeHy3y BHUCOTA TPUKYTHUKA.
706. 3maiiniTs nepuMeTp i IJIOIY TPUKYTHUKA 3i cTopoHaMu 8 cM i 15 cM
Ta KyToM MiK HuUMH 60°,
707. VYV rpuxkyrHUK 3i croponamu 11 cm, 25 cm i 80 cM BIHCAHO KOJIO.
SHaNAITh IJIOIY ITPABUJIBHOTO TPUKYTHUKA, BIIMCAHOTO B I KOJIO.
708. Ilnoma mapasesnorpama gopiBHioe 21 cMm2, a ofHa 3 HOTO BHCOT 3 CM.
SHaigiTe MEHINY AiaroHajb IIapaJjejorpama, sSIKIIO HOro rocTpuii KyT I0-
piBHIOE 45°.
709. Pagiyc xosa, BOmcaHoro B piBHOGeApeHy Tpalleliio, JopiBHIOE 6 cwM,
a pisaHuna ocuoB 10 cm. SHAKAITH IJIOILY TpameIrii.
710. 3BmaiigiTe miomy Kpyra, B AKHUil BINCAHO IPAMOKYTHUH TPUKYTHUK
i3 xareramu 18 cm i 24 cwm.
711. ¥V rtpukyrauxky ABC AC = b, LA = o, £B = PB. 3naiigits Bucory BD.
712. Tpuxyrauk ABC sagmaHo KoopauHaTamu BepmnH A(—6; 1), B(3; 0),
C(4; 5). 3uaiifiTh MOBKUHY Me[iaHU, IIPOBeNeHol 3 BepiiuHU B.
713. ano Touxry A(1; 2). Bagaiire:
a) IEeHTpaJbHy CHUMETPil0, BHACJIMOK KOl JaHa TOUYKa IIePeXOIUTh
y Toury B(-5; 4);
0) OCLOBY CHMETPil0, BHACJHIOK AKOI JaHa TOUKAa IEPEeXOIUTh y TOU-
Ky C(-1; 2);
B) mapaJjesibHe IepeHeCeHHs, BHACJIIJOK SKOro JaHa TOYKA Iepexo-
IuTh y Toury D(—4; -1);
T) IIOBOPOT HAaBKOJIO IIOYATKY KOOPAMHAT, BHACJIOK KOl JaHa TOYKa
nepexonuTh y Toury E(-2; 1);
) TOMOTETIiIO 3 IIEHTPOM y IIOYaTKy KOOPAUWHAT, BHACJIIIOK SIKOI maHa
TOUKAa IIePeXOAuTh y TOUKy F(3; 6).
714. Iano nmapanenorpam ABCD. Buaiigite AC+BD—2AD.

715. 3Bmaiigites kytu tpuxkyrtHuka ABC, AKIIO
AB (-4; 3), BC (7; 1).

716. Bpycok KoB3ae BHU3 Y3/0BK IOXUJIOI ILIO-
IUHA. 3a JTaHUMU PUCYHKA 3HAWIITH PiBHOMiM-
HY CHJI, IO AiI0Th Ha Opycok. ITosnauTe mpoekIrii
BCix cmJi Ha oci x 1 y. 3anuInits criBBiAHOIIIEH-
Hs MiK IPOeKIisiMu. BUKOpHUCTOBYIOUN APYTHiA
s3axon Heioroma |F=ma|, 3anumrits GopMyry
IJIsl BU3HAUEHHS IPUCKOPEHHS DPYyXy Opycka.
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‘F inAa TMX, XTO Xo4e 3HaTu 6Ginblue

Jlo0amku

Aodamok 1. lMapanenbHe nepeHeceHHs
B 0ekapmosiii cucmemi
KoopOuHam

3acTocyBaHHA TapaJjeIbHOTO IlepeHEeCeHHS
B reoMerpii yacTo moB’sA3aHe 3 JIEKapTOBOIO CUCTeE-
Mo KoopauHat. IloBememo BiamoBinHI (opmynan ma-
paJjieJIbHOTO IEepPEeHEeceHHs y JBa eTallu.

OGr'pyHTY€EMO CIIOYATKY, 110 0 6Y0b-aKux mo-
4ok A i B icHye napanenvhe nepenecenns, aKe ne-
pe6odums moury A 6 mouky B, inpumomy edune.

OueBuAHO, IO TaKe IapaJiejibHe IIepeHeceH-
HA f icHye — B Hampami nmpomeHa AB Ha Bin-
craab AB. JloBememo, 1m0 Oyab-AKe IapaJjiesibHe
mepeHeceHHsA g, dKe IePeBOAUTh TOUYKYy A B TOU-
Ky B, 3biraerbca 3 f.

Hexaitti C — poBisbHA ToOYKa IJIOIUHU.
Posrasuemo Bumamok, kKojqu C He JeXHUTHL Ha
npamiit AB (pwuc. 148). Hexaii Touka C’° — 006-
pas Touku C mpu mapaJieIbHOMY HOepeHeceHHi f,
a Touka C” — o0Opas Touku C IIpu mapaJieJbHOMY
IepeHeceHHi g .

Ockinbru AB=CC’, a mpomeHi AB i CC’ cmis-
HanpsamiaeHi, To ABC’'C — mapaJiejiorpaM 3a O3HAa-
koro. OT:xe, Touka O — cepenuHa Bigpiska CB —
€ cepenuHo0 Bigpiska AC’. AHaJOriuHO TOBOAMMO,
1o Touka O € cepenmuom0 Bifpiska AC’” . 3Bimcu Bu-
mIuBae, 1o Touku C’ ta C”3birarorbesi. Heckiamguo
IOBOAUTHCA iX 30ir i y Bumazky, xoau C JIEKHUTH
Ha npAMili AB (3po0iTh IIe caMOCTiIiHO).

Or:xe, ockinbKu TOuka C mOBijbHA, MapaJeib-
Hi mepeHeceHHs [ i1 g 30irarpThbcd, 110 i Tpeba OyJIO
JIOBECTH.

HoBemeMo Terep TeopemMy OpO 3aJaHHA Ilapa-
JeJHLHOTO TIepeHEeCeHHsA (opMyJilaMW B JeKapTOBil
cucTeMi KOOpAWHAT.

C

Puc. 148. o o61pyH-
TYyBaHHS €IMHOCTI mapa-
JIEJIBHOTO TIepEeHEeCeHHA
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[opatku

Yy
A(x,+a;y,+b)
A(x;5y,)
B'(x,+a;y,+b)
B(x,;y,)
o x

Puc. 149. [lo noBeneHHA
dopMya mapajeabHOro
epeHeceHHs

228

Teopema (chopMynu napanenbHo20 nepeHeceHHs
B NPAMOKYMHIii cucmemi koopouHam)

Y NpsAMOKYTHIX AeKapTOBiA CUCTeMi KOOpAUHAT
napanesibHe NepeHeceHHs, sKke MnepesoAuTb TOu-
Ky (x;y) @irypu F B TOuky (x’;y’) oirypu F’,
30A0€TbCA POpMynamu: x'=x+a, y'=y+b, ne a
i b — yucna, OAHAKOBI ANS BCiX TOYOK pirypu F.

JloBedeHHs

O HoBememo crmodaTKy, IO TePETBOPEHHSA OyAb-
AKoi Toukm (x;y) y Toury (x;y’), me x'=x+a,
y=y+b, a i b — crayi, € mapaJieIbHUM IIepeHe-
CEeHHAM.

Posrnanemo poBinpHI TOukRM A(x;;y,) Ta
B(x,;y,), 10 IepexofATh y Toukm A’(x,+a;y, +b),
B'(x,+a;y,+b) Binmosizmuo. Hexaili Touka B He
HaJie:KUTh npamiin AA’ (puc. 149). Toxi cepe-
IuHU BinpiskiB AB’ ta BA’ MaioTh KOOpPAUHATU

( nExYTa ;A Y, +b] , ToOTO 36iraroThes.
2 2

Omxe, YOTUPUKYTHUK AA’B’B — mapaJieso-
rpam 3a osHakoi. Tomy nmpomeni AA’ ta BB’ cuis-
HampAMJeHi, a HOBKUHU BinapiskiB AA’ ta BB’
piBHi. Takuii camuii BUCHOBOK JIETKO OOI'DYHTYBAa-
™ W y BUIAAKY, KOJIMW TOYKa B HAJEXUTH IPHA-
miit AA’.

OckinbKU 3a DOBeIeHUM IIapaJejbHe IIepeHe-
CeHHs, AKe IePeBOUTH TOUKY A B TOuky A’, enuHe,
a JaHe IePeTBOPeHHA X' =x+a, Yy =y+b € came TaKUM
IepeHeceHHsAM, TO IapajieibHe MepeHeCeHHS B Ips-
MOKYTHIN JeKapToBili cucTeMi KOOPAMHAT 3aJa€ThCs
dbopmynamu x'=x+a, y' =y+b. Teopemy noBenero. B

3a3HauUMMO, IO KOJU 3aJaHO TOUKY A(x;y)
i Toury A’(x’;y’), y AKy IlepeXoauTh TOYKa A BHa-
CJiOK TapajieIbHOr0 IIePEeHEeCeHHs, TO UYHCJa, IO
BM3HAUYAIOTH Ile IIepeHeCeHHs, JIETKO 3HaiTu 3a ¢op-
mynamu a=x'-x, b=y’ —-y.
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Hopatok 2

[00amok 2. HaknadaHHA, nepemiueHHs,
NnoodibHicmMb

Ha mouaTKy BuUBYeHHSA Kypcy reoMeTpil My BU3HAUMJIN, IO
piBHUMU (hirypamMm HaAsUBAIOTBCA Ti, IO CYMIiIAlOThCA HAKJIAIaH-
HAM. AJle TIOHATTA HaKJaJaHHA OyJ0 BBEIEHO HAOUHO, TOMY MU He
POSIIAAIN JOKJIAJHO HIOr0 BJIACTHUBOCTI.

ITlig uac BuBuenHA TeMu «llepemimieHHA» MU BUSHAUUJIUN
piBHi (irypm saK Taki, I0 CyMiIllaloThCA HEPEMIIlleHHAM, TOOTO
IepeTBOPEHHAM, II0 30epirae BigcTami mixk Touxkamm. MoskHa
BCTAHOBUTH, IO OyAb-AKe IIepeMiIlleHHA Ha ILJIOIIVHI € HaKJa-
IaHHAM, i HaBOAKW, HaKJAaJAaHHS Ha IJIOIIWHI € IIepeMiIleHHIM.
HerairizyeMo 1Ii TBEpPI KeHHA AJII TPUKYTHUKIB.

Teopema
(npo MOMOXHICMb HAKNAOAHHSA | nepemiujeHH MPUKYMHUKiB)

[Ba TPUKYTHUKU CYMIlLAOTLCS HAKNAAAGHHSM TOAI W TinbKu
TOAI, KONU iCHYe MNepemillieHHs, WO nepeBoAUTb OAUH i3 HUX
B iHWUMA.

JloBedeHHs

O 1) Hexaii icuye mepeMillieHHA [, IO IIEPEBOAUTH TPU-
KyTHUK ABC y TpukyTHuUkK A’B’C’, 30Kpema Touky A B A,

B —B B, C — B C’. Toxi, 3a BJIACTUBOCTAMU II€PEeMiIl[eHHS,
Bimpisox AB HaKJagaeTbcs Ha Bigpisok A'B’, BC — ma B'C’,
AC — Ha A'C’; oT:Ke, TPUKYTHUK ABC HaKJIAaJaeThCs HA TPU-

KyTHUK A’B’C’.

2) Hexaii Tenniep TpuKyTHUK ABC HaKJIaAaeThCA HA TPUKYT-
HUK A’B’C’, 30KpeMa, BiANOBiAHi CTOPOHU I KYTU IIUX TPUKYT-
HUKIiB piBHi. loBememo icHyBaHHS NEpPEMIllleHHA, 110 IEePEBOAUTH
TpuKyTHUK ABC y TtpurkyTtHuxk A'B'C’.

Poarnsaremo cumeTpiro f, BiJHOCHO IpAMOL [, — cepenuH-
HOTO TEPHEeHAWKYyJaApa A0 Bimpiska AA’. YHacJIiloK Takoro Ie-
pemimeHHA TpUKyTHUK ABC IlepexoluTh y TPUKYTHUK A BC,,
npudyoMy Toukum A, i A’ sb6iraroreca (puc. 150).
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\4@4,,4,)
X c(cC, C,)

Puc. 150. [lo noBefieHHA TeOPEMHU IIPO TOTOYKHICTH HAKJIaZaHHA
i mepemiIeHHa TPUKYTHUKIB

PosriisHeMo Temep cuMeTpiro f, BifHOCHO mpaAMOI [, — cepefUHHOIO
IIepIeHJUKYJIApa 10 Bigpiska BB’ (akmio Horo kinmi He s6irarorbes). Toxi
TPUKYTHUK A, B,C, 1epexoguTh y TPUKYTHUK A,B,C,, IpUYOMYy TOYKHU A,
A, Ta A’ 3biraroThcs, TaK caMo, AK i Touku B, Ta B’. 3a BJIacTUBICTIO Ile-
pemimenna /CAB=/C A B =/C,A,B,=0, L ABC=/ABC,=/A,B,C,=8.
OckinbKU B pe3yabTaTi IIOCTIiZIOBHOTO 3aCTOCYBaHHSA IlepeMileHb f; Ta f,
Touka A mepexomutb B A,(A’), B — B B,(B’), To Bigpisok AB cymi-
maeTbea 3 A'B’.

3a ymoBoro LCAB=/C'A'B'=0, LABC=/A'B'C’'=f. fdxmio Tou-
ku C, ta C’ nexars mo oguH OiK Bif mpamoi A’B’, To 3 HaBeJeHHUX
piBHOCTEIl KyTiB BumiauBae 30ir mpomeniB A'C’ ta A,C,, B’C’ ta B,C,;
oT:Ke, Touku C, Ta C’' Takox 36iratorbcda. Tomy TpukyTHUK ABC Tiepe-
XOAUTh Y TPUKYTHUK A’B’C’ B pesyJbTaTi IOCJiLOBHOTO BUKOHAHHSA
nepeMmimiess f, ta f,. fkmpo & C, Ta C’ Jsexarsb 1o pisHi O0KU Bij mpa-
Mol A’B’, To BHacnifiok cuMeTpii f, BiZHOcHO mpamoi A’B’ Touka C, Ie-
petize B Touky C,, mo 36iraerbca 3 C’, i masi goBeleHHA € aHAJIOTIYHUM
o moriepenHbOro. Teopemy moBenero. W

Y mpoleci moBemeHHsS APYroi YacTUHU TeopeMU MU 3amau
IeBHe IIepeMiIlleHHs, IO MePeBOAUTL TPUKYTHUK ABC y TPUKYT-
HuUK A’B’C’, 3a momomorom ochoBux cuMeTpiii. HacupaBxai, Take mepe-
MiIlleHHS € €QUHUM.
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Hopatok 2

Teopema (NP0 00HO3HAYHICMb 3000HHSA NepemiujeHHs)

SAKWo nia Yac AesKkoro nepemilleHHs TpUKYTHUK ABC nepexoauTb
Yy TPUKYTHUK A’B’C’, npuyomy Touka A — B Touky A", B — 8 B’,
C — B C’, 70 ana 6yab-aKOi TOYKU nnowuHu M Ti obpa3 M’ 3a
YMOBU TAKOTO MepemillieHHs BU3HAYAETbCS OAHO3HAYHO.

JloBedeHHs

O Hexait icHyroTh ABa pisHUX IlepeMimieHHsa [ Ta g, IO IIEPEBO-
IATh TOUKYy A — B A, B — B B’, C — B C’ (puc. 151). Hexait gaui
IleBHa TOouKa M BHACIiNOK IepeMillleHHA [ IepeXOAUTH y TOUKY M,
a BHACJIJOK IepeMillleHHA g — B TOYKy M,, nmpudomy Toukum M, i M,
He 36iratorbesa (puc. 152). OcKinbKM BHACTIIOK IIepeMillleHHA 30epiraioTh-
cA BiacTami Mix Toukamu, T0o AM=A'M,=A’M,, BM=B'M,=BM,,
CM =C’M, =C’M,.Omxe, Toukn A’, B’ i C’ jieskaTh Ha CEPeMHHOMY TIePIIeH /-
KyJ14pi fo Bigpiska M, M, , 10 CyllepednuTsb ToMy, o A’B’C’ — TPUKYTHUK.

B/

A/
B ; B’ — .
NN A .

g
A C A/ C/
Cl
Puc. 151 Puc. 152

Omxke, mepemiinenuda f 1 g 36iraroTbes, 110 it Tpeda OyJro moBectu. M
Amnajoriunoro amaJjisy mnorpebye I cuTyallis 3 MOTIOHMMU TPUKYT-
Hukamu. CrouaTrky, y BOCbMOMY KJiaci, MU BUBHAUMUJIU IOAi0OHI TPUKYTHU-
KM AK TaKi, B SKUX BiAOOBiAHI KyTw pPiBHi, a BiAIIOBigHI CTOPOHU IIPO-
nopiitini. Aje y meB’sToMy KJaci, IIif yac BUBYEHHS IIOAiOHOCTi, MU
BUBHAYMUJIH, 1110 ABi (pirypu € momiOHMMMU, AKIIO BOHU CyMIiIlIalOThCA IIepe-

TBOPEHHAM IIOIiOHOCTI.
TTokaskxemo, 1110 11i O3HAUEHHSA MOAIOHOCTI AJIS TPUKYTHUKIB € piBHO-
CUJIBHUMNA.
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A A, A
AM

Puc. 154. [oB:xuna
KPUBOi
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1) dAximo TpukyTHUK ABC IepexXoiuTh Y TPUKYT-
HUK A’B’C’ BHACJIIOK OeAKOr0o NePeTBOPEHHS IMOMmi-
o6mocti f 3 Koe@imieaTtom k, To LA=/A', /B=/B,
A'B°_B'C’ _AC
~ BC AC
¢S YMOBHU TIEPIIIOTO0 O3HAYEHHS.
2) Hexait maBnaku LA=/A', /B=/B’, Z/C=/C",
A'B_ BC AT
AB  BC AC
TpoM y Toulli A i KoedimieuTom £k (puc. 153), aka
NIepeBOAUTh TPUKYTHUK ABC y TpukyTHuUkK A,B,C,
(A sb6iraersca 3 A)).

ZC=/C",

=k, TOOTO CIIPaBIKYIOTh

=k . PoariismemMo romoretio f 3 IeH-

B, B’
A(Al) C C'1 A o4

Puc. 153

Toni A A B,C, =/AABC 3a TproMa cropoHamu. Or-
JKe, 3a JJOBEJIEHOI0 TEOPEMOIO iCHY€e IIepeMilienHa g , Io
cymimiae TpukyTHUK A B,C, 3 TpukyTHukom A’B'C’.
AuJte Tozi mmocaimoBHe BUKOHAHHA [ Ta ¢ € IepeTBOPEH-
HAM TOomiOHOCTI, 1110 cyMiIae TpuKyTHUK ABC 3 Tpu-
KyTHUKOM A’B’C’, mio i Tpeba Oyso moBectu. H

TaxuMm YMHOM, Ti O3HAUEHHS PiBHUX (HOAiOHMX)
TPUKYTHUKIB, AKi 3ycTpivaamch miJy yac BUBUEHHSA
pisHUX PO3AiJNiB reomeTpii, piBHOCUJIBHI.

Aodamok 3. [JoBXUHA Kona i naowia kpyaa

Posrisaremo KpuBy JaiHito L, IIO0 cIOJydYae
Toukn A 1 B. Pozi6’emo ii Toukamm A, A4,,..., 4,
Ha n 4YacTUH i posrigHeMo (QPirypy, IO CKJIATAETh-
ca 3 BimpiskiB AA, AA,, AA,, ..., A B — namany
AAA,...A B (puc. 154). Hassemo Tary samaHy BOU-
CaHOI B KpuBy L.

JoB:KUHOIO KpuBOI L HasMWBAEThCSA T'PAHUIL,
0 AKOI ImpAMYeEe JIOBMKWHA BIIMCAHOI B Hel JlaMaHOI,
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[opatok 3

KOJIM YMCJIO JIAHOK HEeoOMEeIKeHO 3POCTa€E, a iX JOBKUHU
HAOJIMIKAIOTHCA IO HYJIA.

Take camMe o3HAUEHHSA MOKHA 3aCTOCYBaTH i IJIA
BUBHAUEHHS OOBKUHU Koja. Ilpu mpomy JiamaHa Oy-
e MHOTOKYTHHKOM, BIHCAHUM y Iie KoJio (puc. 155).

OpHak O KOPEKTHOCTI TaKOro O3HAUeHHS IIO-
TpiOHO MOBECTH, II[0 BKasaHa rpauunsa icaye. Ile mo-
BOJIi cKJagHa mmpo0JjemMa, siKa PO3B’sI3YETHCS 3aco0aMu
iHmIoi MareMaTWYHOI HAYKW — MAaTEeMaTUYHOTO aHa-
Jgigy. ToMy BU3HAUMMO MOBYKUHY KOJIA TAKAM YHUHOM "

Posrisinemo mocnifjoBHicTs P, IEPUMETpPiB BIU-
CaHUX y JaHe KOJO MpaBuIbHUX 2" -KyTHUKiB. JloBeme-
MO, IO 3 HeOOMesKeHUM 3POCTAaHHAM k IIi ImepuMeTpu
HabmKaoThbea no mneBHol mexxki C . Toxi umcimo C mm
Ha3UBATUMEMO TOBXKHMHOIO JAHOr0O KOJIa.

JloBemeMoO CIIOYATKY IOIIOMiKHe TBepAKeHHS
(memy).

Nlema (npo nepumempu ONyKAUX MHO20KYMHUKIB)

AKWO OAWH ONYKNMUMA MHOFOKYTHUK MICTUTbCS BCe-
peAuHi HWOro ONyKNnoro MHOFOKYTHUKG, TO nepu-
MeTp Meploro MeHWUM, HiX nepumeTp Apyroro.

JAoBedeHHA

0 I3 BepmiuH BHYTPiMIHBOT'O MHOTOKYTHUKA ITPO-
BelIeMO IIPOMeHi, AKi mepueHIuKYJIAPHi 10 foro Bigmo-
BiJHUX CTOPiH Ta IIePEeTUHAIOTHh CTOPOHU 30BHIiIITHHOT'O
MHOTOKyTHUKA (puc. 156).

Toxi sa HepiBHicTIO TpuKyTHUKa ABS<CE<
<CD+DE, i . n.

OToKe, mepuMeTpP BHYTPIIIHBOI'O MHOTOKYTHHKA
MEHIIIUH 3a mepuMeTpP 30BHiImHBOro. M

I3 moBeneHOl JeMU BUNJIWBAIOTH TaKi HACHiIKU.
1) IlepuMeTp ImpaBUIbHOTO 2°-KyTHMKA, BIKMCAHOIO

y IIeBHE KOJIO, MEHIIIUH BiJl IepuMeTpa IIPpaBUIb-

Horo 2"'-KyTHHWKa, BIMCAHOTO y Te caMe KOJIO

(puc. 157).

* MoJKHa IOBECTH, 110 TaKe 03HAUYEHHS OyIe PIBHOCUIbHUM
ToTIepeHbOMY.

A(B)

A

n—1

Puc. 155. o o3naueH-

HA JOBXXHMHU KOJIa

Puc. 156. [lo moeeneH-
HA JIEMH IIPO TIePUMETPHU
ONYKJINX MHOTOKYTHUKIiB

Puc. 157
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/)

./

Puc. 158

Puc. 159. o o6r'pyHTy-

BaHHA (popMyJIu
JIOBXXUHU KOJIa

234

Pl

2k

2) ITepumeTp OyAB-IKOr0 IPaBUJIBHOTO BIUCAHOTO
B KOJIO MHOTOKYTHMKA MEHIIUH Bif mepuMerpa
OyAb-SIKOr0 MPaBUJIBHOI'O MHOTOKYTHUKA, OIIU-
CaHOr0 HaBKOJIO TOrO camoro koJia (puc. 158).

OToxe, IOCJIiOBHICTH sz 3pocTae 3i 3pocTaH-
HAM k i oOMerxkeHa 3Bepxy MHEepPUMETPOM KBajapara,
OIIMCAHOI'0 HaBKOJIO JaHOTI'0 KoJjia: sz < ch“ , sz <8R.
Toxi 3a Teopemoro BeiiepiiiTpacca 3 Kypcy MareMa-
TUYHOTO aHaJi3y icuye rpaHunsg C, g0 aKoi HaOIu-
KAETHCS Pz,, 3i 3pocTaHHAM k£, TOOTO JOBXKHMHA KOJIA.

HoBememo, IO BiHOIIEHHS OOBXMKHUHUM KOJa
IO TOoro miamMeTpa € YHMCJIOM CTAaJHM IJIS BCiX Kii
(mo3HaYaeThCA T ).

Broumiemo B Ko:KHe 3 OBOX OOBiJIBHMX KiJ pa-
miycie R ta R’ mpasBunbHi 2"-KyTHEUKE (puC. 159).

. . 180° . 180°
Toxi P, =2"-2-Rsino0-, P/ =2".2.R'sin oo .
2 ? 2"

P, 2R
Omxe, 2-=——-.
P, 2R

3Bimcu 3a yMOBU HEOOME:KEHOTO 3POCTaHHA &

’

cC d .
MaeMO F=_’ 110 i Tpeba O0yJ0 MTOBECTHU.

Or:xe, C=nd=2nR .

Bigsmaummo, 1o mepumeTpu sz MIPaBUIbHUX
2 -KyTHUKIB, OmMCAaHMX HABKOJO KoJja, HabGJIMKa-
I0ThCA 00 Iioro HoB:KuHU C 3 HEOOMEsKeHHM 3PO-
CTaHHAM kK.

Posrnaremo npasunbHuit 2 -KyTHUK AB..M,
omMCaHUI HABKOJIO KoJja pangiyca R. Ilposememo
moruuni G F, KL, .., PH mnepneHauKyIsapHi
mo Bimpiskis AO, BO, ..., MO. IIpu mromy yTBO-
purbca 2F-xyruuk G, FK,L,...H,. Ilokaemo, IIo
BiH mpaBusbHUU (puc. 160). BukopucroByioum Bja-
CTHUBOCTiI IPaBUJBHOTO ONMCAHOTO MHOTOKYTHU’-
ka AB..M, maemo: AO=BO, ON=0T =R, 3Bincu
AN =BT. TakuM YWMHOM, OTPUMAJIX PiBHICTH TpA-
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Hopatok 3

MOKYTHHUX TPUKYTHHKiB: AGAN =AFAN =AK BT =
=ALBT. 3a BiacTuBicTIO Bifpi3KiB JOTHYHUX
NF, =FF, FK, =K,T. Ane touka F — cepeiuHa BiJ-
piska AB, a AF, =K ,B. Orixxe, GN=NF, =FF=FK, =
=K.T=TL,. 38Bigcu G F =FK =K L . Ananoriu-
HO MOKHA JIOBECTH, II[0 BCi CTOPOHM MHOTOKYTHU-
ka G, FK/L,...H, piBHi. Po3sraaHemo Temep KyTHu
G, FK, i FK L, . Bouu piBHiI Ak cyMmiskHi 3 Bigmo-
BifIHUMHN KyTaMU B DIBHUX TPUKYTHHUKax FAN
i K,BT. AnaJjoriuHo AOBOAMMO, III0 BCi KyTH MHO-
rokyTHuKa G F K L ...H, piBHI.

Omxe, 2 -kyruuxk G,FK,L...H,, onucanuit
HaBKOJIO KoJia paniyca R, € mpaBuJbHHM. I3 IIHOTO
3TilHO 3 JIEMOIO PO TEPUMETP OMYKJIUX MHOTOKYT-
HUKiB BUIJINBaE, IO th >sz+1 >P, ne P, — me-
puMeTp KBajpaTa, BIMCAHOTO B Te caMe KOJIO. 3a
TeopeMoio BeltepinTpacca icHye rpaHUILa c , 0O SKOI
HaOIMIKAIOTHCS IepUMeTPU @, IIPaBUJIBHUX OIU-
caanx 2 -kyrHUKiB. IloKaskeMo, IO I I'DAHUILA
mopiBHIOE moB:kmHI Kosia C. PoarisHeMo mpaBUIbHI
2" -KyTHUKNM — omnmcaHMil i BOMcaHuii — AJsA Ko-
1a pagiyca R (puc. 161) Ixui mepumerpmu nopiBzIO-
I0OTh BiAIIOBiZHO Q2k:2k-AB i szzzk-KL. Otxe,

Pn
2 =£=£=COSZBKF=COSZKOF=£=£.
Q, AB KB OK R
180°
PosrnsgmemMo BeJIMUMHY COS =cosZKOF =

2k

OF .
:? 3a YMOBU HeOOMe:KeHOro 3pocTaHHsa k. OCKiib-

P, . .
Ku KL =—2k<Q—;, TO 3i 3pOoCTaHHAM k IOBXKHWHA Bif-
2 2

piska KL, a oT:ke, 11 Bigpiska KF, HaOIMKAETHCA 0

Hyad. 3a Teopemoro Iliharopa OF =« R?*-KF? , Tomy
OF mupsawmye no R 3i 3pocranHAM k.

Puc. 161
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A \T/ B
Puc. 162

Puc. 163
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P, 180° _OF
Orxe, BenmnumHa ——=cos—,—=—— Ha0JH-
Q, 2 R

2
JKaeTbeca mo 1, ToOTO 3 HeoOMe)KeHUM 3pOCTaH-

P, . C =
Q2 —1, imakme Kaxyum, —=1, a6o C=C,
. C

2
o # Tpeba OyJI0 ZOBECTHU.

HAM k

Ilepeiimemo Temep M0 POSIVIALY IIJIOIIL Kpyra.

Hassemo mpocToio ¢irypy, aKy MoKHa po36u-
TH Ha CKiHUEHHY KiJbKiCTh TPUKYTHHKiB. 3a O3HAa-
YeHHAM naHa (irypa mae miomly S, AKIIO iCHYIOTH
npocti ¢irypu, AKi MicTaAThca B maHiil, i mpocti
(dirypu, 1m0 MicTATH JaHY, IJIOIII AKUX AK 3aBTOIHO
MaJIo BiApi3HAIOTHCA Bix S.

Posraaremo miomnty Kpyra, I'PYHTYHOUYHCH Ha
IIbOMY O3HAUYEHHi.

OueBuaHo, mo miomii S, IPaBUJIBHUX BIIUCA-
HUX y gaHe Kojo 2°-KyTHuKiB (puc. 162) mopisHIO-

180°

k

1 1
k k
0Th S, =2"-8, ;o5 =2 ~E~AB~b2,, :Esz ‘R-cos

OT:Ke, 3a YMOBU HEOOMEIKEHOTO 3POCTAaHHS k&

1 1

maemo: S, —>ECR=E~21£R~R=TLR2 .

Amnajoriuso, momi S), IPaBUJIBHUX 2F-kyT-
HUKiB, ONMCAHUX HaABKOJIO AaHoro KoJia (puc. 163),

. , 1 1
mopisumoloTs S, =2"-S, ., =2" -E-RCD = EQZ;, ‘R .
3a yMOBH HEOOME)KEHOro 3POCTAaHHA k MaeMo:
1 1
S/, —>—CR=—-2nR-R=mR*. Omxe, S, Ta S/,
2 2 2 2 2

3 HeOOMEe)KeHOMM 3POCTaHHAM k£ AK 3aBTOJHO Ma-

Jo OynyTh BiapismaTmca Bixm umema mR?, TOOTO

_ 2
S,pyre =TR” 32 O3HAUEHHAM.

q

>




JoBidKosi mamepianu
Tabnuysa 3Ha4eHb MPU20HOMEMPUYHUX (PYHKUil

Tpagycu | sino (0°<0<459) | tgo (0°<0i<459) | ctga (0°<0<45°) | cosa (0°<0<45°) | T'pamycu
0 0,000 0,000 - 1,000 90
1 0,017 0,017 57,290 1,000 89
2 0,035 0,035 28,636 0,999 88
3 0,052 0,052 19,081 0,999 87
4 0,070 0,070 14,301 0,998 86
5 0,087 0,087 11,430 0,996 85
6 0,105 0,105 9,514 0,995 84
7 0,122 0,123 8,144 0,993 83
8 0,139 0,141 7,115 0,990 82
9 0,156 0,158 6,314 0,988 81
10 0,174 0,176 5,671 0,985 80
1 0,191 0,194 5,145 0,982 79
12 0,208 0,213 4,705 0,978 78
13 0,225 0,231 4,331 0,974 77
14 0,242 0,249 4,0Mm 0,970 76
15 0,259 0,268 3,732 0,966 75
16 0,276 0,287 3,487 0,961 74
17 0,292 0,306 3,271 0,956 73
18 0,309 0,335 3,078 0,951 72
19 0,326 0,344 2,904 0,946 71
20 0,342 0,364 2,747 0,940 70
21 0,358 0,384 2,605 0,934 69
22 0,375 0,404 2,475 0,927 68
23 0,391 0,424 2,356 0,921 67
24 0,407 0,445 2,246 0,914 66

T'pamycu | coso (45°<0<90°) | ctgor (45°<0i<90%) | tgor (45°<0i<909) | sinor (45°<0<909) | T'pamycu
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[oBiakoBi MaTepianu

3aKiHueHHs mabauuyi

Tpagyen | sino (0°<0i<45%) | tgo (0°<0<459) | ctgor (0°<0i<459) | cosal (0°S0i<45’) | T'pamyen
25 0,423 0,466 2,145 0,906 65
26 0,438 0,488 2,050 0,899 64
27 0,454 0,510 1,963 0,891 63
28 0,469 0,532 1,881 0,883 62
29 0,485 0,554 1,804 0,875 61
30 0,500 0,577 1,732 0,866 60
31 0,515 0,601 1,664 0,857 59
32 0,530 0,625 1,600 0,848 58
33 0,545 0,649 1,540 0,839 57
34 0,559 0,675 1,483 0,829 56
35 0,574 0,700 1,428 0,819 55
36 0,588 0,727 1,376 0,809 54
37 0,602 0,754 1,327 0,799 53
38 0,616 0,781 1,280 0,788 52
39 0,629 0,810 1,235 0,777 51
40 0,643 0,839 1,192 0,766 50
4 0,656 0,869 1,150 0,755 49
42 0,669 0,900 1,11 0,743 48
43 0,682 0,933 1,072 0,731 47
44 0,695 0,966 1,036 0,719 46
45 0,707 1,000 1,000 0,707 45

Tpagycn | coso (@5°<0<90°) | ctgo @5°<0<909)| tgo @5°<0<90°) | sino @5°<0<909) | I'paxgycm
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[loBigkoBi MaTepianu

Tabnuya KBadpamis HamMypanbHux 4Yucen gid 1 0o 99

OpuHuui
0 1 2 3 4 5 6 7 8 9
[ecatku

0 1 4 9 16 25 36 49 64 81
1 100 | 121 144 | 169 | 196 | 225 | 256 | 289 | 324 | 361
2 400 | 441 | 484 | 529 | 576 | 625 | 676 | 729 | 784 | 841
3 900 | 961 | 1024 | 1089 | 1156 | 1225 | 1296 | 1369 | 1444 | 1521
4 1600 | 1681 | 1764 | 1849 | 1936 | 2025 | 2116 | 2209 | 2304 | 2401
5 2500 | 2601 | 2704 | 2809 | 2916 | 3025 | 3136 | 3249 | 3364 | 3481
6 3600 | 3721 | 3844 | 3969 | 4096 | 4225 | 4356 | 4489 | 4624 | 4761
7 4900 | 5041 | 5184 | 5329 | 5476 | 5625 | 5776 | 5929 | 6084 | 6241
8 6400 | 6561 | 6724 | 6889 | 7056 | 7225 | 7396 | 7569 | 7744 | 7921
9 8100 | 8281 | 8464 | 8649 | 8836 | 9025 | 9216 | 9409 | 9604 | 9801
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@ Temun HaBYaNIbHUX MPOEKTIB
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Ao pozpiny |
3acTocyBaHHS TPUTOHOMETPUUYHMNX CIIiBBiAHOIIEHL y OyIiB-
HUIITBI.

3acToCcyBaHHA BJIACTUBOCTEN TPUKYTHUKIB AJIs1 PO3B’sI3yBAHHS
ajredOpaiuHUX 3ajad.

IIpakTuuni 3amaui Ha pPo3B’A3yBaHHS TPUKYTHHUKIB.

HociigskeHHA BJACTUBOCTe!l UYOTUPMKYTHUKIB Ta ix 3acTocy-
BaHHI.

Oo po3giny I
3acTocyBaHHA I'eOMETPUYHOT'O METOAY KOOPAWHAT B aJredpi.
ITonsapHi KoOpAMHATH HA MJOIIMHI Ta iX 3aCTOCYBaHHI.

3agmaui omrTuMmisarii. 3acTocyBaHHSA MeTOLY KOOPAMHAT B €KO-
HOMiIi. 'eoMeTprUUYHI OCHOBH JIIHIATHOTO HMpoOrpaMyBaHHsI.

HocaimxenHa KpuBux MetonoMm KoopauHat. [lapabosa, rimep-
b6oJia Ta ejimc. 3acToCyBaHHS KPUBUX B OITHUIII Ta TeXHiIi.

Oo pozgainy i
3acTocyBaHHS T€OMETPUUHUX TEPEMillleHb y MMUCTEIITBi Ta
apxiTeKTypi.
IuBepcia BimHOCHO Kosa. 3acTocyBaHHS iHBepcil mjsd poss’s-
3yBaHHA 3aj1ad.
Teopisa mepcHeKTMBH y MHUCTEITBI Ta KOMII'IOTepHiil rpadiiri.

ITapkeru i Gopmiopu Ha mioinuHi. IIpaBuabHi Ta apximemoBi
TapKeTu.



TeMV HaBYaNMbHUX MPOEKTIB

-—

Oo posginy IV
IlceBmockansapuuii To0OYTOK BEKTOPiB Ta MOro 3aCTOCYBaHHS.

IlopiBusinHa ajre6paiuHOro Ta reOMETPHUUYHOIO IIiJXOIiB
o moOymoBu Teopii BeKTOpPiB. 3acToCyBaHHSA BEKTOPIB IJd
po3B’si3yBaHHA ajrebpaiunmx 3amad.

3acTocyBaHHS KOOPAMHATHO-BEKTOPHOTO METOAY AJSA TOCJi-
MIKeHHSA aQiHHUX TIepeTBOPEeHb.

3acTocyBaHHA BEKTOPiB y (isuiri.

Ao pozpiny V
IzomepumeTpuuHa 3amava. I3onepuMeTpUUHiI BJIACTUBOCTI ITpa-
BUJBHUX MHOTOKYTHUKiB. 3aCTOCYBAHHA ITMX BJIACTUBOCTEH.
TeomeTpia Kinm B omTwHIli: JiH3M Ta CEPIIUKU.

Koma, mio morukarTbesA. 3acTOCyBaHHSA iX BJaCTHUBOCTEId
y MUCTEIITBi, TeXHiIi Ta apxiTeKTypi.

Pyx mo xoxay. HocaimkeHHA HOTO BJIACTMBOCTEHN Ta 3aCTOCY-
BaHHSA B TeXHiIli.
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BIAMOBIAI TA BKA3IBKU

P030in 1. Po3B'A3yBAHHA MPUKYMHUKIB

10. a) 60° i 120° 6) 120° B) 135°. 11. a) 0,174 i ~—0,176; 6) ~40° i ~140°. 12. a) 0,6;

2 5 8 15
6) ——;8)0.13.-0,81-0,75.17.a) tga.=-2,4, ctgo.=——;0) tgo=——, ctgo=——
) NG ) ) tg g 13 ) tg 15 o8 3
24 5 .
B) tga=ctga=-1. 18. a) ——; 6) ——. 20. a) cos?a; 6) -— . 21. a) sin®o;
7 12 cos’a
5 12 1 2
6) 1. 22. 0,6 i -0,8. 23. — i -—. 28. sina=——=, coso.=——— abo
) 13 13 J5 J5
sinoc:i ) cosoc:—i . 29. £a6o —é. Brasiexa. Cknanits mpasi it miBi ua-
J5 J5 3 3

CTUHHU 3alaHOi PiBHOCTI I OCHOBHOI TpuroHOMeTpuuHOi ToToxxkHOcTi. 30. a) 170°

120°, 50° 6) 170° 50° 120°% B) 120° 170° 50° 31. a) sina >sinf; 6) tga <tgh;
B) ctgo > ctgP. 32. 3 emi 343 cm. 33. 255 cm? aGo 6813 cm? 39. a) 7 cm; 6) 13 o

B) 19 cm. 40. 35 cm. 41. 135° 43. 9. 44. 5 cm a6o /41 cm. 45. 7 em. 46. a) 5 cm

i V109 cm; 6) 14 cm i 2129 cm. 47. a,/2(1+coso) i a,2(1-cosa) aGo, sa

. o . .o
YyMOBH pO3B’I3yBaHHA 0e3 TeopeMH KOCHUHYCiB, 2acos§ i 2asin—. 48. 2J13 cm

i 14 cm. 49. a) TynoxkyTHwuii; 6) IPAMOKYTHHI; B) rocTpokyTHmHi. 50. %, g, %;
iy . . 57

roctpoxyTHuii. 51. 2) 38 cM; 6) 8 em i 14 em. 52. 8 em i 9 em. 53. 447 cm. 54. SV

55. 19 cm. 58. 4 cm. Brasieka. osenits, mo ABCK — piBHOOGiuHa Tpamermis,

. iy . 83

i Bacrtocy#iTe TeopemMy KocuHyciB y TpuryTHUKy ACD. 59. 3 cMm,

442 cm. 60. 45° i 135°. 67. 1 i /3. 68. a) 4 cm; 6) 30° 69. a) 6 cm; 6) 45°
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70. 30° a6o 150° 71. 9 m. 72. /2. 74. 8 cm. 75. AC=12 m, AB~6,21 M,

BC~8,78 wm. 76. 2J2. 77. _4sinB asina g asin@+f) g o) o
. (o . B sinf
sm(2+[3] s1n(0c+2)

83 cm, 8V3 cm. 80. 30° 60° 90° a6o 30° 120° 30° 81. m(3++/6), m(2+6).

Psino Psinf Psin(o+p)

. 83. Bka-
sino+sinp+sin(o+p) ~ sino+sinP+sin(o+p)° sino+sinp+sin(o+p)

82.

siexa. Axmo H — opronenTp TpukyTauka ABC, To ZAHB = 180° - /C. 84.10,625 cm.
85. 60° i 120°. 86. AD>DB. 92. 150° ~3,11 cm, 3,11 cm. 93. 90° 5 cwm, 5V3 cm.
94. a) 0.=105°% b~ 7,32, c~5,18; 6) y=30% a~ 7,71, c~3,92. 95. a) =19, a~13°,
B~107°% 6) a =13, B~ 28°, y~ 32° 96. He BcTurnyrs. 97. a) y = 76°, b ~ 16,78, ¢ ~ 18,11;
6) c=13, a~23° PB~22° 98. a) o~ 22° B~8° y=150% 6) a~28° P~ 62° y=90°
99.2)B~21%y~39°%c~8,69;6)y~32°%a~142°% a~ 11,65 aGoy ~ 148°, a. ~ 26°, a ~ 8,24;
B) posB’askis memae. 100. a) a~ 13°, B~ 107° y=60° 6) B~ 30° y~128° ¢~ 12,62
a6o B~ 150° y=~8° c¢=~2,22. 101. a) a=4, a~42° B~108° b~5,70 a6o
a=4, a~138°% B~12° b~1,23; 6) y=45°% c=13, a~112° B=23° abo y= 1355
¢~ 22,56, a~32°% B~13° 102. /BAD=15°, ZABD=60° ZADB=105° AB=4 cwm,

AD =~ 3,59 cm, BD~ 1,07 cm. 103. a) TocTporkyTHUI; 6) TYNOKYTHHI; B) TOCTPO-

s 2 2
sin(B+y)Vb .+c —2bccosa _ 105. :
siny csinf

asinosiny

kyTHHU#I a6o Tymokxyrtauii. 104.

Isin(B—o) 107 asin(xsinB.,Io&

106. cosp " sin(B-o)

50 m. 109. ~28 cm. Brasieka. oBemiTs,

o fAiaroHaahb Tpamerii e€ GicekTpucoio KyTa mpu 6inbmrifi ocuosi. 110. ~8,26 cwm.
Brasieka. [oBexmiTh, 10 AiaroHasb Tpameliii € 6iceKTpHMCOI0 KyTa IPU MeEHIIii
ocuoBi. 111. SIKm0 a>b — oOAMH PO3B’A30K; AKIIO a<b, To mpu a>bsina —
IBa POBB’A3KM, HOpu a =bsino — oAWMH PO3B’A30K, npu a <bsina —
posp’sskis memae. 112. a) a~ 10, b=~ 14,14, ¢ ~19,32; 6) a =20, o~ 83° B~ 27°,
y~70° 113. a) a=x~16, b~19, cx5; 6) a=4/13, b=10, c=2J73.
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. 2 .. 2 .
14. AB=\/a2+b2—2abcos(0c+B), BO=—.asm0c s =\/ 2 fleln v _2al?s1nycosﬁ
sin(o+7y) sin®(o.+7) sin(a+7)
115. a_bb . 116. 30 cm2. 117. 96 cm2. 123. a) 30; 6) 943 ; B) 20. 124. a) 543 cm?;
a+

6) 24 cm? B) 36 cm®. 125. a) 25 cm% 6) 1642 cm? B) 18 cm?. 126. 8 cwm.
127. 30° i 150° 128. 12 m. 129. a) 84; 6) 156; B) 84; r) 204. 130. 720 cm2.

131.12. 132. a) 3 em i 6,25 cm; 6) 2 em i 12,5 em. 133, 3 i 82,5. 134. a) zh’f—h”;
sino
2 .
ﬂ . 135. a) 1643 cmz; 6) 40 cm?; B) 25 cm2 136. a) 200 cm?;
2sinasin(o+p)

6) 643 cm’. Brasiexa. BHaiizirh Hai6inpmuit kyr TpukyTHuKa. 137. 18 cMm.
138. 3 ecm i 33 cm. 140. a) 121 1,5; 6) 8i 2; B) 15 i 3. 141. a) 8 i 10,625;
6) 16 i 21,25. 143. 6 cm i 12,5 cm. 144. 4 cm i 8,125 cm. 145. 84 cm?. Brasis-
ka. IIpoBenmiTh uepe3 BepUIMHY TYIIOTO KyTa IPAMY, IIapajiebHy giaroHaJji Tpa-
merii. 146. 48 cm?. Brasiexa. IIpoBeiTh depes BepIIMHY TYIIOIO KyTa IPAMY,

mapaJjenbHy 6iuHiif cropomi rtpamemii. 147. 12 cm, 600 cm2. 148. 42,5 cwm.

149. 3,8 m. 150. 30 cm. 151. 6 cm. 152. V37 mi V98 m. 156. £C=180°—(a+p),
AB=2Rsin(a + B), BC=2Rsina, AC = 2Rsinp. 158. 24043 cm2. 159. 65 cm
a6o 17 cm. 160. Jlo Bepmuuu Haiibinemoro xyra. 161. 24 cm, 20 cm, 20 cm.
162. 212 cm. 163. 18. Brasisrxa. Tpu MemiaHM TPUKYTHUKA NIPHU IEPEeTHHI mIi-

JATH JAaHUH TPUKYTHUK Ha IIicTh piBHOBeaumkwmx TpukyTHukis. 164. 2. Bxa-
3ieka. Hexaii R — pagiyc ommcaHOTo KoJjia. Bupasits uepes R HOBKUHU Bimpis-
kiB BN i CN rta sanuirith TeopeMy KOCHHYCiB y TpukyTHukax ABN i ACN.
166. 27 cm. 167. Brasiexa. PosrasHbTe nBa BHUIAAKHU: KOJIM CTOPOHHU 4,

b, ¢, d HAYTHL TMOCIiJOBHO Ta KOJH Ile He cIpaBmxyerbca. 168. Brasis-

Ka. 3a [OIOMOroOI0 TeopeMHu KOCHUHYCiB [MOBeHiTh, IO CUHYC KyTa Mi’K CTOPO-

2{(p-a)(p-b)(p-c)(p-d)

HaMu a i b mopiBHIOE
ab+cd

. 170. 2i cMm. Brasiska.
13
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Axmo AC — rimorenysa TpuryTHuUKa, O — IIeHTP BIKUCAHOIO KOJIA, TO

Z/AOC = 135°. CxopucraiiTecd MeTOAOM IJIOII y TpukyTHuKy AOC. 171. aZb'

ab . . .
172. —— . Brasisxa. IIpoBefiTh uepe3 BepIINHY MEHIIOI OCHOBU NIPAMY, ITapajelbHy

-a
6iuHiil cTOpOHi, i 3acTocyiiTe O OTPUMAHOTO TPUKYTHUKA TeOpPeMYy KOCHUHYCIB,

BpPaxoByIoum, IO cyMa KBaApaTiB OiuHHX cTOpiH Tpamerii mopisuioe a® + b2.

P030in 1l. KoopouHAMU HA NAOWUHI
182. a) B(-1; 5); 6) A(-3; 1). 183. a) EA2; 1); 6) D(5; —19). 184. a) D(6; 9);
6) AC3; 2). 186. a) 10; 6) V82 ; B) 13. 187. a) -2 abo 6; 6) 2. 188. 16. 191. a) B(~4; —3);
6) B4; 3). 192. x=2, y=-1. 193. a) D(3; 0); 6) D(4; 5). 194. D(-1; -1). 195. M.
196. a) (3; 0); 6) (0; —3). 197. AC. 198. 5. 199. 2J2. 202. (2; -6), (6; 4), (-6; 10).
Brasiéxa. JaHi TOUKM pasoM i3 KOIKHOIO i3 IIYKaHWX BepPIINH YTBOPIOIOTH
mapanenorpam. 204. (2; 5). 206. 10. Bkasisxa. oBemiTh, [0 JaHUH TPUKYTHUK
npamorytauii. 207. P=24, S=24. 209. Cepenuna rimorenysu. 217. A, C, D.
218. a) (x+ 22+ (y—-12=9; 6) x2+y?=25; B) 22+ (y—1)2=4. 219. (x - 1>+
+(y—1)?=25;C, D. 220. a) (8; 6), (8; —6); 6) (-8; —6), (8; —6). 221. (—4; 0), (0; 0), (0; 2).
222. (0; 3), (0; -1), (ﬁ;o), (_Jg;o). 223. B, C, E. 224. a) x= —6; 6) y=2;
B) x+3y=0. 225. x+y=0; B. 226. a) (7; 3); 6) (-2; 0) i (0; —6); B) (2; 2)
i(-2; =2). 227. (0; —38). 228. (3; —3). 229. a) (3; -1), R=4; 6) (0; —5), R=1.
230. a) (x-2P+(y-12=25; 6) (x+4°+({y-92=4; B) **+(y+2)°=1.
231, a) x*+y2=386; 6) (x—12+(y+4)>2=25. 232. (x+42+(y-5)=25;
(0;2)i(0;8). 233. (x—2P+y?’=4; (x +2)*+y?=4.234.a)4x -y -2=0;6) x + 2y = 0;
B) x+y+3=0. 235. x=-1, x—y=0, x+3y—8=0. 236. a) (-1; -2); 6) (0; 1);
B) (2; -2). 237. a) (=3; 1) i (6; 4); 6) (2; 1) i (2; —1). 238. (3; 6); (L; 4); (5; 4).
239. a) x2+(y-12=25; 6) (x-3P2+(y—2°=8 a6o (x—3)°+(y—6)2=8.
240. (x+3)2+y?=25 abo (x—5)2+y?=25. 243. 2J2. 244. 12; 2x -3y +3=0.
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246. 15 cm, 20 cm, 25 cm. 253. a) 2x+3y—-5=0; 6) x+y=0. 254. 2x-y-1=0
i x+2y-8=0. 258. a) 2x-y+5=0; 6) x*+y?>=5. 259. 4x-4y+5=0.

260. a) y=x/§x+1; 6) y= —x-1. 261. 3x+4y-25=0, 3x+4y+25=0.

262. x-3y+7=0 abo x—3y—13=0. 270. Kono pazgiyca 0,5R, siKe JZOTHKACTLCA
IO HAHOTO KOJia BHYTPIiIIHBO B Toulli A, okpiMm 11iei Touku. Brasziexa. BubepiTsh
cHcTeMy KOOpAuHAT Tak, mo O(0; 0) — menTp manoro xKonaa, A(R; 0). 271. Ilpama, aka
IPOXOAUTE Yepes cepenuny N croporu AB nepneraukyasapHo no CN. 273. a) D(1; 2);
6) D(0; 1). 274. C(7; 3), D(4; —2). 276. (0; 1) a6o (0; 9). 277. a) (x — 2 + (y — 1)* = 25,
x# -8, x#7;6)x=-3a60x=T,y=1.278. (x +22+(y-2)>=4.279. x+y-1=0.
281.x-Ty+25=0.282.(x - 3)?+ (y — 5)> = 25. 283. 13 . 284. (x - 3)* + (y + 2)? = 25.

286. k:ig. 287. C@2; 1).

P030in Illl. feomempuyHi nepemsopeHHs
299. LZK=170° ZN=90° 300. LA=2C=40° «B=100° 304. 60° i 120°.
305. LZA=4D=40° £B=/C=140° 329. a) (8 -1); 6) (0; 9); B) (-4; 6).
330. a) (-4; —38); 6) (-a; —b). 333. a) (3; 9); 6) (-2; 5); B) (8; 0). 334. a) (a; -b);
6) (—a; b). 335. a) y=-x; 6) y=-x; B) y=x. 337. a) (x+4)32+
+(y+8P=25;6)(x+6)?+(y—-57°=25.338.a)y= ~26)y= —x—1.341. a) (x + 16)* +
+(y-38)?=25; 6) x=-2. 342. a) x>+ (y—-6)>=4; 6) x=0. 351. (-4; 0), (4; 0),
(4; —4). 369. a) (—4; 1); 6) (5; —4). 370. YV manpami gomarHOI miBoci oci Ox Ha 4 OXUHWUIIL.
371. a) (-3; 7); 6) (5; —1). 372. a) Hi; 6) Tak. 373. x'=x-9, y'=y+5. 377. x'=x+4,
y=y-5. 378. x2+(y-6)>=36. 379. A'(2; 1), C'(5; 2). 381. Tourka meperuHy
CepelUHHIX NepPHeHAUKYJIAPiB A0 Bifpiskis AA' i BB'. 382. IlokjgacTu mepiry
MOHETY B LIEHTP CTOJIY, & PEIlTy MOHET — CHMETPUYHO BiJHOCHO LIEHTPa CTOIY
o0 xomiB cymepHHKa. 383. BpaTu CTiIBKM X IYKEPOK, CKiIbKM B3AB IepIInii

rpaBelb, aje 3 iHII0I KOpPOOKH (TOOTO POOMTH XOAM, CUMETPUYHI XOZaM IEepIIOro
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rpasng). 386. 756 cm?. 394. a) 12 cm; 6) 18 cm. 395. 0,25. 396. a) 5; 6) 16 cm?.
397. 18 cm?. 398. 320 m2. 399. 40 cm2. 407. Touka mepeTUHY IPOAOBIKEHb GIUHUX
cropin.404. a) 0,5; 6) 2. 405. a) (-1; 5); 6) (1; 4). 406. 1500 cm2. 407. 24 cm?.
408. 72 em2. 411. \/2:2. 421. Brasisxa. 3acTocyiiTe CUMeTpiio BiJHOCHO JaHOI TOUKH.
422. Brasiskxa. SacTocyiiTe cuMeTpio BifHOCcHO npamoi [. 423. Brasiska. 3acTocyii-
Te moBopoT Ha 90° HaBkoso Touku D. 424, 10 cm. Brxasiexa. 3acTocyiiTe mapajeirbHe
mepeHeceHHA B Hanpawmi npomersa OO, Ha 10 cwm. 425. Brasiexa. 3acTocyiiTe cuMe-
TPil0 BIJIHOCHO CepeJUHHOr0 MepIeHJuKyJaspa A0 TpeThoi croponu. 426. Brasiska.
Bimo6pasiTe MeHIIle KOJIO CUMETPUUYHO BifHOCHO Oyab-sikoi iioro Touxku A. Illykana
npsAMa IPOXOLUTDH Ueped TOUKY A i TOUKY mepeTnHY 00pas3y MEHIIIOTo KoJja 3 6iIbIIuM.
427. Brasiexa. BacrocyiiTe IOBOPOT HaBKOJo Touku A Ha 90° BHACIiZOK AKO-
ro Touka D mepexomauTh y Touky B. 428. Brasiexa. Hexait ABCD (AD| BC) —
IIyKaHa Tpaieris. 3acTtocyiiTe mapaJiejibHe IlepeHeceHHs miaroHansi BD B Hampami
npomens AD wma Bigcramp BC. 429. Tak. 430. x'=x-8, y'=y-38;
D(2; 1). 433. a) Cepenuna Bimpiska 00,; 6) mpama AB; B) noBiibHa Touka X mpA-
moi AB, Z0XO,; r) npomias OO, (abo O,0), Biacrans 0O, . 436. Koo, TOMOTeTHYHE
JaHOMY BimHOCHO ioro meHTpa 3 kKoedimientom 0,5. 439. Brasiexa. BacrocyiiTe
cMeTpilo ofHOrO 3 JAaHUX Kia BigHocHO mpsawmoi [. 443. Brasiexa. SacTocyiiTe ro-
moretito 3 meaTpom A. 444, Brasieka. 3acTocyiiTe TOMOTETiIO 3 IEHTPOM y BepIINHI

JaHOI'0 KyTa.

Po30in IV. BeKmopu HA NIOU4UHI

458. a) (4; 5); 6) (-3; 4); B) (0; —4). 460. a) 25; 6) 5; B) 3. 461. a) AB (8; —6),
|E|=10 :6) AB (-12; -5), |E|=13. 462.(3; 2), (-2; 7). 463. (3; -9). 464. A(0; -2).
466. 3, 42, J65. 467. 9 i 7. 468. a) Pom6; 6) IPAMOKYTHUK; B) Tpa-

nenia. 471. 9 a6o —5. 472. (1; 2) a6o (-1; —2). 473. 8 a6o —8. 474. (3; 1),

V10. 475, Tax. 476. Hi. 479. 90° 493. a) (—41) i (-2 -3);
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6) (45 -4) i (0; -10). 494. a) a; 6) aV3; B) a; 1) a3 . 495. a) 0,5a; 6) a;
a3

B) T; r) a. 498. a) a; 6) -b; B) b-a. 499. a) —a; 6) b-a; B) a-b.

500.a) (1;-8);6) (3; 7); B) (-2 —13). 501. a) (1; 2); 6) (3; 6); B) (2; 4). 502 a) (9; —1);

6) (-8 —3); B) (8 3). 503. a) 5; 6) 5; ) 2,5. 504. a) 13; 6) 10; B) 12.
507. a) a+b; 6) —a—b; B) a—b. 508. a) a-b; 6) —a—b. 510. a) Hi; 6) Tax;
B) Tak. 514. x + 2y = 0. 515. 90°. 525. a) -2 a6o 2; 6) —% a6o % 526. a) b(1; —6);
6) b(-18; —27). 529. AB(4; —6), BM (-2; 3). 531. 4; mi. 532. a) 2; 6) 30.
533. a) 0; 6) 1. 534. a) -8; 6) —2; B) 18. 535. a) 90°% 6) 45° 537. 6.

538. a) ¢(4; 3), |E|=5; 6) ¢(13; —13),

E|=13J§. 539. -3. 542. AB=0,5a-b,
CB=-0,5a—b. 543. AT)=0,5(E+5), @:—0,5(5—5). 545. 14; rax. 546. 6, rax
a6o —6, mi. 547. /A=60° /B=~22° /C~98° 548. /A= /C=45°, /B =90°

550. —1. 551. —1. 555. W:%E—ga, m}%(a@). 556. AM—a+Lb,

'y

W:%E—E. 557. 60°. 558. 0. 559. a) 2V10; 6) 1,5; B) 0. Brasiexa. BHaiiniTe

CKanApHUH KBajgpaT IIykKaHoro Bekrtopa. 560. 120°. 561. 18 cm i 48 cwm.
562. 34 cm; npamoxyTHuK. 573. Brasiéka. 3HalmiTh CcKanaApHUN [00Yy-
Tok BexTOopie BM =BD+DM i AK=AC+CK . 575. 30°. 576. 7. 577. a) 120%
6) 4 cw. 578. a) 120% 6) 2 cm. 580. 8,5 cm. 582. C. 583. b(2; —4). 584. 45°.
585. —-18; 18; 0. 588. Brasieka. CropucraiiTeca THUM, 10 BEKTOPHU-TOJAHKHU
MalOTh PiBHiI JOBKWHU i CIIiBHANIPAMJIEHI 3 BeKTOpaMu AB i AC BigmoBigHO.
589. Brasiexa. [losexiTh, mo mix yac mosopory Ha 90° BKasaHWII BEKTOP-cyMa
mepeiige y HyaboBuil BekTop. 590. Brasisrxa. CouaTry nosefits, mo AH 1 BC. Iisa

IILOT'0 IOKAKITE, 110 AH=0B+0C, BC=0C-0Bi AH -BC=0.591. Brasiexa. 3acto-

cyiite popmyny 'amisprona 3 monepenuboi 3azaui i popmynry OM = %(O—A+O—B+O—C)
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593. 120°. 595. Brasiexa. Posknamits Bextopu AN, BK i CM 3a msoma

HEeKOJIiHeapHUMHU BEKTOPAMMU i JOBeHiTh, III0 TOUYKHU IIOMAPHOTO HMEPEeTHUHY BKa3aHUX

B YMOBi 3ajaui mpaMux s36iramTbcs.

Po30in V
MpasuibHi MHO20KYMHUKU. [I0BXUHA Kond. Maouwya kKpyaa

605. a) 4; 6) 5; B) 18. 606. a) 108°; 6) 120° B) 144°. 607. a) 12; 6) 12. 610. a) 4 cv;
6) 2J2 cm; B) 9 . 611. a) 33 em?; 6) 4 cv; B) 24 cm. 613. 243 cm. 614. 4 cm.
616. a) 6; 6) 5; B) 12. 617. a) 50 cm; 6) 6 cm. 620. a) 243 cm?; 6) 48 cv?; B) 16 cm.
621. a) 8 cm?; 6) 2743 cm% B) 6 cv i 3 cm. 625. 6 i 10. 626. a) 6; 6) 5
627. 4:3J3:6. 628. 9:83:18. 629. 63 cm2. 631. 3:4. 632. 2J2R%.
633. a,=R\2-v2 , a,=RJ2-3 . 635. 30° 170° i 160°. 636. 5 cm i 2 cm.
644. a) 121 cm; 6) 2 cm. 645. a) 12n cm; 6) 8t cm; B) 10m cm.

3nR 17nR
647. ~1,4 m. 648. ~42 097 kM. 649. a) %; 0) 7 B) 9

650. 10n cm. 651. ~6 cm. 652. =452 m2. 653. a) 144n cm?; 6) 9n cm?.

654. a) 16n cm?; 6) 491 cm?. 655. 3n, 51 i Tn. 656. 26 cm. 657. a) 27n; 6) 40m;
B) 671. 658. (2 —3J—) (10n+3f) 659. a) 6m cm; 6) 10m cv; B) 2437 cwm.

660. 156 cm?. 661. a) 24n cm; 6) 50n cm. 662. a) 3v2n; 6) 6. 663. a) 6m;
6) 15n. 664. ~2,5 m i ~40 m. 665. 1 m. 666. a) 6251 cm?; 6) 27n cm2.

Z
667. a) 16 cw? 6) 91 cv>. 669. 1;’3 670. a) —(4n 8V3): 0) E (n-2);

T

R’ R? R2
B) E(zn—:«z\/ﬁ). 671. a) E(zn—sﬁ); 6) E(8n+3\/§). 672. 6) 6n. 673. 6) 621 .

674. 47 cw?. 675. 100% cw?. 676. (2m+3V3)em?. 677. 1,5V3R*. 678. (2n+8)cm
335

679. a) Hi (xomrpupurian — pom0); 6) Tax. 680. 5 681. g(\/§+1) .

682. 0,751. 683. na?. 685. Hi: itoro KyTu piBHi uepes ogun. 687. 1,25na. Brasisxa.
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Ilame KOJIO € OIMMCAHUM HABKOJIO PiBHOOEIPEHOr0 TPUKYTHUKA 3 OCHOBOIO @ i GiuHOIO

CTOPOHOIO % . 688. 2%. Brasisexa. [osexits, mo tpukyTauku NAM, KBN,

LCK i LDM pisrocToporri. 689. (36x/§—16,51t) e, 4,5(2—J§) cm. Brasieka.

O6umcrite miomy rtpamenii O,BCO, i BigHimiTe Bim Hei HJOIIi ABOX CEKTOPIB.
690. Brasiexa. IosenmiTh, IO MijJ Yac IMOBOPOTY Ha MEHTPAJbHHUI KYT TAHOTO

Nn-KyTHUKAa BKa3aHUN BEKTOp-CyMa He 8MiHIO€TI:CH, TOGTO € HYJBOBUM BE€KTOPOM.

3adayi Ha NOBMOpPEHHS
Kypcy 2eomempii 7-9 Knacis

691. 11 cm. 692. 40° 696. 25° 65°. 697. 40°, 50°. 698. Binsme 3a 13 cM, aje MeHIIE
3a 17 em. 701. 50° i 130°. 703. 70°, 55°, 55° a6o 110°, 35° 35° 704. 10 cm. 705. 112 em
i 63 cm. 706. 36 cm, 3043 cm2 707. 12J3 cm2. 708. 5 cm. 709. 156 cm?.

710. 2257 ew. 711, 2SINOAPISING 205 5 744, 6. 715. 450, 450, 90°,
sin
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NMPEAMETHUIA NOKAXKYNK

A

Aobciiuca Touku 57

B

BexkTop 145
— HyapoBuu 146
BexkTopu kKomimeapui 146
— xoopauHaTHi 177
— IepHeHIuKyJIapHi 165
— mpotuiexkHi 156
— IIPOTUJIe:KHO HampaMmJieHi 146
— piBui 147
— cIiBHaIpAMJIEH
Bicey abcouc 57
— opguHar 57
— cumetpii 100
— — dirypu 100

146

r

TeomeTpuune meperBopenus 91
Tomoreria 118

il

Hob6yTok BeKTOpa Ha umcjgo 162
HoB:xuHa BeKkTOpa 145

— kKoma 204

— ayru xkoma 205

R

KoegimienT romorerii 118

— mogiomocti 117
Koopaumaru BexkTopa 148

— Touku 57
Koopauuarua Bice 57

— miomuHAa 57

— UBepThL 58
Kocunyc xyra Big 0° mo 180° 8
Koraurenc xyra Big 0° mo 180° 8
Kpyrosuii cermenr 208

— cexktop 207
KyroBuii koedimient npamoi 74
Kyt mi:k BekTOopamm 165

— moBopotry 106

— IIPaBUJLHOTO MHOT'OKYT-
Huka 193

— — — meHTpajdbHu 194

M

Meron BekTopuuii 173

— TeOMeTPUYHUX IIePeTBO-
peus 125

— KoopauHAT 73
— mapaJieJIbHOro mepeHecenusa 128
— moBopoty 127
— cumeTpii 125
Muo:kenHa BeKTOpa Ha umciao 162

251



MpeaMeTHUIA NOKaXUMK

(0]
OpaunHaTta TOuKu 57
Opr 177

II

ITapanenbue mepemecernna 108
Ilepemimenusa (pyx) 92
IleperBopennsa 91

— mogxibuocTi (momibuicTe) 117
Ilmomia xkpyra 206

— Kpyrosoro cermenta 208

— — cekTopa 208
IToBopor 106
ITouaTox wkoopaumar 57
IlpaBunbuMit MHOTOKYTHUK 193
IIpaBuio

— MHOTOKyTHHKa 155

— mapaJesiorpama 155

— TpuKyTHuUKa 155
IIpoek1ris BekTopa Ha Bice 177

IIpomeni mpoTuIexHO HAIIPAM-
aerni 108
— caiBHanpamieni 107

P

PiBuanna xkona 65

— npamoi 66

— ¢irypu 64
Pisuumna BexTopiBa 156
Pyx (mepemimennsa) 92
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C

CumeTpis BiJHOCHO IIPAMOI
(ocroBa) 100

— BIiJTHOCHO TOYKH

(meuTpasibua) 98

— mepenocua 109

— moBopoTHa (ob6epraHHa) 107
Cunyc kyta Big 0° mo 180° 8
Ckanapuuii 1oOyTOK BeKTopiB 164

— KBaJpar BeKkTopa 165
Cyma BekTOpiB 154

T
Taurenc kyra Big 0° mo 180° 8

D

dirypa menTpaabHO-cuMeTpuuHa 98
— CHUMeTpHYHA BiJHOCHO
mpamoi 100
®irypu romorerruni 118
— moxioui 119
— piBuai 95

IT

ITeuTp moBopory 106
— IPaBUJBLHOTO MHOTOKYT-
Huxa 194
— cumeTpii 98
— — Qirypu 98
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Ocob6nuBocTi NnigpyyHnKa

- 6baratopiBHeBa Noby0Ba HaBYaNbHOIO MaTepiany

* aBTOPCbKa CMCTeMa YCHUX, rpadiyHnX Ta MMCbMOBMX BMPaB
* TeMaTUYHe y3arajibHeHHA | cuctemaTumsauia matepiany

* [OCTYMNHICTb BUK/MAAEHHA, 3pYYHICTb KOPUCTYBaAHHA

* HAABHICTb TeM HaBYaNbHUX MPOEKTIB
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* 30INCHNTN IHTEPAKTUBHE OHJTAaNH-TECTYBaHHA
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* NepernAHy TN BifeOypPOKN 3a TEMaMM KypCy
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